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THE REMAINDER IN WEYL’S LAW FOR RANDOM
TWO-DIMENSIONAL FLAT TORI

Y. PETRIDIS AND J.A. ToTH

Abstract

We prove that the average order of the remainder in counting the
number of points of a random lattice inside a disc of radius VA is
O(AY/4+¢). Our proof is spectral in nature.

1 Introduction

Let (M™, g) be a compact Riemannian manifold of dimension n with
Laplace—Beltrami operator A and spectral counting function

N(X) :=#{); € Spec(A); A; < A}.
Then, a celebrated theorem of Hérmander [Ho| asserts that

N(A) = ¢, vol(M) X2 4 O(A(—1)/2) (1.1)
for a constant c¢,, depending only on the dimension n. Moreover, the esti-

mate in (1.1) is sharp as can be seen by considering the round sphere, S™.
The question of determining the optimal bound for the error term
R(A) := N(A) — ¢, vol(M)A™/?
in any given example is a difficult problem which depends on the properties
of the associated geodesic flow, and is far from being understood in detail.
Nevertheless, there are several important results along these lines: One of
the first is a result of Duistermaat—Guillemin [DG] which asserts that in
the case where the geodesic flow is clean and the set of unit-speed geodesics
in S*M has null Liouville measure, then one can improve the Hérmander
bound in (1.1) to
R(\) = o(A(""1/2)

Subsequently, Ivrii [Ivl,2] gave a different proof of this result and extended
it to manifolds with boundary. There are some additional improvements in
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R(\) that are known for some specific examples. For instance, in the case
of hyperbolic manifolds, a result of Bérard [Bé] gives

R(\) = ON™1/2/10g ).
This is in all likelihood far from optimal. Indeed, it has even been con-
jectured that, at least in the non-arithmetic case R(\) = O(\€) for all

€ > 0. In fact, even for noncompact arithmetic surfaces with cusps, such as
SLa2(Z) \ H, one has
R(\) = c-A2log A+ O(N'?),
see [Hej2, 2.21, p. 511]. For compact arithmetic surfaces arising from quater-
nion algebras Selberg proved that R(\) = Q(A'/*/log \); see [Hejl, p. 315].
In the opposite case of completely integrable geodesic flow there are

several cases where improved error terms are known: For (generic) convex
surfaces of revolution, Colin de Verdiére [C] has shown that

R(\) = O(A\/3) (1.2)
which agrees with a result of Van der Corput and Sierpinski [Si] for the
classical circle problem in 2 dimensions, i.e. for the torus R?/Z2.

There are also additional more general results of Volovoy [V] under
long-time recurrence estimates for the geodesic flow, but they are difficult
to quantify. The geometrically simplest example of an integrable geodesic
flow on a surface is the 2-dimensional flat torus. In this case, Hardy’s
Careful Conjecture [H1] states that ‘it is not unlikely that

R(\) = O (A\!/479) (1.3)
for all positive €’. There is much evidence, both numerical and otherwise
to suggest that the bound above is indeed optimal. For instance, a classical
result of Cramér [Cr| says that

li !

oo T3/2
for a constant ¢. Hardy also gave the lower bound R(\) = Q(A!/%), see [H2],
and Sarnak [S] generalized and gave a geometric interpretation of [H2]: If
the geodesic flow on a two dimensional manifold has the property that, for
some fixed T, the fixed point set of the flow for time T is two dimensional
in the three dimensional unit cotangent space, then R(\) = Q(A!/4).

Despite the fact that there has been much work devoted to improving
the estimate for R(\), deterministic results are still far away from (1.3). The
best result that we are aware of is O(A\23/73 log?315/146 A) and is due to Huxley
[Hul]. The problem for general flat tori in dimensions n > 4 is solved. In

/T IRNPdA=¢>0 (1.4)
0
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fact the estimates R(\) = O(AN/?71) for n > 5, while R(\) = O(Alog \)
for n = 4 for the standard integer lattice are classical, see [F, Satz 3, p. 36;
Satz 2, p.95]. For rational lattices and n > 5 the error bound R(\) =
O(A\*271) is due to Landau [L] and cannot be improved. For lattices in
n > 9 the error is o(A™271) iff the lattice is irrational, see [BG]. This
estimate is now known also for irrational lattices in dimensions n > 5,
see [G]. For n = 3 estimating the sharp error term is not known and the
corresponding bound to (1.2) is R(\) = O(A\/9).

The purpose of this note is to establish the Hardy bound (1.3) in a
probabilistic sense, where we average over local metric deformations of 2-
dimensional tori. More precisely, we prove

Theorem 1.1. (i) Fix e with 0 < ¢ < 1 and let I := [1 —¢€,1 + ¢]
and N(A\; i) denote the spectral counting function for the corresponding
Laplace—Beltrami operator on the flat two-torus M (@), 4 = (u1,uz) with
metric form

H(p,o;u1,us) = uy 02 + ug p2.

Then, for any é > 0,

IN(A @) — 1= vol(M (i) dit = O5(A/*+9). (1.5)
12

(ii) Consider the general metric Hamiltonian for a flat two-dimensional
torus M (@), @ = (u1,ug,us) given by

H(p,o;u1,u2,u3) := 1% + uspo + ugp?. (1.6)
Then the following holds:
[N\ @) — = vol(M (@) A|” di = Os(AV/*+0) . (1.7)
I3

REMARK 1.2. We should emphasize that our result in Theorem 1.1 is
local. Consequently, it differs significantly from the following global result
of Randol [R1]. Indeed, if G/T' := SL(2,R)/SL(2,Z), with dg the Haar
measure, and we define N(); g) to be the number of lattice points of g - Z?
inside the disc of radius v/, then Randol shows that

/G/F IN(A;9) — (€(2)) " 'mAPdg = ¢(2)"'mA + On (Al Tog A|7Y),  (1.8)

for any integer V. Thus, when estimating over all lattices of fixed vol-
ume, one gets an asymptotic formula for R(\) which is consistent with the
Hormander error in (1.1) and no better. This global result thus differs con-
siderably from our Theorem 1.1. The point here is that, since our result is
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purely local, it does not take into account degenerate tori on the bound-
ary of the moduli space SL(2,R)/SL(2,Z) which appear to make a large
contribution to (1.8).

REMARK 1.3. In (1.1) we average locally in the moduli space of flat tori.
Kendall in [K] averages over shifts of the standard lattice and gets the same
type of bound:

1 1
|| rovaraads —op),
0 0

where (o, ) represents a shift of the standard lattice Z2. For shifts of a k-
dimensional ellipsoid he gets the bound O(A*~1)/2). Counting the number
of lattice points inside the circle centered at (o, 3) corresponds to Weyl’s
law associated with the differential operator A + P(«, 3), where P(a, 3) is
a first order differential operator with constant coefficients.

REMARK 1.4. Results involving spectral averaging on shorter scales than
(1.4) are known. For instance, Iosevich, Sawyer, Seeger [ISS| have recently
proved
T+logT
/ R(p?)%du < T.
T
Huxley [Hu2] proved the estimate

T+1
/ R(p?)?dp < Tlog T .
T

The distribution of R(A\?)/v/X for the standard torus R?/Z? was studied by
Heath-Brown [He| and for shifted convex ovals has been studied by Bleher
in a series of papers starting with [Bl].

REMARK 1.5. The spectral averaging on the scale [0,7] for negatively
curved surfaces has been studied in [R2]. He obtains a result similar to
Hardy’s [H1] for almost all pairs of points (z,y) € M? x M?2.

REMARK 1.6. Our method is spectral in nature and avoids estimates on
exponential sums and the Hardy—Littlewood circle method. It avoids also
the sophisticated techniques developed for the circle problem and (rational
and irrational) tori.

We first take up the case where H(p,o;uy,us) = uy o2 + ugp®. For
such metrics the proof of Theorem 1.1 (i) is rather computational and so
we split it up into three parts: an analysis of the averaged density of states
(section 2), mean-square density of states (section 3) and a rescaled spectral
argument (section 4).
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2 Averaged Density of States

In this section we give an asymptotic estimate for the averaged density
of states of the eigenvalues, A\;, 7 = 1,2,..., of the Laplacian A on the
torus, T2. We put h~! = v/A. Most of our estlmates will be given in terms
of A but the reader should have no difficulty in expressing them in terms
of A\. We define the average density of states as follows:

= Z/p o(Aj(@) — N)diL
-5 Z Z/ / is[H (mh,nh;@)— /h¢(hs)ds dii , (2.1)

MmEZ neL
wherev(b is even, belongs tovthe Schwartz space S(R) and its Fourier trans-
form ¢ € C§°(R) satisfies ¢(0) = 1. The second equality follows from the
Fourier inversion formula. The density AV(¢) is a function of A, or, equiv-
alently, i and we are interested in estimating it as A — 0. Integration by
parts in the s variable gives for any § > 0 and & < Ay,
h 1-6
AV(¢) =h / / wslHmhnhi)=1/h g (Bs)ds dit + O(h®),  (2.2)
Iml,In|=0
where O(h>) means that the error is On(hY) for any N > 0. We decom-
pose the last expression in (2.2) into a sum of the two terms:
h 1-6
dpo(@)i=h S0 [ [ monas I ) syasar,  (23)
\m\ n|=0
where ((s) is = 1 close to 0 and is in C§°(R), and
ﬁ 1-6
dp+(6) / / sslHmAnbs)A/h (1 _ ¢(s)) B(hs)ds dii. (2.4)
Iml |n|=0

We choose ((s) in the way described in the Appendix. Due to the ap-
pearance of the cutoff ((s)¢(hs) in (2.3), the argument here is somewhat
different from [DG, Prop.2.1]. For the sake of completeness, we include
this in the Appendix. Using (6.6) (see also [U, Section 1.3]), we get

dpo(®) = £0(0) [ vol(1(a)dii+ O). (25)

It remains to estimate the long-time term, dpy(¢). We can assume that
either [mh| > C > 0 or that |nh| > C > 0. Otherwise A\;j(u) — A > A.
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Since ¢ € S(R), we have ¢(z) < |z|~V for |z| large and every N > 0,
while the number of such summands in (2.2) is O(A). So such terms
contribute O(h*°). Assume first that |mh| > C > 0. Then, by integrating
in the uy variable in (2.4), we get that

hflfé h7176
Yy / / e/ sHmhnish) =/ (1 — ¢(s))d(hs)ds dit
im|=Ch—1 |nj=0 7 1% /R
h7176 h7176 1 1
1 -0
<h Y > /R (ﬁ) g(l —((s))¢(hs)ds < |logh|h™°, (2.6)
Im|=Ch—1 |n|=0

since the summation over m contributes < & and the integration in the
s variable contributes < log i. When |nh| > C' > 0 we repeat the above
argument, except that we integrate by parts with respect to the us variable.
Since 0 > 0 is arbitrarily small, a combination of (2.6) with (2.5) gives the
following proposition.
PROPOSITION 2.1.  Let ¢ € S(R) with ¢ € C°(R). Then, given the
two-parameter family of metric forms H (p, o;u1,us) := ui0? +ugp? on the
torus, we have that for h sufficiently small and any § > 0,

|AV(¢; h)| = O5(h™°) .

REMARK 2.2. The result of Proposition 2.1, i.e. the estimate |[AV(¢;h)| =
Os(h%) also holds for the three-parameter family of metric forms
H(p,o;u1,u2,u3) = uio? + ugpo + ugp®. The proof is the same.

3 Mean-square Density of States

We define
R—1-96
dp(gb; i, h) — B Z eis[H(mh,nh;ﬁ)fl}/hqg(hs)ds
jml|n|=0 "%
and
p—1-96
dpy(¢;0,h) =h Y | Hm RO — ¢(5))(hs)ds
jml|n|=0 "%

The mean square density of states is given by the expression

MS(9) = [ dp(esi ) = vol (1 (a)i(0)| d
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_ /12 | (17, 1) 2dd + O(h) (3.1)

Here, the last estimate in (3.1) is an immediate consequence of (2.5)
and (2.6). By introducing x(y) a function which is > 1 on [1 —¢,1+ €], and
has compact support, we are thus reduced to estimating

| api (@i o

<h? )y [ ettmemmans (5 by (u)x (uz)dSdit, (3.2)
R4
™mg,n;
where, by the integration by parts argument in section 2 it suffices, mod-
ulo O(h™) errors, to sum over quadruples with max(|m;|, |n;|) < h=179;
j=1,2. We set §= (s1,s2). To simplify the writing in (3.2) we have put
®(m1,n1,ma, n2; U, 5, h) = H(mah,nihyd)sy — H(mah,nah; i)sz

and 3 5 '

a(5: 1) = (1= ((51)) (1 = ((s2)) Slhs1)d(hsp)e’ 2=/
To estimate the integral in (3.2), we fix 6 > 0 and consider the set

Q(mq,n1, mae,ng; h) := {f[ S ]RZ; !H(mjh, njh; i) — 1‘ < hlf‘s; j= 1,2} .

By an integration by parts in the s1, sy variables in (3.2), it suffices to

assume, modulo O(A*°) errors, that we only sum over quadruples
(mq,mn1,ma,ne) with the property that for & < Ay,

Q(ma, 1, ma,nas h) # 0.
So, we have that [, |dp(¢; @, h)|* di is bounded by
Ch? Z /eiq)(ml’"1’m2’"2;ﬁ’§’h)/ha(§; h)x (u1)x (ug)ds di+O(h™).
R4
Q(m1,n1,m2,n2;h)#£0

Furthermore, a suitable integration by parts in u;, us shows that attention
can be restricted to pairs (s1, $2) € supp(a) satisfying

(%j@(ml,nl,mg,ng;ﬁ, §,h) < hlf‘;, j=1,2. (3.3)
The errors accrued are O(h>). Written out explicitly, the inequality in
(3.3) reads
Imih|?s1 — |moh|?sy < A0
In1h)%s1 — [nohl?sy < BE0, (3.4)

Since min(|s1],]s2]) > 1 on supp a(s;h), for a given (mq,ni, mg,ny) we
need to be able to solve (3.4) for some s1,s2 with min(|s;|, |s2]) > 1. By
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inverting the matrix equation in (3.4) using Cramer’s rule and the estimate
max(|my|, [nj]) < 7170, we get

|m k|2 |neh|? — |moh|?|nih|? < BV, (3.5)

On the other hand, the condition Q(mq,n1,mg,ng;h) # () means that for
some uy = u1(my,n1, ma2,na; h), ug = uz(ma, n1, ma, n2; h),

(ul,u2) . (|m1h|2, |n1h|2) =1 + O(hl_(s)
(ur,u2) - (Jmahf?,[n2h|?) = 14+ O(R'70), (3.6)

where - is the standard inner product in R2. Resubstituting (3.6) back into
(3.5) or using Cramer’s rule, we get

L (|mihf* — [mahf?) = O(R' =), (3.7)
and
L (Jnahf* — |n2hl?) = O(A' ). (3.8)

Since § is arbitrarily small, we will abuse notation somewhat and will write
J instead of 30. Consequently, the two estimates in (3.8) and (3.7) imply
that:

h_1_6 —1-0
and |ni| — |ne| <

[ma| = [ma| < (3.9)

[ma| + [ma| [n1] + |ng|

Thus, we have shown that

MS(p) <2 > Y Y o(hs1)d(hs2) (1 = ((s1))

m2,n2 my €3(ma,h) n1€y(na,h) R2
x (1-— C(sz))f((h[slm% - szmg])f((h[sln% - Sgn%])dg, (3.10)

where o1
Sh)y == <Smq; Ima| — | K ———— ¢, 3.11
B(ma, B) { ¢ ] — ma] |m1|+|m2|} (3.11)

and 1o
B) o= ngs | — |ne| < ———— L 3.12
) = o on = el < (3.12)

We make either the change of variables

S =nh(m2s; —m3sy), T =s1+s9,
or, alternatively,

S = h(n%sl — n%sz), T =351+59.

We notice that, since ¢ has compact support, h(s1 + s2) < 1, which gives
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T < h~1. Equation (3.10) gives

MS(9)] < B2 ( ) ar
s 750 mznz hm3" hn3 ) Jri<n
L p21-1/2-25 Z 1 i JIT
maF0mg—0 "2 hm (Tl<ch
ppEimn y 1 %/ AT
na£0.ma=0 n9 hTLQ |T‘<<ﬁ71
~1/2-6 —1/2-6

11
+ 12 min < ) / dT. (3.13
Z Z hm3’ hnd ) Jiri<n (3.13)

m17#0,m2=0n1#0,n2=0
For the estimate on the first line of (3.13) we used the range of m; and mo
n (3.11) and (3.12). For the second estimate we notice that, when ng = 0,
(3.12) gives n? < h~'7%. The third estimate is deduced using (3.12) and
the fourth using (3.11) and (3.12).
Thus, since |m2h|? + |n2h|? > C > 0 and |m1h? + [n1h|> > C > 0, it
follows that

. 1 1 i 1 1
min (h—mg’ h—n§> < h and min (h—m%’ h—n%> < h,
and so,
h—l—& 1 A 1-6
IMS(g)] < h™% Y~ —— 4 pMP Z
ma,n27#0 man2 ma#0 m2
A 1-6
4 pl/2-2 Z ~|—h2 1/2—6—1/2—6
ng;ﬁo
< W2 log B> + h1/2’25|10gh|—|-h1’5. (3.14)

Since 0 > 0 in (3.14) is arbitrarily small, we have proved

ProposITION 3.1. Consider the two-parameter family of flat metrics on
T%=R?/7? given by the Hamiltonian functions H (p,o;u1,u2) := w102 +ugp?.
Then, for any § > 0,

MS(6) = [ [dp(6:1.1) = e vl (M @) 30) | i = O™,

We now turn to the proof of our main theorem. For this we will need to
combine the estimates for the averaged and mean-square density of states
with a rescaled, well-known spectral decomposition, see [DG], [V].
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4 The Spectral Decomposition: Proof of Theorem 1.1(i)

Let ¢ € S(R) with ¢(\) > 0, and ¢ € C§°(R) with $(0) = 1. We start with
a rescaled spectral argument used by Duistermaat and Guillemin [DG],
but applied to the eigenvalues of A rather than v/A. Taking into account
this rescaling we will naturally encounter semiclassical density of states on
scales of order ~ h? where h=! = V/\. Our starting point is the following
basic spectral decomposition (see [DG],

/ / ¢z — N)dz dN(N; @) /X»H/ $(x — N)dz dN(N'; @)
+/|>\—>\’<1 /_OO é(z — N)dz N (N; )
+/,<)\_1 /_Z(b(x—)\')dde()\';ﬁ)

[e.e]
- / / (o — N)dz dN(V; ).
M<A—1JA

(4.1)
In the case at hand, all of the quantities in (4.1) depend on the external
parameters (uy, us) € I? and our task is to estimate the (integrated) asymp-
totics of both sides of (4.1). First, we turn to the simplest term, which is the
third term on the right-hand side of (4.1). Indeed, since 1 = [*_¢(s)ds
it follows that

/ /OO d(x — N)dxdN(N;1@) = N\ — 1;4) .
'<A-1J—-00

To estimate the other terms in (4.1), we will need the following result which
hinges on the estimates for the averaged and mean-square density of states
in sections 2 and 3:

PROPOSITION 4.1.  Let H(p,o;ui,us) = o?uy + p*ua. Then, for any
¢ € S(R) as above, we have that

/1/ / é(z — N)dz dN(N; _')——vol( (@)X

Proof. First, by the Fubini theorem,

// ¢(x — N)dx dN(N; i) = / / d(x — N)YAN (N @0)dz .

Since ¢ € S(R) and 0 < A; € Spec(A),
/ bz — N)AN(N; @) = O(|a] =), (42)

dii = O5(A/41?).
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as * — —oo. Thus, from (4.2) it follows that

00 A 00 A
/ / d(x — N)dz dN(N; @) = / / d(x — N)dz dN(N;@) + O(1).
Put A~' = v/ and consider the rescaled operator H := h?A with eigen-
values \;(h) = R%\; : j = 1,2,.... Then, making the change of variables
A := h%z, and taking (4.3) into account, it follows that, modulo O(1) errors,
we are reduced to estimating

I(d,h) = hZi/l ) <A3(hh$> dA

-1
—p? hza /1 ¢ (H(mh’ ’;_Lz @ - A) dA+O(h™®).  (44)

Next, we apply the Fourier inversion formula to the right-hand side in (4.4)
and split the resulting integral into two pieces corresponding to the zero
and non-trivial period spectrum. More precisely, let ( € C§°(R) be non-
negative, even and equal to 1 close to 0. Its support should be small enough
as explained in the Appendix. Then,

103, ) = Io(@, k) + I (@, h) (4.5)

where
Io(, h) = k' Trace /11 /00 S (@uRz0) A/ ()4 (hs)ds dA
and
I, (@, h) = k™' Trace /11 /OO eSH(@QuQ2D) AR (] _ ¢ (5))d(hs)ds dA

and Q1 = mh, Q2 = nh. First, we estimate Iy(w, /) on the right-hand side
of (4.5) as explained in the Appendix. We get

(@, 1) = & vol(M(@))h2 + O(1). (4.6)
To prove Proposition 4.1, we need to estimate
(@, ) — To(i, h)\da—/ 1L, (@ h)|di.
g 2

To do this, we appeal to Proposition 3.1 on the mean-square density of
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states and apply the Cauchy—Schwartz inequality. First,

/ |1, (i@, b)|*dit
12

<h2 Y [ errtmonumenzi S/ (3 i; Ay, Ay, h)dAy dAy dS i, (4.7)

and
CL(§, 'II; Al, Ag; FL)
= el Asithasal/h (1 (1)) d(his1) (1 — C(s2)) d(hs2) x(ur) X (uz) -

Note that since ¢ € C3°(R) the summations in (4.7) are restricted to in-
dices with max(|m;|, |n;|) < h~1~°. Moreover, since min(|s1|,|s2]) > 1 on
supp a, by an iterated integration in the Ay, Ay variables, we get

/ / S Uu; Al,AQ, h)dAl dA2 <h—> . b(g, ’LT; h),
51592

b(g’ ﬁ:; FL) _ (ei(—sl—l—sg)/ﬁ + ei(sl—sg)/h - ei(—sl—sg)/ﬁ - ei(sl-l—sg)/h)

X (1= ¢(s1)) (1= C(52)) dlhs1)d(Rs2)x (ur) x (uz) -
We notice that b(3,u;h) = O(1) as h < hyg. The last three terms corre-
sponding to the boundary terms with A; = —1 or Ay = —1 contribute
O(h*>) to (4.7). This follows by an integration by parts in one of the s;
variables, since |H (m;h, n;h; @) 4+ 1| > h'=%. So, the end result is that

/ |1, (i@, b)|*dit
12

Ch—1-9
_ Z ei®(minLmana @S Ry (g g, l,h)idgdﬁju o).
[mil |ni|>0 152
(4.8)
Since
s182 > L(s1+s2) when min(sy,s2) > 1,

it follows by the argument in Proposition 3.1 that the right-hand side in
(4.8) is

hsl)gb(hSQ)
<222 /c [51] + Js2]

m2,n2 my €6(ma,h) n1€y(na,h)

X X(h[slm% - szmg])f((h[sln% — s9m3])d5,
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which is bounded by

1 1 1 dr
jm2-20 Z min < = _2> / — K h—l—zé‘ log h‘?».
maona hm2 hn2 C<|T|<h~1 T

ma,n2

The sets 3(ma, h) and y(ng, h) are defined in (3.11), (3.12) and the argu-
ment follows as in (3.13) with the only change being the appearance of the
denominator |s1| + |s2|. Now, by the Cauchy—Schwartz inequality, we have

1/2
/ |y (@, h)| did < < / |14 (4, h)\2dﬁ> < (RTIT30)L/2 o \L/AH30,
12 12

(4.9)

This completes the proof of Proposition 4.1. O

By reshuffling the terms in the spectral decomposition, it is clear that

IN(A = 1;@) — Io(ii, b)|* < |1, (i@, h)|?

A
—\dzdN(N: 4
+/Xw/m¢<x )iz AN (X'; @)
A
+ /I/\—A’<1 /_ootb(a:—)\)da:dN()\;u)

o 2
+ / / d(x — N)dx dN(N; )| .
N<A—1JA

2

2

(4.10)

Integrating both sides of (4.10) over the deformation parameters wuy, ug, we
get

\N(A—l;ﬁ)—lo(ﬁ,h)\zdﬁ<</ Ly (i1, ) *da
12 r

+/12 /X2A+1 /; é(z — N)dz AN (N; @)
+/12 /MXM/; 6z — N)dz dN(V; 1)

oo 2
+ / / / é(z — Ndz AN(N; )| did
2| Jy<a—1Jx
:T0+T1 —|—T2—|—T3. (411)

2
du

2
du

From Proposition 4.1 we have that for any § > 0,

To = /2 I, (@, B)|*did = Os(h~179) .
I
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Consequently, it remains to estimate the terms 77, 75,73 on the right-hand
side of the inequality (4.11). We start with 77:

A 2
| —/ / / (o — N)dz dN(V: )| di
2 | JJN>a+1J -0
fe’e) 2
<Cny >, ( / / AN (N, @) )mNdﬁ
12 | Jm<N - <m+1

m=1
[e9)

gCNZ (/12 (N()\—l—m—i—l;a’)—N(A+m;ﬁ))2dﬁ>m_N. (4.12)

m=1
One gets the first inequality above by splitting up the range of N =X\ € [0,00)
and using the fact ¢ € S(R). We let A = A + m. It follows from Proposi-
tion 3.1 for the mean-square density of states that for any é > 0,

/ (N(A+m + 1;a) —N()\+m;ﬁ))2dﬁ<< (m+\)°,
12
so that the last line in (4.12) is bounded by

CN XY - m VT = 05(X7).
m=1

The end result is that

A
|T | —/ / / ¢(x — N)dx dN (N5 @)
12 | JN>A+1 J -0

The term T3 can be estimated in the same way as T1. So, in particular it
follows that:

Zdﬁ = 05()\°).  (4.13)

T3] = O5(\°) (4.14)
for any § > 0. We now turn to the estimating the term 7T5:

A 2
TQ—/ / / (@ — N)dz dN(V; @)
2l p-n<t oo

dii
g/ / / b — X)dz AN (X 1)
21 pen<1 ) oo

- / N+ 15@) — NO— L;0)|da,
12

2
du

since ¢(x) > 0 and [ ¢(z)dz = 1. Then

IN(A+ 1;@) — N(A — 1;@)|*dit = O5(h),
[2
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where the estimate is a consequence of Proposition 3.1 for the mean-square
density of states. Therefore, we have that

T3] = O5(h7). (415)
Combining the estimates (4.9), (4.13), (4.14), (4.15) and (4.6) with the
integrated spectral decomposition in (4.11) gives

IN(A = 1;@) — = vol(M (i) dit = O5(AV/*+0) + O5(N) + O(1)
12

for any 6 > 0. This completes the proof of Theorem 1.1 (i). o

5 Generic Flat Tori: Proof of Theorem 1.1 (ii)

Here we take up the case where

H(p, 0511, u2, ug) = u10° + upo + ugp” .
Then, just as in the proof of Theorem 1.1 (i), we get from the eigenfunction
equation that for some @ = u(my,ny, ma,no; h),

ulm% + usming + u2n% =h 2+ O(h_l_‘s) ,

urm3 + usmang + ugn3 = k=2 + O(h=179). (5.1)
Furthermore, since there are now three parameters, there are three inequal-
ities analogous to the estimates in (3.5) and (3.6). These inequalities come
from solving the system of three equations that we get by computing the
Fourier transforms in the uy, ug, usg variables in the expression for MS(¢; ).

These are

ming —min? < h3

-6
myma(man; —ming) < 379,
’I’Ll’I’LQ(TFLin — mlng) <K higié. (52)
Multiplying the first equation in (5.1) by m2 , the second by m? and sub-
tracting gives
h~2(m3 —m3) = ugmyma(many — miny)
2.2 2, .2 —3—46
+ U2(n1m2 — nzml) + O(h )
= O(h*7%), (5.3)
where the last inequality in (5.3) follows from the first two estimates in (5.2).
Similarly, multiplying the first equation in (5.1) by n%, the second by
n? and subtracting gives

h2(n} — n3) = ugnina(many — ming)

+ui (nimd — n3m?) + O(h370)
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— o), (5.4)
which follows from the first and last estimates in (5.2). Combining the
inequalities in (5.3) and (5.4) gives

h_1_6 —1-4

[ma| = [ma| < and  |n1| = [ng| <

[ma | 4 [ma [n1| + |na|

Restricting to quadruples satisfying the inequalities (3.9), the proof of
Theorem 1.1 (ii) then proceeds exactly as before.

6 Appendix: Proofs of (2.5) and (4.5).
To prove (2.5) we set

X(s,h) = ((s) - o(hs). (6.1)
From (2.3) it is clear that, up to O(h*) errors, we have
dpo(¢) = h- Trace/ eis[_hQA_l]/h)z(s, h)ds .
R
We consider the operator P = (—h?A — 1)/h. The one-parameter group of
operators U(s) = e*F satisfies the equation
2U(s) = (—ihA — ik HU(s)
and its Schwartz kernel U(s,z,y; h) is given by
- 1 . 2
i R = il(z—y)-E+sl¢l*—s]/h ge

This calculation holds for R?. Since the torus I' \ R? is covered by R?, we
have ~
U(s,z,y; h) = ZU(s,x—i—'y,y;h).
vel
The trace formula

Zx()\j) :/F\R2/RU(3,3:,93; h)x (s, h)dsdvol(z)

gives

dpo(¢) —COHIZ/R2/Re”'£/heiS(521)/h)’((s,h)dsd§ (6.2)
er

with ¢y = vol(I" \ R?)/(27)2. We choose the support of X(s;h), or, equiva-
lently ((s) to be sufficiently small, as explained in (6.3) below. The main
contribution in (6.2) comes from the range |£|? ~ 1, because on the com-
plement we can integrate by parts in s as many times as needed and get
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O(h*>°) error. We look first at the summands with v # 0. We integrate by
parts in the (£1,&2) variables. Since |{;| < 2, say, and v # 0, we can find a
constant ¢ > 0, independent of «, such that max(|y;|) > ¢. We take

supp(x) C (—c¢/5,¢/5). (6.3)
Then
|25 (- €+ I¢%8)| = 1 + 26551 = ¢/5. (6.4)

With the choice (6.3) for the support of Y we can ignore the contribution
of v # 0, up to O(h*>) errors. We get

dpo(¢) = coh™! /R/R2 e UEP=D/hy (s: h) ds d¢ + O(R™). (6.5)

We set ¢p(7) = A 1¢(r/h) and from (6.1) it follows that y =  * ¢p. We
change to polar coordinates in (6.5) and substitute 72 — 1 = hx to get

dpo(6) = 2meoh™? /0 h /R E((r2 = 1)/h — y)b(y/myr dy dr + O(F)
= meoh ! = o — T ) |
— neoh / y /R E — y)ély/h)dy dz + O(h™)

By Fubini, we do the z-integration first using

/ T e —y)de = / Eo — y)de + O(R®) = ¢(0) + O(h™).
—1/h R
Since ¢(0) = 1, we get finally
VO 2
dpo(g) = WHLART) /R o(v)dv + O(®). (6.6)

Proof of (4.5). By the trace formula for the operator P = (—h?A — A)/h

we get
(M
Io(ﬁ,h)—vo h—?’Z/ / / -6 is(E7=M)/hy (5 h)ds de dA .
R2

The main contribution to the 1ntegrand in A comes from the range |£|2 ~ A,

and, since the range of A is [—1, 1], the choice of the support of ((s) can be
made 1ndependently of A, see ( 6 4). The result is that
(M
Io(, 1) = YN / / / sUEP=M/h (52 B)ds de dA + O(F®).
47T2 R2

We change to polar coordinates and substitute r2 — A = hax to get

vol

Io(i, h) = / /A/h/gx_ é(y/R)dy dz dA + O ()
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_Vol(i‘f / (/ /A/ﬁ>/gx ¥)b(y/h)dy dz dA

_%WW))(FLM hs//A/ﬁ/gx— y/h)dydwdA)

We analyze the last integral J(k) in the equation above.

= / / (/Atf/j y /:/h>é(v)¢(y/h)dv dy dA
- /_11//2/ / Wt /mdv dy dr
+ ¢(0) / 11/; / _Ti(v)dv dr
B < / \n / L+17) N|y|¢(y/ﬁ)dyd7>
o (/ . /11//}; (v) dr dv—i—/ll/;/l/h v)dr dv)
< / lyl o(y/N) dy>

waon ([ Mozt [ o B

(3] —1/h

o + a0 (06) - /l/hvm)dvml /”hav)dv)

~1/h ~1/h

[e'e) 1 —1 I~
O(1) + $(O)~ ((ﬁ yent [ \U/Mav)dv)
=O(1) + ¢(0)h 2

because é (v) is rapidly decaying, is an even function and [ é (v)dv = 1.
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