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Motivation: Lamperti’s problem

@ Let X, be a nearest neighbour random walk on Z .
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Motivation: Lamperti’s problem

@ Let X, be a nearest neighbour random walk on Z .
@ Denote the mean drift at x by u(x).
o Lamperti's problem: p(x) = O(1/x) when x — oo.
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Non-homogeneous RW on semi-infinite strip

@ Let S be a finite non-empty set.
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@ Let S be a finite non-empty set.

@ Let X be a subset of Ry x S that is locally finite, i.e.,
YN ([0, r] x S) is finite for all r € R.
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Non-homogeneous RW on semi-infinite strip

@ Let S be a finite non-empty set.

@ Let X be a subset of Ry x S that is locally finite, i.e.,
YN ([0, r] x S) is finite for all r € R.

o Eg X=7%Z, xS.
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Non-homogeneous RW on semi-infinite strip

Let S be a finite non-empty set.

Let X be a subset of R, x S that is locally finite, i.e.,
YN ([0, r] x S) is finite for all r € R.

Eg Y =7, xS.
Define for each k € S the line A := {x € Ry : (x, k) € L}.
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Non-homogeneous RW on semi-infinite strip

Let S be a finite non-empty set.

Let X be a subset of R, x S that is locally finite, i.e.,
YN ([0, r] x S) is finite for all r € R.

Eg. X=7Z, xS.
Define for each k € S the line A := {x € Ry : (x, k) € L}.
Suppose that for each k € S the line A, is unbounded.
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Non-homogeneous RW on semi-infinite strip

@ Suppose that (X, 7,), n € Z4, is a time-homogeneous,
irreducible Markov chain on X, a locally finite subset of
R+ X S

S =
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Non-homogeneous RW on semi-infinite strip

@ Suppose that (X, 7,), n € Z4, is a time-homogeneous,
irreducible Markov chain on X, a locally finite subset of
R+ X S

@ Neither coordinate is assumed to be Markov.

S =
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Motivating examples

We can view S as a set of internal states, influencing motion on
the lines Ry. E.g.,

@ Operations research: modulated queues
(S = states of server)
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Motivating examples

We can view S as a set of internal states, influencing motion on
the lines Ry. E.g.,

@ Operations research: modulated queues
(S = states of server)

@ Economics: regime-switching processes
(S contains market information)

@ Physics: physical processes with internal degrees of freedom

(S = energy/momentum states of particle)
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Classification of the random walk

Recall (Xp,n,) is a time-homogeneous irreducible Markov chain on
the state-space ¥ € Ry x S.

If (Xn,mn) is transient, then X, — oo a.s.

If (Xn,nn) is recurrent, then P(X, € A i.0.) =1 for any
bounded region A.

Define 7 = min{n > 0: X, € A}. If (Xp, 1) is
positive-recurrent, then E[7] < co for any bounded region A.

If (Xn,mn) is recurrent but not positive recurrent, then we call
it null-recurrent.
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Assumptions

@ Moments bound on jumps of X,
(Bp) I C<oost.

]E[|Xn+1 — Xn’p ‘ (Xn777n) = (Xv ’)] < CP
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Assumptions

@ Moments bound on jumps of X,
(Bp) I C<oost.

]E[|Xn+1 — Xn’p | (Xn;nn) = (Xv ’)] < CP

@ Notation for moments of the displacements in the
X-coordinate

pi(x) = E[Xp11 = Xo | (Xa,nn) = (x, /)]
0i(x) = E[(Xnr1 — Xa)? | (Xn 110) = (x.1)]
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Assumptions (cont.)

@ 7, is “close to being Markov" when X, is large
Define

qij(x) = Plinra = J | (Xa,1n) = (x,7)]

(Qeo)  gjj = limy 00 gij(x) exists for all i,j € S
and (gj) is irreducible
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Assumptions (cont.)

@ 7, is “close to being Markov" when X, is large
Define

qij(x) = Plnny1 = Jj | (Xa; 1) = (x,7)]
(Qeo)  gjj = limy 00 gij(x) exists for all i,j € S
and (gj) is irreducible

@ Let 7 be the unique stationary distribution on S
corresponding to (gjj).
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Constant drift

@ Constant-type moment condition
(Mc) 3JdieRforall i €S such that

pi(x) = di + o(1).
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Constant drift
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Recurrence classification for constant drift

The following theorem is from Georgiou, Wade (2014), extending
slightly earlier work of Malyshev (1972), Falin (1988), and Fayolle
et al (1995).

Theorem

Suppose that (B,) holds for some p > 1 and conditions (Qx) and
(Mc) hold. The following sufficient conditions apply.

o If Y icsdimi >0, then (X,,1mn) is transient.
o If Y icsdimi <O, then (Xy,mn) is positive-recurrent.

where T is the unique stationary distribution on S.

What about ;s dim; =07
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Different drifts

(i) > jes dimi # 0, constant drift:
pi(x) = di + o(1)
(i) > iesdimi = 0 and d; = 0 for all i, Lamperti drift:
pi(x) = <+ o(x71)
X
oi(x) = s? + o(1)

(iii) > jcs dimi =0 and d; # 0 for some i, generalized Lamperti
drift: .
pi(x) =di + ;’ +o(x71)
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Lamperti drift

@ Lamperti-type moment conditions
(ML) Jci,si € Rforall i €S (at least one s; nonzero) such
that

Ci

pilx) =~ +o(x1)i 0i(x) =7 +o(1).
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Lamperti drift

@ Lamperti-type moment conditions
(ML) Jci,si € Rforall i €S (at least one s; nonzero) such
that .
pilx) =~ +o(x1)i 0i(x) =7 +o(1).

@ When S is a singleton, this reduces to the classical Lamperti
problem on R_.
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Lamperti drift
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Lamperti drift
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Recurrence classification for Lamperti drift

Theorem (Georgiou, Wade, 2014)

Suppose that (B,) holds for some p > 2 and conditions (Qx) and
(M, ) hold. The following sufficient conditions apply.

(i) 1Y ;es(2ci — s?)m > 0, then (Xn,my) is transient.

(i) If|>ies2cimil < Xicg s2mj, then (Xn,np) is null-recurrent.
(iii) If Y ;es(2ci + s?)mi <0, then (Xn,mn) is positive-recurrent.

v

[With better error bounds in (Qx) and (M) we can also show
that the boundary cases are null-recurrent.]
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Idea of proof of the theorem

@ Our general analysis is based on the Lyapunov function
f, : ¥ — R defined for v € R by

f,(x,0) = x"+ gb;XV_Z

where b; € R.
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Idea of proof of the theorem

@ Our general analysis is based on the Lyapunov function
f, : ¥ — R defined for v € R by

f,(x,0) = x"+ gb,‘XV_2

where b; € R.

@ For appropriate choices of v, and selecting the right b;
depending on the drift and the stationary distribution, we can
show that £,(Xp, 7)) is a supermartingale and so we can apply
some semi-martingale theorem. Hence we obtain the last
theorem shown.
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Generalized Lamperti drift
@ Generalized Lamperti type moment conditions
Define
pii(x) = E[(Xnt1 — Xo)H{nn1 = j} [ (Xa, 1) = (X, 1)]

(McL) There exist d; € R, ¢; € R, djj € R and s? € R, with
at least one s,-2 non-zero, such that all of the following is
satisfied,
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Generalized Lamperti drift

@ Generalized Lamperti type moment conditions
Define

pij(x) = E[(Xnt1 = Xa) W1 = j} [ (Xn, 1) = (x,7)]

(McL) There exist d; € R, ¢; € R, djj € R and s? € R, with
at least one s,-2 non-zero, such that all of the following is
satisfied,

(i) Forallie§, pi(x)=di+ <+ o(x"')as x — o0,
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Generalized Lamperti drift

@ Generalized Lamperti type moment conditions
Define

pij(x) = E[(Xnt1 = Xa) W1 = j} [ (Xn, 1) = (x,7)]

(McL) There exist d; € R, ¢; € R, djj € R and s? € R, with
at least one s,-2 non-zero, such that all of the following is
satisfied,

(i) Forallie§, pi(x)=di+ <+ o(x"')as x — o0,

(ii) Forall i,j € S, pjj(x) = djj + o(1) as x — oo,
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Generalized Lamperti drift

@ Generalized Lamperti type moment conditions
Define

pij(x) = E[(Xnt1 = Xa) W1 = j} [ (Xn, 1) = (x,7)]

(McL) There exist d; € R, ¢; € R, djj € R and s? € R, with
at least one s,-2 non-zero, such that all of the following is
satisfied,

(i) Forallie§, pi(x)=di+ <+ o(x"')as x — o0,

(ii) Forall i,j €S, pjj(x) = djj + o(1) as x — oo,

(i) oi(x) = s? + o(1),

AR
P Durham

University




Generalized Lamperti drift

@ Generalized Lamperti type moment conditions
Define

pij(x) = E[(Xnt1 = Xa) W1 = j} [ (Xn, 1) = (x,7)]

(McL) There exist d; € R, ¢; € R, djj € R and s? € R, with
at least one s,-2 non-zero, such that all of the following is
satisfied,
(i) Forall i€ s, pi(x)=d+ ¢+ o(x71) as x — oo,
Forall i,j € S, pjj(x) = djj + o(1) as x — oo,

i)
(i) oi(x) = 5 + o(1),
(iv) > iesmidi =0.
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Generalized Lamperti drift

@ Generalized Lamperti type moment conditions
Define

pij(x) = E[(Xnt1 = Xa) W1 = j} [ (Xn, 1) = (x,7)]

(McL) There exist d; € R, ¢; € R, djj € R and s? € R, with
at least one s,-2 non-zero, such that all of the following is
satisfied,
(i) Forallie§, pi(x)=di+ <+ o(x"')as x — o0,
i) Foralli,j €S, pjj(x)=dj+ o(l) as x — oo,

(i

(i) oi(x) = s? + o(1),
(iv) > iesmidi =0.

@ Transition probability condition
(Qcr) There exist y; € R, such that

'YU

qi(x) = a5 + > +o(x7")
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Generalized Lamperti drift
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Generalized Lamperti drift
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Recurrence classification for Generalized Lamperti drift

Theorem (L., Wade, 2015)

Suppose that (B,) holds for some p > 2, and conditions (Qx),
(QcL) and (Mcy) hold. Define a; to be the unique solution up to
translation of the system of equations d; + .- ¢(aj — a;)q;; = 0
YV i € S. The following sufficient conditions apply.
o If) ics[2ci — s? + 2Zje5 aj(ij — dij)lm;i > 0 then (Xn,1mn) is
transient.
o If| Y ies(26i +2 3 jes apvi)mil < Yics(s? + 23 e s ajdy)mi
then (X,,mn) is null-recurrent.
o IfY csl2ci+ 57 +2 > jes aj(vij + di)]mi < 0 then (Xp,nn) is
positive-recurrent.

v
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Idea of proof of the theorem

o Transform the process (X, 7,) with generalized Lamperti drift
to a process (Xm 77n) = (Xn + ap,, nn)

AR
P Durham

University




Idea of proof of the theorem

o Transform the process (X, 7,) with generalized Lamperti drift
to a process (Xp, 7n) = (Xn + ay,, 7n)

@ Find the appropriate choices of the real numbers a;, i € S,
such that ()~<,,,17,,) has Lamperti drift i.e., the constant
components of the drifts are eliminated
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Idea of proof of the theorem

Transform the process (Xp,7,) with generalized Lamperti drift
to a process (Xp, 7n) = (Xn + ay,, 7n)

Find the appropriate choices of the real numbers a;, i € S,
such that ()~<,,,17,,) has Lamperti drift i.e., the constant
components of the drifts are eliminated

Calculate the new increment moment estimates for the
transformed process (X, 7n)-
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Idea of proof of the theorem

Transform the process (Xp,7,) with generalized Lamperti drift
to a process (Xp, 7n) = (Xn + ay,, 7n)

Find the appropriate choices of the real numbers a;, i € S,
such that ()~<,,,17,,) has Lamperti drift i.e., the constant
components of the drifts are eliminated

Calculate the new increment moment estimates for the
transformed process (X, 7n)-

@ Apply the results in the Lamperti drift case
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Summary of cases

Zdﬂri:o ? Need 7r;,d;
€S

J, Yes
di=0Vi ?

J,No

2
Need 7, C;, Si dl]? 7@]
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Summary of cases

Zdiﬂ'i=0 ?

i€S

J, Yes

z dim; >0
€S
Sdm<0

i€S

di=0Vi ?

v No

S a-s)m>0

i€s

Z 2em;| < Z st

€S €S

S @e+s)m<0

=

€S

€S

2 {ZQ —s$ 2 ai( — di)

:|7rl>0

s2+2 Z ajdy;

Z <2Q +2 Z ;i

€S

Z |:ZCZ + sf +22a](~/lj +d;j)

JES
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Example: One-step Correlated random walk
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Simulation results on One-step Correlated RW
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Simulation results on One-step Correlated RW
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Example: Two-steps Correlated random walk
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Simulation results on Two-steps Correlated RW
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Simulation results on Two-step Correlated RW
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Simulation results on Two-steps Correlated RW
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Existence and Non-existence of Moments results

@ We also obtained some quantitative information on the nature
of recurrence. We studied moments of passage times.
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Existence and Non-existence of Moments results

@ We also obtained some quantitative information on the nature
of recurrence. We studied moments of passage times.

o For x € Ry, define the stopping time

Tx = min{n > 0: X, < x}.
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Existence and Non-existence of Moments results

@ We also obtained some quantitative information on the nature
of recurrence. We studied moments of passage times.

o For x € Ry, define the stopping time
Tx = min{n > 0: X, < x}.

@ We got results that gives conditions for which s such that
E[7Z] exists or not exists.
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Existence and Non-existence of Moments results

@ We also obtained some quantitative information on the nature
of recurrence. We studied moments of passage times.

o For x € Ry, define the stopping time
Tx = min{n > 0: X, < x}.

@ We got results that gives conditions for which s such that
E[7Z] exists or not exists.

@ We used similar techniques and ideas in our proofs.
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