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The distribution of values of the Poincaré pairing
for hyperbolic Riemann surfaces

By Yiannis N. Petridis at New York and Morten S. Risager at Aarhus

Abstract. For a cocompact group of SL,(R) we fix a non-zero harmonic 1-form a.
We normalize and order the values of the Poincaré pairing {y, o> according to the length of
the corresponding closed geodesic /(y). We prove that these normalized values have a
Gaussian distribution.

1. Introduction

Let X be a differentiable manifold. We have the pairing between homology and co-
homology:

Hi(X,R) x Hjz (X,R) — R
and a projection ¢ : I' = 7;(X) — H, (X, Z). Let {-,-) be the composition of the two maps:

Q= [ o
$()

We would like to study the distribution of the values of this for a fixed 1-form «. In previ-
ous work the authors [14], [17] have studied this problem for compact and finite volume
hyperbolic surfaces. In both articles we found as limiting distribution the normal Gaussian
distribution. However, the ordering of the group elements was not geometric: in [14] we
ordered the group elements by realizing I' = 7;(X) as a discrete subgroup of SL,(R), set-

. b . . .
ting y = (j d) and ordering y according to ¢? + d?. In [17] the matrix elements are

ordered according to (a®> + b?)(c? + d?). In both cases the ordering appears to be forced
on us by the methods used: Eisenstein series associated with the problem in which the
group elements are naturally summed in the above-mentioned fashion. There is a more
natural geometric ordering. To every conjugacy class {y} corresponds a unique closed ori-
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ented geodesic of length /(). Let n(x) = #{{y} |y prime,/(y) < x}. The prime number
theorem for closed geodesics states that

(1.1) n(x) ~e*/x
as x — oo and can be proved using the Selberg trace formula ([9], [2]). In this article we
consider the distribution of the values of the Poincaré pairing where we order the elements

of I' according to the lengths /(y).

Theorem 1.1. Let

g [ YolX)
= a4
Then
HINb A bl ) Sx) | 1 b oy,
+{0110) =) NS,
as X — 00.

To prove this theorem we use the method of moments, see [12].

Our approach is quite traditional: the Selberg trace formula, via the Selberg zeta
function and its derivatives in character varieties. The geometric side gives us estimates for
sums of {y,a)>" ordered according to /(y). The spectral side involves the spectrum of the
Laplace operator, as encoded in its resolvent R(s) = (A + s(1 — s))_l. To extract informa-
tion from the spectral side, we use perturbations of the resolvent.

We follow the spirit of our previous work, which was motivated by the question of
finding the distribution and the moments of modular symbols. For this purpose Goldfeld
[5], [6] introduced Eisenstein series associated with modular symbols. In [17] the second
author introduced and studied the properties of hyperbolic Eisenstein series associated with
modular symbols. Our current work uses the Selberg zeta function and its derivatives in
various directions in character varieties. Such perturbations were first studied by Fay [4].

Remark 1.2. The study of the first moments

n(x,a)= > [
yem(X) ¢(7)
I(y)=x

was initiated by Zelditch [23], [24] in relation to Bowen’s equidistribution theorem for
closed geodesics. He proved bounds of the form z(x, &) = o(x/In(x)) for o an automorphic
form (perpendicular to the constants). He treated also finite-area hyperbolic surfaces. The
technique in [23], [24] is the trace formula for the composition of two operators: standard
convolution with a point-pair invariant, followed by multiplication by «. Our work shows
how (in principle) one could get asymptotics for 7(x, o) depending on the Laurent series of
the resolvent at s = 1.
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Remark 1.3. Estimating the number of closed geodesics (periods of the geodesic
flow) with length less than x and certain constraints on its periods can be done using La-
lley’s theorem [11], see also [1], [19]. The constraints discussed in these articles restrict the
periods to lie in a compact interval, say, [, b]. In our theorem we roughly restrict the pe-
riods to lie in intervals [a\//(y),b+/I(y)]. In [20] a Gaussian law similar to ours is stated, as
a consequence of [11] and [1]. Sharp [20] also gets a local limit theorem. The method in all
these papers is to use the thermodynamic formalism and as a consequence the results apply
to variable negative curvature. We stick to a more classical approach using the Selberg
trace formula and get more explicit results.

2. The Selberg zeta function

Let I" be a discrete subgroup of PSL,(R) with compact quotient X = I'\H. Here H is
the upper half-plane. The Selberg zeta function is defined as

(2.1) Z(s,2) = T1 TL(1 = 200)N (o)),

{ro} k=0

where y is a unitary character of I" and the product is over primitive conjugacy classes, i.e.
7o 1s not a power of another element in I'. The norm N(y) is defined as follows. We con-

0
jugate (in SL,(R)) the hyperbolic matrix y to <m 1 ) with m > 1. Then N(y) = m?.
m

0
There is a simple relation between N(y) and /(y): I(y) = log(N(y)). The product in (2.1)
converges absolutely for R(s) > 1. We shall use the following convention: if in a product
or sum the group elements carry a subscript 0, then it extends over primitive elements/
conjugacy classes. If not, then it extends over all group elements/conjugacy classes. For our
purposes we need in fact a family of characters

2(,e): T — Sl,
7 exp(—iey, o).

We will denote the corresponding Selberg zeta functions by Z(s, €). As in [8], Prop. 3.5, p.
56, 4.2, p. 67, we have the following splitting of Z’(s,€)/Z (s, €):

%70, €) In(N(y0))

. Zso fy NGy w9 ran
where
s e) = 2(y,€) ln(N(yo))
and
(24) Ax(s, €) = 3 ln(N(Vo)) A 6)2N(V0)723

{70} 1= x(y0, )N (9) "

We have the following lemma based on [3]:
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Lemma 2.1.

oy = [ a=0(InN(y)),
$()

where the implied constant depends on the group only.
Proof. We let F = H be the normal polygon with i in its interior. We may pick

generators yy, ..., 7, such that y;(F) is a neighboring fundamental domain. We may write
every y eI as

k()
y= 117, wherem;e{l,... M}
j=1

Welet C = max{|<yj,<x>| ‘j =1,..., M} Clearly |<y,o)| < Ck(y). We now quote [3], Satz
1, to conclude the existence of constants ar, br such that
(2.5) k(y) < arlog(a® + b* + ¢* +d?) + br.

Here a, b, ¢, d are the entries of .

Pick B > 0 such that B = d(i, x) for all x € F. Here d(-,-) is the hyperbolic distance
in H. Such B exists since X is compact. Since /(y) = inlfv d(x,yx) we conclude from
Xe

d(i,yi) = d(i, x) + d(x,yx) + d(yx, yi) = d(x, 7x) + 2d(i, x) = d(x, yx) + 2B

that d(i, yi) < I(y) + 2B. One may check that

coshd(i,yi) = (1 + i i

RIGRIPT '

B 2
Hence
log(a* + b* + ¢* + d*) = log(2 cosh(d(i, yi)))
< log(2(cosh(I(y) + 2B)))
= log(e'e V128 4 o~1oeN(=2B) — O(log(N(y)))

which finishes the proof. []

Using Lemma 2.1 and [8], Prop. 2.5, we easily see that the series A (s, €) converges
absolutely for R(s) > 0, that A,(s,€) converges absolutely for R(s) > 1/2 and the same
is true for the derivatives in e of all order for 4;(s,€) and A4;(s,€). To apply the standard
methods of analytic number theory we study the series

o %70, €) In(N(yy))
(2.6) E(s,€) = {/Z(?} Noo?
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and its derivatives at e = 0

g o) — 5~ (71" <0 " In(N (7))
=7 e {Z} N(70)® ‘

We need to know the pole order at s = 1 and the leading term in the Laurent expansion of
the derivatives in € of Z'(s,€)/Z(s,¢€) at e = 0, and we need to control the derivatives as
functions of s on vertical lines for R(s) > 1/2. The series (2.7) is similar to the Eisenstein
series twisted by modular symbols introduced by Goldfeld [5] and their holomorphic ana-
logues introduced by Eichler [3].

3. The automorphic Laplacian

The beautiful connection between the Selberg zeta function and the spectrum of the
automorphic Laplacian goes through the Selberg trace formula. We shall only briefly touch
upon this connection and refer to [8], [2], [18], [22] for further details.

We let
or o
A=y—+—
Y <0x2 + 6)/2)
be the Laplace operator for the upper half-plane. We consider the space
L2 (F\Hv)?( ) 6))
of (F, 7 ,e))—automorphic functions, i.e. functions f : H — C where

fz) =x(r,€)f(2),

and

J 1/ @) duz).

\H

Here du(z) = y~2dxdy is the invariant Riemannian measure on H derived from the Poin-
caré metric ds®> = y~2(dx* + dy?). We shall denote by || - || the usual norm in the Hilbert
space L2 (C\H, 7(-,€)). The automorphic Laplacian L(e) is the closure of the operator
acting on smooth functions in L*(I"\H, (- , €)) by Af. The spectrum of L(e) is discrete and
—L(e) is nonnegative with eigenvalues

0 é /1()(6) é /11 (6)

lIA

satisfying lim 4,(e) = oo,
n— o0

(3.1) S (€)% < o0,
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and

vol(I'\H)

A as i — oo.
4r

(3:2) #{n(e) =4} ~

The corresponding eigenfunctions {¢,(€)} -, may be chosen such that they form a com-
plete orthonormal family. The first eigenvalue is zero if and only if € = 0 and in this case
it is a simple eigenvalue. We consider two additional spectral problems on I'\H: the Di-
richlet problem and the Neumann (free boundary) problem. We denote their correspond-
ing eigenvalues by /, and g, respectively. Using the Rayleigh quotient we easily get:
W, < Ay(e) <1, for all e. This implies for the spectral counting functions

vol(I'\H)

= A as A — oo.

(3.3)

A~ Np(A) £ N.(1) £ Ny(2) ~ w

The resolvent R(s, €) = (L(e) + s(1 — s))_l, defined off the spectrum of L(e), is a Hilbert-
Schmidt L? (F\I]-I], 7( ,e)) operator. It is holomorphic in s, and its operator norm may be
bounded as

I, < — LR S
* 7 dist(s(s — 1), spec(L(e))) ~ |20 — 1)

(3-4) IR(s, €)

where s = g + it, 0 > 1/2. We recall that for a compact operator, 7', the singular values,
{ B o, are defined as the square roots of the eigenvalues of 7*T, i.e.

TTf =S B b BZhz >0

where {, },—, forms a complete orthonormal family. When 7 is symmetric the singular
values are the absolute values of the eigenvalues of 7. The p-norm is defined by

o0
1T, = > B¢
k=0

When p = 2 this is the Hilbert-Schmidt norm and when p =1 this is the trace norm.

We shall need a bound on the Hilbert-Schmidt norm of the resolvent. We let
s=ag+it.

Lemma 3.1. For fixed 6 > 1/2 the Hilbert-Schmidt norm of the resolvent is bounded
as |t| — oo. More precisely

(3.5) IR(s, )l < O((20 = 1))
as t — oo. The involved constant depends only on the group T.
Proof.  Let A,(€) = 1/4 4 r,(e)* with r,,(¢) € R, UiR,. Then

(1= 5) = Jue) = = ((s = 1/2)* + ru(e)?).
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Hence

N ) & 1
60 IRGAE =3

=S !
=0 |(6 = 1/2) + i(t + ra()) |} (0 = 1/2) +i(t = rale)|

7"

For r,(¢) € iR, all individual summands are less than r~* and, since there can only be fi-
nitely many small eigenvalues, the sum over small eigenvalues is O, (™).

For 0 < r,(e) < 2¢ the individual summands are less than ((o — 1/2)1) ~ and (3.3)
says that there are O(#?) elements in the sum. Hence

1

= 0((6 —1/2)72).
Oér,,(ze)§2t|(s—1/2)2+rn(6)2|2 (( /) )

When r,(€e) > 2t we have r,(¢) —t > r,(€)/2 and hence the individual terms in the
sum may be bounded by r,,(e)74. We therefore have

1 1
> <4 3 =0(r?)
oz l(s = 1/2)2 +ra(e)** = no2arale)?

A

which finishes the proof. (We have again used (3.3) for the last equality.) []

We fix zp € H and introduce unitary operators

(3.7) U(e): L*(T\H) — L*(T\H, (-, ¢)),
£ exp <ie J" oc) 7).
We then define
(3.8) L(e) = U ()L(e)U(e),
(3.9) R(s,€) = U ()R(s,€)Ule).

This ensures that L(e) and R(s, €) act on the fixed space L?(I"\H). It is then easy to verify
that

(3.10) L(e)h = Ah + 2ieldh, oy — ied(a)h — €*{at, o,
(3.11) (L(€) + (1 =) R(s,€) = R(s, €)(L(e) + (1 —5)) = L.
Here
(frdz + frdz,g1dz + g2 d2) = 20 (A1 + foifs),

S(pdx+qdy) = —y*(pc + qy).
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We notice that 6(«) = 0. We notice also that

(3.12) LW (e)h = 2ildh, oy — 2ela, 0,
(3.13) L (e)h = —2{a, o),
(3.14) LY(e)h =0, wheni> 3.

(We use superscript (n) to denote the n’th derivative in e.) Fix x > 1. The resolvent and the
Selberg zeta function are connected through the following identity, see [8], Theorem 4.10,
p. 72:

1z 1z

(3.15) 5 8.0 — 5= S (6)

-5y )

VOI(ZI;\H) Z <s+ k KJlrk)'

We note that by the Hilbert identity

(3.16) R(s,e) — R(ic,e) = —(s(1 — 5) — k(1 — x)) R(s, €) R(x, €)

the difference of resolvents is the product of two Hilbert-Schmidt operators. Hence, by the
inequality

(3.17) IST|l, < [IS[LIIT 1,

we conclude that R(s,e) — R(x, €) is of the trace class. We can therefore define the trace

(3.18) tr(R(s, €) — R(x, 6)) =5 ((R(s €) — R(x, 6))%,%)

n=0
We note that this enables us to write (3.15) in the form

| A | A

(3.19) 25z %9 17207

K,€) = tr(R(s,€) — R(x,€)) + O(s),

where Q(s) is the last sum in (3.15) (note that R(s,e) — R(x,¢) and R(s,€) — R(x, ¢) have
the same trace). It is this identity that we shall study to obtain information about the ana-
lytic properties of (2.7).

We want to see how this behaves as |7 — oco. It is easy to see ([8], p. 80) that if
s = o + it then for fixed ¢ > 0 we have Q(s) = O(log¢). From (3.5) and (3.17) we conclude
that when ¢ > 1/2

(3.20) tr(R(s,€) — R(x,¢€)) = O(1?).

(By more careful estimates one may prove O(?). See [8], Eq. (4.8).) Note that when ¢ = 0
this proves that E(z,s) grows at most like O(#*) on vertical lines o > 1/2 (see (2.2)). We
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wish to prove something similar for E (s, ¢). To obtain this we differentiate (3.11) in ¢ and
get

n—1 n . .
(3.21) R"(s,e&)=—-%" < ,)RW (s,€) LY (€)R(s, )

This is naturally the second Neumann series for the resolvent. We use L) (¢) = 0 for i > 3,
which reduces (3.21) to

RW(s,€) = —R(s,e) LY (e)R(s, €),

(3.22) R (s, ¢) = — ((’11 ) R(s, )LV () R™V (s, )

We need the following lemma:

Lemma 3.2. The operators R(s,e)LY (), LY (¢)R(s, €) are bounded and their norms
grow at most polynomially for s on a fixed line R(s) = o > 1/2. More precisely we have

(323)  [IR(s, LY ()], = O(lt)), LV (O)R(s,€)ll., = O(ll),
(3.24)  [IR(s. )LD ()], = O(1 ™), ILP(eR(s,0)]l.. = O(1| ™).

Proof. The claim in (3.24) follows easily from (3.4) and the fact that L®)(e) is
bounded since it is just a multiplication operator on a compact set. The first claim in (3.23)
follows from the second since

IR(s, )LV (€|, = [|(R(s, )L ()" [|, = ILV ()R, €)]..

To prove the remaining case we use Sobolev s-norms, || - || ;. and the fact that for any sec-
ond order elliptic operator P there exists a ¢’ such that

ull 2 = ¢ (llull + (| Pul]).
We shall use P = L(e). Hence
LY (R(s, €))ul| < | R(s, e)ull
= c|[R(s, e)ull 2
< ¢/(IR(s, ul + | L()R(s, u)
= ' ([[R(s, eJull + [Is(1 = 5)R(s, e)u + u|)

where we have used (3.11). The result now follows from (3.4). []
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Theorem 3.3.  For fixed o = R(s) the difference
R™(s,€) — R™ (1, €)

is of the trace class and the trace grows at most polynomially in |t| = |3(s)|. For 1/2 < g <1
we have

tr(R" (s,€) — R"(x,€)) = O(|¢|""***).
Proof. Clearly [tr(-)| < || - ||, From (3.22) it is clear that R"(s,¢) is a linear com-
bination of terms of the form R(s, €) H (L%(e)R(s,€)) where k; € {1,2}. It is also clear that
i—1

one of the terms is a constant times R(s, ) (LM (€)R(s,¢))" and that none of the products
have more than n terms. We shall prove by induction that

= 0(|¢**")

HR(S, o ﬁl (LY(6)R(s, €)) — R, €) Hl (LY(e)R(x,€))

1

for m <n. The case n=0 is (3.20). In the general case we add and subtract

R(s,¢) H (L% (€)R(x,€)) and find

i=1

s

Il
—_

HR(S, o Hl (L5()R(s,€)) — R(x, ) [1(LY()R(x, €))

1

,’:]s

<[z (fiz ©re.a) -

i=1

(L*(e)R(x, e))>

I
—_

1

+ H (R(s,€) — R(x,€)) H (L5 ()R, )

i=1

1
m—1

e o T (24 @R 0) - Rix.o) T (L4 () Rix. o)

i=1

[1(4(0R(x.0)

< ||R(s, e) L

1

+ [IR(s, €) = R(x, €[

o0

We quote Lemma 3.2 and use the induction hypothesis. This completes the induction. We
conclude that

(3.25) IR™ (s,€) = R™ (i, )|, = O([*™). O

Equation (2.2) together with the fact that all derivatives in € of A4;(s,€) and A,(s,€)
are absolutely convergent for $(s) > 1/2 enables us to conclude from Theorem 3.3 that the
function E" (s, €) grows at most polynomially in ¢ on every fixed vertical line ¢ > 1/2.

4. The pole at s = 1

In this section we identify the pole order and the leading term of E?(s) = E(s,0) at
s=1.(In E"(s,€), R(s,€) and L") () we shall often omit 0 from the notation When we put
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e = 0.) We note that E(s) has a first order pole with residue 1 at this point as is easily seen
from (3.15). Since

an  Galn 260 - 2 wo)

Lz z _ o p) oy _
1—25s Z 1 —2x Z tr(R™(s) — R ()

e=0

equation (3.22) and the fact that R")(s) is holomorphic in $(s) > 1 enables us to conclude
that the left-hand side is holomorphic in £(s) > 1.

We recall that close to s = 1

(4.2) R(S) = .il R,-(s — l)i’ R_|=—-Py

and that R(s) — R_;(s — 1)~" is holomorphic in R(s) > h. Here h = R(s), s1(1 —s51) = 4

is the first small eigenvalue, and Py f = {f, VOI(F\H)71/2>VOl(F\H)71/2 is the projection
of f to the zero eigenspace.

To understand the meromorphic structure of (4.1) at s = 1, we must understand the
meromorphic structure of R”(s). The crucial observation is that

(4.3) LOPy=0, P,LY =0.

The first equality follows from the fact that L() is a differentiation operator while P,
projects to the constants. The second equality follows from the first by using that both op-
erators are selfadjoint. Using this we can now prove:

Lemma 4.1.  For n =0, R"(s) has a singularity at s = 1 of at most order [n/2] + 1. If
n = 2m the singularity is of order m + 1 and the (m + 1)-term in the expansion around s = 1
is
(2m)!
2m

(=)"R_{(LPR_)".

Proof. The claim about n = 0 is contained in (4.2). The proof is induction in » but
for clarity we do n = 1,2 by hand. Using (3.22) and (4.2) we see that R())(s,0) has a pole of
at most second order and that the singular part is

ROLOR (s— 1)+ (RoLYR_; + R.LLLWRy) (s — 1)
But this is zero by (4.3). Hence R (s) is regular at s = 1.

For n = 2 we note that by (4.2) and (4.3), R(s)L(V is regular. Hence we find that the

first term in
R (s) = — ((f)R(s)L(l)R(”(s) + <§)R(S)L(2)R(s)>

is regular. By (4.2) the second term is of at most order two with leading term

2
— R_ LR .
(2) LOR,
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In the general case we note that, since R(s)L{! is regular the first term in

RO (s) = — ( (’11 ) R(s)LORD (5) + (Z) R(s)LO R (S)>

has at most a pole of the same order as R"~)(s). By (4.2) the second term has a pole of
order at most one more than that of R”~?)(s). The claim about the order of the pole fol-
lows. The claim about the leading term also follows once we note that

(3)-()G)G)-5 o

Using this we can now prove the following theorem. Let ||o||> = | <ayo) dul(z).
I\H

Theorem 4.2.  The function E"(s) is identically zero for n odd. If n = 2m the function
E"(z,5s) has a pole of order m + 1 and the leading term is

m (2m)![a*"
(=1) vol(T\H)™"

Proof.  For n odd the group elements y and y~! contribute opposite values in (2.7).
When 7 is even, we notice that by (3.19) and (2.2) the leading term of E (s) is minus the
leading term of tr(R"(s) — R"(x)). Using the above lemma, (2.2) and the fact that the
derivatives of A4;(s) and A,(s) are holomorphic in R(s) > 1/2 we immediately get the claim
about the pole orders. The calculation of the leading term follows from the observation
that

o0

S (RA(LPR_) ™) = — (LW R_1) Mg, )

k=0

B (_1)m+l m
Sy (e we) o

5. Calculating the moments

We are now ready to prove Theorem 1.1. The proof uses the method of asymptotical
moments precisely as in [14], [17]. From Theorem 4.2, Theorem 3.3 and Lemma 2.1 we
may conclude, using a more or less standard contour integration argument (see [14], [17] for
details), that as 7" — o0

(5.1) > o, log N(y)

{7}
N ST

(2m)'||‘x||2m m m—1 o
= { m!vol(T\H)" T(logT)" + O(T(log T)""), n=2m,

0, n=2m+1.
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Let now

5.2 ol = vol(\F) 0.
52 b ¢m%mwmﬂfy>

We then define the random variable X7 with probability measure

#{{0} [ N() < T .2 € [a, 5]}
(5:3) PO el t) = e ING) €71

We want to calculate the asymptotical moments of these, i.e. find

I n
54 MiXT) = o IR =1 & 7o
N(yp)=T

as T — oo. We note that by the prime number theorem for closed geodesics (or (5.1)) the
denominator is asymptotically 7'/log 7. By partial summation we have

. vol(T\H)"? "
Z b)Ov OC] = % Z <V(), oy IOgN(VO) n/2+1
NGO T [orl NG £T log(N (7))
vol(I'\ H)"?

B [ er]| "2/ log(T)"/**! N(yZ)< T<V07 ay"log N(7,) + O(log(log(T))).

This may be evaluated by (5.1). We find

m)t .
M,(T) — {m!Z’" , A n=2m,

0, otherwise.

We notice that the right-hand side coincides with the moments of the Gaussian distribution.
Hence by a classical result due to Fréchet and Shohat (see [12], 11.4.C) we may conclude
that

2

P(Xr € [a,b]) — \/_J"exp< x2>dx as T — o0.

This is almost Theorem 1.1. The only difference is that here we are only counting the prime
geodesics. Let u > 0 be a lower bound for the lengths of the closed geodesics on I'\H.
Define

¢.(T)= > < f,
{»}
N =T

Hn(T) = E <V07°C>n
{ro}
N@o)=T
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1.e. the first sums over all conjugacy classes, while the second sums only over the primitives.
Since every conjugacy class may be written uniquely as the power of a primitive one, we use
oy = m{pg, ey and N(p") = N(py)™ to see that

[log T/log 4]
(5.5) $,(T) = I,,(T) + 2132 m"T,(/T).

The sum is clearly 0((10g T) "HHH(\Z/T )) Using partial integration as above it is not dif-
ficult to see that

(5.6) IT,(T)

log T {%} Yo gN (o)

N(yp)sT

Hence by (5.5) and the bound on the sum we have also I1,(7) ~ ¢,(7). Playing the same
trick backwards we find that (5.1) is true also if we sum over all conjugacy classes and not
only primitive ones. Doing the same argument as that following (5.1) we arrive at Theorem
1.1.

Remark 5.1. We conclude by remarking that we could have proved a distribution
result for the Poincaré pairing between the homology classes and a fixed complex holo-
morphics 1-form f(z)dz instead of a harmonic 1-form «. In this case the combinatorics
involved would become more difficult as one needs to introduce an n-parameter family of
character instead of y(-,€). One finds that if we define

vol(T'\H)
, f(2)dz] =
b7z & \/ 210g(N () 1/ C) el

and define the random variable Y, with probability measure

<y, f(2) dz)

H{HNG) =T, [y, f(2) dz] € R}
#{{}HINQG) =T}

(5.7) P(YreR) =

where R < C is a rectangle, then

1 2 2
P(YTeR)—>—jexp(—x +y>a’xafy as T — 0.
21 » 2
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