Flop-flop autoequivalences and
compositions of spherical twists

Federico Barbacovi

Supervisor: Dr Edward Segal

A dissertation submitted in partial fulfilment
of the requirements for the degree of
Doctor of Philosophy
of

University College London.

Department of Mathematics

University College London

18/04,/2023



I, Federico Barbacovi, confirm that the work presented in this thesis is my own. Where
information has been derived from other sources, I confirm that this has been indicated
in the thesis.



Abstract

The main of focus of this thesis is the study of cohomological symmetries. Namely, given
an algebraic variety, we study the symmetries of its derived category, which are also known
as autoequivalences.

The thesis is split into five chapters. In § 1, we give an introduction to the material
presented in the thesis, as well as a motivation as to why one might be interested in
studying these topics. We encourage the reader to have a look, so as to know what is
coming.

In § 2, we set up the preliminary notions we will need throughout the whole thesis.
The arguments touched in this chapter comprise triangulated categories, dg-categories,
and spherical functors.

In § 3, we begin to present the novel mathematics developed in this thesis. The focus of
this chapter is on how to compose spherical twists around spherical functors. We describe
a general recipe that takes as input two spherical functors and outputs a new spherical
functor whose twist is the composition of the twists around the functors we started with,
and whose cotwist is a gluing of the cotwists. We conclude the chapter by specialising
the theory to the case of spherical objects and P-objects.

In § 4, we study autoequivalences arising from geometric correspondences. We prove
that such autoequivalences have a natural representation as the inverse of the spherical
twist around a spherical functor, and that in some examples this geometric spherical
functor agrees with the construction described in § 3.

We conclude the thesis with § 5, in which we present some possible future applications
of this work. In doing so, we hope to stimulate further mathematical discussion around

topics that the author of this thesis finds really exciting.
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Chapter 1
Introduction

In this thesis, we study non-commutative geometry in the incarnation provided by (en-
hanced) triangulated categories. To understand why we might want to delve into such
topics, we take a step back, motivate their introduction, and showcase their features.

Broadly speaking, algebraic geometry is concerned with the study of algebraic varieties:
objects X that are locally modelled as the zero loci of polynomial functions in A" for
some n € N. As such, and as their name suggests, geometric properties of X are algebraic
in nature, and algebraic geometers seek to understand these properties using algebraic
techniques.

When studying properties of X, algebraic geometers typically focus on some subsidiary
object that is easier manage and still embodies the relevant features of X. For example,
symmetries of X encapsulate many information about X, where by symmetry we mean
an invertible map f: X — X that preserves the structure we have on X. Symmetries
of X are also called automorphisms, and one of their nicest features is that they can be
packaged into a group: Aut(X). Then, instead of studying X, we can study Aut(X), and
obtain information about X as a byproduct.

The study of automorphisms' has proved to be extremely fruitful [Can01], [BC16],
[HMX13], but its usefulness is sometimes hampered by the rigidity of X. Namely, X
might have very few symmetries because the constraint of preserving its structure is too
restrictive. For this reason, the study of cohomological symmetries has gained more and
more attention over the years.

In their seminal work [Ver96], Grothendieck and Verdier introduced the notion of a tri-
angulated category, and to any algebraic variety X they attached a triangulated category
called the bounded derived category of coherent sheaves: DP(X). Since its introduction,
the bounded derived category has been object of intense mathematical research, proving

to be a tool to understand X and an object worth studying in itself at the same time.

IThe papers we refer to study birational automorphisms, but they nevertheless showcase the strength
of the study of symmetries.

13



Flop-flop autoequivalences and compositions of spherical twists

The symmetries of D?(X), which we think of as cohomological symmetries, are tri-
angulated endofunctors a: DP(X) — DP(X) that are equivalences of categories. They
go under the name of autoequivalences and can once again be packaged into a group:
Aut(DP(X)).

The group of automorphisms of X injects into the group of autoequivalences of D®(X),
and therefore we enlarged the number of symmetries at our disposal, as we wanted.
Unfortunately, sometimes the new symmetries are just a byproduct of the structure that
DP(X) carries, see [30O02]. However, in some cases there exist genuinely new symmetries
of D’(X) that we were not able to see from X and that provide us with interesting
information.

This is one of the reasons why the author of this thesis studies derived categories,
and more generally triangulated categories: they are flexible and have a rich theory of

symmetries.

1.1 Autoequivalences and geometry

In the previous paragraphs, we said that sometimes considering cohomological symmetries
does not add anything relevant to the array of symmetries at our disposal. Let us explain
what we mean in more detail.

To any automorphism f € Aut(X) we can associate an autoequivalence of the derived
category by taking the pushforward functor f, € Aut(DP(X)), and we obtain an injection
Aut(X) — Aut(DP(X)), f — f.. Notice that in general we would have to take the right
derived functor Rf,, but as f is an automorphism this is not needed. In the following, to
ease the notation, all the functors will be implicitly derived.

We can construct autoequivalences also starting with line bundles. Indeed, given any
line bundle L € Pic(X) the functor L ®, — is an autoequivalence with inverse given by
LY ®o0, —, where LY = Homx (L, Ox).

Finally, as part of the triangulated structure of DP(X), we have the shift functor [1],
which is an autoequivalence. Hence, inside the autoequivalence group Aut(DP(X)) we

always find the subgroup
Aut™*(DP(X)) = Z x (Aut(X) x Pic(X)) C Aut(D"(X))

that is called the subgroup of standard autoequivalences. Above, the copy of Z is generated
by [1], while the semidirect product comes from the fact that automorphisms of X and
tensor products with line bundles do not commute, but we have f,(L®p, —) =~ f.(L)®0,
f«(—=) for any f € Aut(X) and L € Pic(X).

The reason why we call the elements of Aut™(DP(X)) standard autoequivalences is

14
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that they share a particular property, that is they preserve the subcategory Coh(X) C
DP(X) (which is given by those complexes whose cohomology is concentrated in degree
zero) up to a shift. Even more, they preserve (up to a shift) the standard t-structure on
DP(X), of which Coh(X) is the heart.

From our point of view, standard autoequivalences are not that interesting because
they do not enlarge the array of available symmetries in a meaningful way. This is
because standard autoequivalences are given by compositions of symmetries that were
either available since the very beginning, e.g. elements of Aut(X), or that came to be
because of the framework we placed ourselves in: the shift functor is part of the definition
of a triangulated category, and line bundles appear because we consider coherent sheaves.

For this reason, we turn our attention to the following question: in which cases are
there more symmetries, 4.e., when is true that Aut™(D"(X)) C Aut(DP(X))?

In the remarkable paper [BOO1], Bondal and Orlov prove that all autoequivalences
of DP(X) are standard when X is a smooth projective variety with ample or antiample
canonical bundle. Thus, in this case there is nothing interesting going on.

At this point, we could shoot in the dark, pick a random algebraic variety X, and try to
construct a non-standard autoequivalence, i.e., an autoequivalence that does not belong
to Aut™4(DP(X)). However, there is a more meaningful way to pinpoint which algebraic
varieties should possess non-standard autoequivalences that also shows how beautifully
cohomological symmetries pair up with geometric transformations.

The Minimal Model Programme is a topic of intense mathematical research. Birational
geometers’ seek to classify algebraic varieties by identifying a minimal model in their
birational class. What minimal means is beyond the scope of this introduction and of this
thesis. It is enough to say that while this minimal model is unique for surfaces, already
when we consider threefolds uniqueness does not hold anymore. The reason is that there
are certain birational transformations (beware: they are not necessarily isomorphisms!)
called flops that allow us to pass from a minimal model to another.

Conjecturally [BO95], the cohomological interpretation of the non-uniqueness of a
minimal model is that, while we can change the geometric object, the derived category
stays the same. Namely, the minimal model is not unique, but its derived category is.
Hence, whenever two varieties are related by a flop, we expect their derived categories to
be equivalent.

This conjecture, which has been generalised to the Bondal-Orlov-Kawamata con-
jecture [BOY5], [Kaw(2], is extremely interesting because it prescribes which geometric
transformations should induce derived equivalences.? On top of this, it comes in handy
in our search for non-standard autoequivalences.

Let us consider X_ and X, two smooth, projective varieties, and assume that they are

2Namely, flops and, more generally, K-equivalences, see [[<aw(2] for the definition of the latter notion.

15
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Calabi-Yau: wx_ ~ Ox_, wx, ~ Ox,. One of the requirements a (birational) map must
satisfy in order to be a flop is that it must “preserve” the canonical bundle. When X_ and
X, are Calabi-Yau, this requirement is trivially fulfilled. Therefore, any birational map
between two Calabi-Yau varieties is a flop,® and, given the above discussion, we expect

birational Calabi—Yau varieties to have equivalent derived categories:
d_: D(X,) = DP(X).

However, the definition of a flop is symmetric, and applying the same reasoning we can

infer the existence of another equivalence
d,: DP(X_) = DP(Xy).

The point is that there is no reason to expect ®_ and ¢, to be inverse to each other, and

therefore if we compose them we obtain a non-trivial autoequivalence of D°(X):
d,d € Aut(D"(X)). (1.1)

The expectation is that (1.1), as it comes from a geometric transformation that is not an
isomorphism, should be a non-standard autoequivalence.

This is often, if not almost always, true, and we will see examples of such autoequiv-
alences in § 4. However, before turning to the mathematical advances presented in this
thesis, we still have to introduce and motivate an important piece of theory that will be

the main player of § 3: spherical functors.

1.2 How to: spherical functors

In the previous section we explained why, given two birational Calabi—Yau varieties, we
expect them to have equivalent derived categories. However, we did not say how the
equivalence should be constructed, or where it should come from.

This is actually one of the key problems in approaching the Bondal-Orlov-Kawamata
conjecture: how does one come up with a suitable candidate for the equivalence between
two birational Calabi—Yau varieties?

For the purpose of this introduction, we will focus on a question that is at the same
time a generalisation and a modification of the previous one: how does one construct
autoequivalences of D?(X) for X an algebraic variety? To answer this question, we will

make use of another beautiful example of how seemingly unrelated areas of mathematics

3Birational geometers might disagree, but we are using this geometric picture as a motivation, and we
will skip over some technicalities.
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actually have strong links between them.

Let X be a Calabi-Yau, smooth, projective variety over a field k. In his ICM address in
1994 [Kon95], Kontsevich introduced the basis of what developed into Homological Mirror
Symmetry. Loosely speaking, drawing inspiration from physics, Kontsevich predicted that
algebraic properties of X should correspond to symplectic properties of some symplectic
manifold X, which is called the mirror of X. While Homological Mirror Symmetry is still
more an idea than a precise conjecture, it has permitted the mathematical community to

postulate an incredible amount of predictions that turned out to be true.

From our perspective, Homological Mirror Symmetry serves its purpose as follows:
if symplectic properties of X correspond to algebraic properties of X, then symplectic

symmetries of X should correspond to algebraic symmetries of X.

The flow of information between X and X, at least conjecturally, is realised by an
equivalence of triangulated categories. On one side we have DP(X), while on the other we
have the Fukaya category of X: Fuk(X). Therefore, a symplectic symmetry of X should
induce a symmetry of Fuk(X), and thus a symmetry of D?(X). The question now is: can
we interpret this autoequivalence directly on the algebraic side without the need to know

that it comes from the symplectic side of Homological Mirror Symmetry?

In their remarkable paper [ST01], Seidel and Thomas answer this question for a par-
ticular type of symplectic automorphisms: Dehn twists. These automorphisms arise by
twisting around a Lagrangian sphere L C X, namely, a Lagrangian subvariety of X that

is isomorphic to a sphere.

Lagrangian spheres have the property that their complex of morphisms in the Fukaya
category Homp,, x)(L, L) has cohomology isomorphic (as a graded algebra) to the coho-
mology ring of the sphere of the corresponding dimension. Therefore, there is a natural
class of objects in DP(X) that have the same cohomological properties as Lagrangian
spheres: they are the objects £ € DP(X) such that

HOm].)b(X)(E, E) = @HOme(X)(E, E[n])[—n] ~ Ho(sdimX7 k?)

nez

as graded algebras. These objects are the ones that Seidel and Thomas call spherical
objects, and they are the key to construct autoequivalences of DP(X) corresponding to
Dehn twists.

We will defer for a moment how one formally constructs an autoequivalence from a

spherical object,? and consider the final result: the spherical twist around the spherical

4Notice that the formula (1.5) does not provide a formal definition because the cone construction is
not functorial for triangulated categories. For more details on this point, see the next page.
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object F is an autoequivalence Tx € Aut(DP(X)) that acts on F € D?(X) as
Tp(F) = cone(ev: Hompy, (B, F) @ £ — F) (1.2)

where ev is the evaluation map, see [ST01]. The formula (1.2) is our point of entrance to
the theory of spherical functors.

Soon after Seidel and Thomas introduced spherical objects, it became clear that it
should be possible to parametrise spherical objects in families, thus obtaining the notion
of a spherical functor. Spherical functors developed thanks to the work of many peo-
ple. Special cases of this general notion appeared in [Hor05], [Rou04], [Sze04], [Tod07],
[[K'TO7]. The first general treatment was attempted in [Ann07], but the strength of the
ideas presented was hampered by the octhaedral axiom, which does not provide as much
control as it is needed over the cone of the composition of two morphisms. The theory of
spherical functors reached its final and most general form in [AL.17], where the formalism
of triangulated categories used in [Ann07] was replaced with that of dg-categories.

We will introduce spherical functors in § 2.5. For the moment, it will be enough to
say that such a functor should induce for us an autoequivalence, as spherical objects did.
However, a priori it is not clear how to build an autoequivalence out of a functor a.: A — €
between two triangulated categories A and €.

To understand how to do this, let us turn our attention back to (1.2) and consider
the functor a: DP(k) — DP(X) sending k to E. Then, « has a right adjoint given by
a'(F) = Hompy, xy(E, F) and (1.2) can be rewritten as

Tg(F) = cone(ev: aa™(F) — F).

Now notice that ev is the counit of the adjunction a - o, and therefore we see that from
the functor a we can construct an autoequivalence of D?(X) that acts on F' € DP(X) by
taking the cone of the counit of the adjunction o 4 af.

We will see in § 3 that a functor a: A — C is called spherical if the endofunctors
T, = cone(aa® — idg) and C, = cone(idg — afa)[—1],

which are called the twist and cotwist around «, respectively, are autoequivalences.
Spherical functors provide an extremely fruitful way to construct autoequivalences,
and we will study their behaviour extensively in § 3. For the moment, let just point out
one thing: in the previous paragraph we took cones of natural transformations between
functors, but this is not possible when working with plain triangulated categories. We
need a stronger framework, and thus we need to consider some type of enhancement. We

will deal with the question of enhancing triangulated categories in § 2.1, and we refer the
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interested reader to that section.

1.3 What is in this thesis?

In the previous sections we introduced the two main players of this thesis: autoequiva-
lences and spherical functors. We now move on to explain which questions about autoe-
quivalences and spherical functors are addressed in the thesis, and what are the mathe-
matical advances presented in this work.

In § 1.2, we said that starting from a spherical functor we can construct two autoe-
quivalences: the twist and the cotwist. Actually, much more is true. Namely, it is a result
due to Segal that any autoequivalence of a triangulated category can be realised as a
spherical twist around a spherical functor [Segl&]. A word of caution: once again this
result does not hold for plain triangulated categories, and we need to work with enhanced
triangulated categories and functors. However, to make the language more fluent, we will
drop the adjective enhanced. Hence, all triangulated categories and functors from now
on are implicitly assumed to be enhanced.

Knowing that any autoequivalence can be realised as a spherical twist prompts us
with an array of questions, we propose three of them. Fix € a triangulated category and
Gy, Py € Aut(C). Then,

(i) is there a preferred® way to write ®,4 = T,,, for some spherical functor a,?
(ii) what is the information about a4 contained in ®4, and viceversa?

(iii) if &4 = T,,, and 5 = T, for two spherical functors oy and as, what can we say

about ®gd 47

Arguably, question (i) is not well posed because it is not clear what “preferred” should
mean. Actually, we will see in § 5 that the results of § 3 hint to the fact that having differ-
ent representations as a spherical twist can be an advantage, rather than a disadvantage.

Question (ii) can be approached in different ways. For example, rather than looking at
the functor a,: A — €, we could consider the source category A. Then, it was shown in
[HLS16] that if A has a semiorthogonal decomposition A = (82, 81) (see Definition 2.3.1)
that satisfies some properties, then ® =1, =T, ;. T,
of ®.

and we obtain a factorisation

Alsy T aalsys

5We do not wonder about the uniqueness of arq because it can be easily shown that a representation
as a spherical twist is not unique (not even if we require the functor to be conservative, i.e., without
kernel, see [Chr20, § 4.1].)

6The converse is not true: given a 2 spherical object E, in [Seg18] Segal proves that T2 can be
realised at the twist around a spherical functor whose source category is D(k[e]/e?)¢, deg(e) = —1,
see Definition 2.3.8 for the definition of compact objects. While T3 has a factorisation, the category
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Question (iii) is the one in which we are most interested, and it is the first problem we
solve in this thesis. The reason why we are interested in answering this question is that it
helps us to shed light on the structure of the autoequivalence group of €: understanding
how spherical twists around spherical functors compose might allow us to see relations
that would have otherwise remain hidden, see § 5.

Let us fix ay: A — € and ap: B — € two spherical functors. Our aim is to represent
the autoequivalence T, 7T, as the spherical twist around a spherical functor. The follow-
ing theorem, which is Theorem 3.1.4, tells us how to do this. A precise statement would
require us to introduce too much notation and would derail this introduction. Thus, we
refer the interested reader to § 3 for the formal statement, further details, and pointers

to the relevant parts in the thesis.

Theorem 1.3.1. Let ay: A — C and ag: B — € be two spherical functors. Then, there
exists a category B Uy, A, © = afay, and a spherical functor : B U, A — € such that

(i) T = Toy T,
(i1) the cotwist around B can be described in terms of the cotwists around as and ay.

The author of this thesis would like to remark that he published the above theorem,
in a different form, in [Bar22].

Let us now explain why we think of the above theorem as a gluing procedure, and
why we call functors such as [ above glued spherical functors.

The category B U, A was introduced by Tabuada [Tab07] and is a way to glue two
categories along a functor. Indeed, B U, A is called the gluing of B and A along ¢.
Thanks to [IXL15, Proposition 4.6], we know that B L, A has an SOD B U, A = (B, A)
with right gluing functor” given by ¢, and it is a simple computation to show that the
restriction of 3 to B and A is given by as and «y, respectively.®

Therefore, both the category B L, A and the functor 8 are constructed via a gluing
procedure, and it is for this reason that we think of Theorem 1.3.1 as a recipe to glue two
spherical functors into a single one.

After proving theorem Theorem 1.3.1, we provide examples of its application to spher-
ical objects § 3.4 and P-objects § 3.5. In § 5, we explain some possible future uses of
Theorem 1.3.1.

Although the above theorem is remarkably interesting in itself, it has an aura of
formality about it. It answers an interesting question, but we might wonder whether such

construction appears naturally in geometric situations.

D(k[e]/e?)¢ cannot have a semiorthogonal decomposition because its Serre duality functor is the shift by
1.

"See Definition 2.3.5.

8More abstractly, the fact that 8|z ~ as and 8|4 =~ ax follows from the adjunction of [fi20,
Proposition 4.5].
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The search for geometric examples of glued spherical functors as those constructed in
Theorem 1.3.1 kicked off our second research project, whose results are presented in this

thesis.

In § 1.1, we explained that flops are a source of non-standard autoequivalences. It
turns out that spherical twists around spherical objects almost always give examples of
non-standard autoequivalences. For this reason, if one wants to find examples of glued
spherical functors as in Theorem 1.3.1, they might as well start from autoequivalences

induced by flops.

This random guess is not really random, as there is evidence that backs it. Namely, it
has been shown in various papers, e.g. [ADM19], [HLS16], [DS14], that autoequivalences
coming from flops factorise as compositions of inverses of spherical twists around spherical

functors, and these factorisations have a geometric meaning.’

Given this evidence, we started to investigate derived equivalences coming from flops
in the hope to find geometric examples of Theorem 1.3.1. In order to be able to explain
the results of this research project, we have to take a step back. First of all, we have to
clarify what it means that two Calabi—Yau varieties X_ and X, are related by a flop.

This means that there exists a (possibly singular) variety Y and proper, birational maps'®

X_ X,
N
Y

such that for any divisor on D_ C X_ with the property that —D_ is f_-nef, the proper

transform of D_ is an f,-nef divisor on X .

From this picture emerges a natural candidate for the equivalence DP(X_) ~ D"(X})

predicted by the Bondal-Orlov—Kawamata conjecture. Namely, we take the fibre product

X_ Xy X+

e

(1.3)

9We hope the reader will forgive us for our lack of formality. In the previous phrase, and in the
following, when we say “geometric meaning” we mean that the factorisation is not abstractly constructed,
but that it appears from an in-depth study of the geometric picture.

10More precisely, the maps f4+ have to be small contractions.
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and we consider the functors!!

O_ = (p-)upl: Dge(Xy) = Dge(X-) and @4 = (p4)up” : Dge(X-) = Dge(X4).
(1.4)
Then, if ®_ and ®, are equivalences, they induce equivalences'? between the respective
bounded derived categories of coherent sheaves, as we wanted.

This approach works in many, but not all, cases (there are only two known families of
counterexamples [Nam04], [Kaw06], [Caul2a]) and it provides us with two equivalences
that one can easily see are not inverse to each other. Therefore, we obtain a non-trivial
autoequivalence ®,®_ € Aut(DP(X,)).

It is this autoequivalence that, in some examples, was shown to have a factorisa-
tion in terms of inverses of spherical twists around spherical functors, and it is on this
autoequivalence that we focus our attention.

At this point, we have an autoequivalence ®,®_ that is known to have a factorisation
as a composition of inverses of spherical twists around spherical functors, and we would
like to show that this autoequivalence gives an example of a glued spherical functor as
constructed in Theorem 1.3.1. However, to match these two pictures, we lack a key player:
a spherical functor whose spherical twist has inverse isomorphic to the autoequivalence
O, D_.

If we managed to find such a functor in a “geometric” way, then it would be natural
to expect that this functor is an example of the construction of Theorem 1.3.1.

For this reason, the first question we turn our attention to is: given a diagram as (1.3)
such that the functors (1.4) are equivalences, can we find a spherical functor whose twist
has inverse isomorphic to the autoequivalence &, $_7

To answer this question, recall that the autoequivalence ®,®_ is given by &, =
(p+)«p* (p-)«p%. Even though we have not specified this, we will always assume to be
in the situation where (p_).Ox «,x, =~ Ox_, and similarly for p,."> Therefore, the
pull-up functors p* and p? are fully faithful and never land in the common kernel X :=
ker(p_ ). Nker(p; )., and this subcategory of Dy.(X_ Xy X ) does not play any role in the

action of ®,®_. Thus, it seems reasonable to investigate the Verdier quotient

Doe(X_ xy X.)/X

"Here Dye(—) is the unbounded derived category of quasi-coherent sheaves; strictly speaking, when
X_ and X are smooth we could work directly with DP(—), however, we will need to pass to Dqc(—) to
be able to harness all the strengths of cocomplete triangulated categories, see § 4.

12X and X, being smooth, the claim follows by restricting to compact objects, see Definition 2.3.8
and Remark 4.2.5

BNotice that this is a requirement about the higher cohomology sheaves of the structure sheaves of
the fibres of p_ and p., respectively. Indeed, by Zariski’s Main Theorem the underived pushfoward of
the structure sheaf of X_ xy X via p_ and p4 is the structure sheaf of X_ and X, respectively.
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rather than the whole category Dq.(X_ Xy X). It turns out that this is the only passage

required to realise @, P _ as the inverse of a spherical twist. Indeed, we can prove
Theorem 1.3.2. Consider a diagram as (1.3) such that

1. the functors (1.4) are equivalences

2. we have isomorphisms (p-).Ox_xyx, ~ Ox_ and (p4).Ox_x, x, ~ Ox,

and write
(P_)s: Dge(X= xy X4)/K = Dge(X_) and (P )s: Dge(X_ Xy X4)/K = Dge(X4)

for the functors induced by (p—). and (p4). on the Verdier quotient of Dqc(X_ Xy X4) by
K = ker(p—). Nker(py)..
Then, the functors

U_: ker(p, )y = Dgo(X_- Xy X4)/K & Dee(X-)

and (1.5)

(P4 )+

U,y ker(p_ ). = Dge(X_ Xy X4)/K —— Dge(X4)

are spherical and the inverse of their spherical twists are given ®_®, and &, P_, respec-

tively.

The above theorem is Corollary 4.1.7 in the main body of the thesis. In § 4, we are
actually able to prove a stronger and more general statement about cocomplete triangu-
lated categories, namely Theorem 4.1.3. However, presenting the complete statement of
Theorem 4.1.3 here would divert our discussion into technical digressions we do not want
to address at the moment.

For the time being, let us just notice two things. First, that Theorem 1.3.2 is cat-
egorical in nature, and thus it is not surprising that it can be proved for more general
categories than derived categories of algebraic varieties.!* Second, that Theorem 1.3.2 as
stated has a big drawback: it involves taking a Verdier quotient, which is well known to
be a bad-behaved operation. The great advantage of Theorem 4.1.3 is that it replaces the
Verdier quotient Do.(X_ xy X1 )/X with a subcategory of Dq.(X_ Xy X ), which is much
easier to work with. This exchange is possible because we are working with cocomplete
triangulated categories, and therefore (almost) any Verdier quotient can also be realised

as a subcategory of the parent category.

14The possibility of such a generalisation was pointed out to the author by an anonymous referee whom
the author would like to thank.
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Having proved Theorem 1.3.2, we now have a candidate to be our glued spherical func-
tor. Namely, our guess is that the functor ¥ in (1.5) gives an example of a glued spherical
functor every time ¢, ®_ factorises as a composition of inverses of spherical twists around
spherical functors in a geometric way, such as in the cases treated in [ADM19], [HLS16],
and [DS14].

However, before attempting to match Theorem 1.3.1 and Theorem 1.3.2, we briefly
turn our attention to another question. Namely, to prove Theorem 1.3.2 we passed from
DP(—) to Dye(—), and we would like to understand to what extent we are able to obtain
information about the bounded derived category from Theorem 1.3.2.

As we explained before, if X_ and X, are smooth, then the passage to Dqc(—) is
not restrictive. However, we could wonder what happens if the smoothness assumption
is dropped, and this is the next question we provide an answer to. The answer is that,
regardless of the smoothness properties of X_ and X, if we assume that ®_ and &, are
equivalences and that they preserve boundedness, then we can prove an analogue of The-
orem 1.3.2 by replacing Do.(X_ xy X ) with DP(X_ xy X ;). We do so in Theorem 4.2.2.

The drawback of Theorem 4.2.2 is that it does not have an analogue to Theorem 4.1.3.
Namely, we are forced to work with a Verdier quotient, and this is often problematic. See
also Remark 4.2.3 and Remark 4.2.5.

Having completed this small digression, we can open another short one. Namely,
Bodzenta and Bondal were the first authors to consider the quotient category D.(X_ xy
X;)/XK, and they did so in their paper [BB15], where they assumed p_ and p, to have
fibres of dimension at most one. In ibidem, they proved, among other things, results
similar to Theorem 4.2.2, and we would like to understand what is the relationship between
their results and ours. We do so in § 4.3.

Once these loose ends have been tied up, we can move on to pursue our initial goal:
to prove that W, is, in some cases, an example of a glued spherical functor as constructed
in Theorem 1.3.1. We consider two families of examples: standard flops § 4.4.1 and
Mukai flops § 4.4.2. In both cases we prove that W, does indeed provide an example of a
glued spherical functor. The relevant statements are Theorem 4.4.1 and Theorem 4.4.13,
respectively. We do not present them here because it would require the introduction of
too much notation, and we refer the reader to the relevant sections in the thesis.

We conclude § 4 by considering some examples where we were not able to match Theo-
rem 1.3.2 with Theorem 1.3.1 even though we know that ®,®_ does factorise. We provide
some heuristic explanation as to why the situation in these examples is more complicated,
and a guess as to what could be a possible solution to the hurdles we encountered.

Finally, in § 5 we provide some possible future applications of the mathematics pre-
sented in this thesis, with the hope that they will foster further mathematical research.

The author hopes that this introduction, albeit long, provided a comprehensive glimpse

24



Flop-flop autoequivalences and compositions of spherical twists

of the material presented in this thesis, and that it will encourage the reader to continue

reading after the current page.
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Chapter 2
Preliminaries

In this first chapter, we set up the scene for presenting the main mathematical advances
developed in this thesis. Given the amount of material we need to introduce, we favour
narrative flow over definition boxes, and we give a number only to the definitions that
will play an important role in the following chapters.

On top of recalling well known mathematical notions, in this chapter we also prove
some technical lemmas and propositions that will be useful in § 3 and § 4, see for example
§ 2.3.2.

Some of the arguments presented in this chapter have been presented in a similar but
different form in the author’s published work [Bar22].

2.1 The art of enhancing categories and functors

It is now common knowledge that triangulated categories lack the functorial properties
needed to allow their study in families. Namely, given two triangulated categories A and
B, the category of triangulated functors from A to B is not a triangulated category.

This is a gigantic drawback because as soon as one wants to study autoequivalences
of triangulated categories, it is obvious that we need to be able to take cones of natural
transformations.

Presently, there are three ways to overcome this issue. They are dg-categories, A..-
categories, and (oo, 1)-categories.

When working over a commutative ring k, these formalisms are equivalent, see [Coh13].
However, this is not true anymore when we consider more general setups, e.g. when we
take categories linear over the sphere spectrum.

The reasons why one might want to choose any of the above formalisms over the others
are mostly of personal taste. However, it is fair to say that these different formalisms

incarnate different beliefs and allow the use of different techniques. Namely, dg-categories
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and A..-categories provide stricter models that allow to carry out explicit computations,

but sometimes they hide the universal reason why some statements are true. On the other

hand, (oo, 1)-categories render explicit computations more complicated, but highlight

universal properties.

In the course of this thesis, and in particular in § 2 and § 3, we will use the formalism

of dg-categories. However, when possible, we will also point the reader to the relevant

references in the formalism of (oo, 1)-categories.

2.2 Conventions

Throughout the thesis, k£ will be a fixed field. In § 4.4, it will be an algebraically closed

field of characteristic zero.

Given a triangulated category A and two objects A, Ay € A, we will write

Hom$ (A1, Ay) = @ Homy (Ay, Az[n])[—n]

nez

2

for the standard graded enhancement of any triangulated category, see e.g. [RVdB20].

Furthermore, we will employ the following conventions:

Triangulated categories will be denoted by the letters A, B, C, ...

Dg-categories will be denoted by the letters A, B,C, ...

Objects of triangulated categories will be denoted by capital latin letters A, B, C, ...
Objects of dg-categories will be denoted by lowercase latin letters a, b, c, ...

Functors between triangulated categories will be denoted by lowercase Greek letters
a, (3, ..., with the exception of the inclusion of a subcategory & C A for which we

write 1g

Functors between dg-categories will be denoted by capital latin letters. This clash
of notation with objects of triangulated categories is justified by the fact that dg-
functors are essentially quasi-isomorphism classes of dg-bimodules, which in turn

are elements of a triangulated category

Spherical functors between triangulated categories will be denoted by the letter .
The only exception is when the spherical functor is induced by a dg-bimodule M,

in which case we write «a;; for the spherical functor

We write Ty and Cvy, respectively, for the twist and cotwist around a spherical

functor ¥

27



Flop-flop autoequivalences and compositions of spherical twists

e Autoequivalences of triangulated categories will be denoted by the letter ®

e Morphisms between objects in a triangulated category will be denoted by lowercase
English letters f, g, h,..., with the exception of the connecting morphism in the
distinguished triangle defining the cotwist around a spherical functor for which we

write o

e All the functors appearing are implicitly derived, with the exception of tensor prod-

ucts over dg-algebras and dg-categories, which we derive explicitly.
e All the subcategories appearing are assumed to be full unless otherwise stated.

We want to reassure the reader that the possible clash of notation between objects of
dg-categories and morphisms between objects in a triangulated category will not happen
because we will never have more than three dg-categories at once at any point in the
thesis, and we always start to name morphisms from the letter f.

Finally, throughout the whole thesis we will adopt the following convention when
defining a dg-algebra: if we do not mention the differential, it means that it is identically

Zero.

2.3 'Triangulated categories

2.3.1 Semiorthogonal decompositions

In this first section we introduce semiorthogonal decompositions of triangulated categories.
This notion is now quite classical and it was introduced by Bondal and Kapranov in
[BK89].

Definition 2.3.1 ([BK89]). Let A be a triangulated category. Let 81,8,,...,8, C A be
triangulated subcategories of A, and write s, : 8 — A for their inclusions. We say that

81,89, ...,8, give a semiorthogonal decomposition (SOD) of A if
1. Homy(4s, (Sk),is,(S;)) = 0 for any Si € 8, S; € 85 and k > j
2. for any A € A there exist objects F; € A, i =1,...,r, and maps
O=E,—-FE,_,—---—FE —F=A
such that cone(E; — E;_1) € §; forany i =1,...,r
In this case, we write A = (81,82,...,8,).
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Definition 2.3.2. Given an SOD A = (81, 8,,...,8,) we define its projection functors as
TS, A — Sz A cone(Ei — Eifl)

where A € A and the E;’s are defined in Definition 2.3.1 (2).

Remark 2.3.3. The semiorthogonality property Definition 2.3.1 (1) implies that the fil-
tration of Definition 2.3.1 (2) is functorial, by which we mean that the E;’s, the maps
E; — E; 1, and the A;’s are uniquely defined up to unique isomorphism. Thus, the pro-
jection functors are well defined. Moreover, it is easy to see that m; is the left adjoint to
the inclusion g, : 8§; — A, and that , is the right adjoint to the inclusion s, : 8, — A,

see [Bon89, Lemma 3.1].

For the convenience of the reader, and because it will be the main case of interest in
most of the thesis, we spell out the definition in the case r = 2.

Let us consider two triangulated subcategories 81,82 C A. Then, according to the
above definition, they give an SOD of A if Homy(is,(S2),s,(51)) = 0 for any S; € §;,
i =1,2, and for any A € A there exists a distinguished triangle (which is unique up to

unique isomorphism, see Remark 2.3.3)
igz (A52) — A — igl (AS1> (21)

where Ag, € 81, Ag, € Ss.
Notice that, when A = (81,82), by Remark 2.3.3 the inclusions ig,: 8; — A and
is,: &9 — A have a left and right adjoint given by the projection functors ms, and s,,

respectively. In this case, we write

iél =7g, and z'g; = Tg,.
Remark 2.3.4. By what we explained above, in (2.1) we have As, = 7s,(A) = i¢ (A) and
As, = ms,(A) = i§ (A). Thus, when A = (81,85) we have the distinguished triangle

. .R . . L
is,ls, — idg — is, 7, . (2.2)

Let us now turn back our attention to the general case. By definition, when we have
an SOD A = (84,...,8,) morphisms from objects of §; to objects of 8; are zero for
k > j. On the other hand, morphisms from objects of §; to objects of §; can be rather
mysterious. Gluing functors help us to shed some light on these morphisms.

To the knowledge of the author, the first appearance of gluing functors in the literature
was [[KLL15, Definition 2.4].
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Definition 2.3.5. Let A be a triangulated category with an SOD A = (81, 8,,...,8,).
We say that the pair (8;,8%), k > j, has a left gluing functor if there exists a functor

¢k 8; — 8 and bifunctorial isomorphisms
Homy (is, (S;)[—1], is, (Sk)) ~ Homs, (¢;1(5), Sk)

for any S; € §;, S, € 8.
Similarly, we say that the pair (8;,8;), k > j, has a right gluing functor if there exists

a functor ¢y;: 8 — 8; and bifunctorial isomorphisms
Homy (is, (S;)[—1], is, (Sk)) ~ Homs, (:S;, ¢r;(Sk))

for any S; € §;, Sy € 8.

Remark 2.3.6. If we have an SOD A = (8;,8,,...,8,) and for some k € {1,...,r} the
functor ig, has a left adjoint igk, then ¢, = z'gkigj [—1] is a left gluing functor for the pair
(8;,8%) for any k > j. Similarly, if is, has a right adjoint ig, then ¢y; = igigk [1] is a right
gluing functor for the pair (8;,8;) for any k& > j.

Remark 2.3.7. Notice that, by the Yoneda lemma, if a left gluing functor for the couple
(8;,8%) exists, then it is unique up to isomorphism. Similarly, if a right gluing functor

exists, it is unique up to isomorphism.

Gluing functors will play a prominent role in § 3. For some examples of gluing functors,

the reader can have a look at § 2.4.7.

2.3.2 Inducing SODs and compactness

Among all triangulated categories we will be interested in those containing arbitrary small
direct sums. This is because having all small direct sums allows us to use theorems such
as Brown representability and the adjoint functor theorem [Nee96], which tell us when a

functor has a right adjoint, see Remark 2.3.29.
Definition 2.3.8. Let A be a triangulated category.
i) A is called cocomplete if it is closed under arbitrary small direct sums.

ii) An object A € A is called compact if for every family of objects B; € A the canonical

morphism
® Homy (A, B;) — Homyu (A, ®B;)

is an isomorphism. The subcategory of compact objects is denoted by A°.
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iii) A subcategory 8 C A is called localising if it is closed under small direct sums in A.
iv) If B is another cocomplete triangulated category, we say that a functor a: A — B

a) is cocontinuous if for every family of objects A; € A the canonical morphism
da(A;) = a(B4,;),

obtained by applying « to the morphisms A; — ®A;, is an isomorphism

b) preserves compactness if a(A°) C BC

Remark 2.3.9. Requiring A to be cocomplete is almost always not restrictive because one
can formally add direct sums by passing to the ind-completion Ind(A) and then recover
A by taking the compact objects of Ind(A), see e.g. [[X5006, Exercise 6.1 (iii)] or [Lur(9,
Proposition 5.3.5.11] for a more recent account in the framework of (oo, 1)-categories.
Notice that this argument works only if A is idempotent complete! because otherwise
A C Ind(A)°.

Remark 2.3.10. Notice that if § C A is localising, then ig: § — A is cocontinuous.

Remark 2.3.11. If a : A — B is a cocontinuous functor, then its essential image ima C B

is a localising subcategory of B.

Remark 2.3.12. Notice that, by definition, if we have a distinguished triangle of functors

a1 — ag — a3 and two of the three functors are cocontinuous, so is the third.

Remark 2.3.13. Not all abstractly cocomplete subcategories of a cocomplete category are
localising. For example, consider f: X — Y a map of Noetherian schemes over a field
k of characteristic zero such that f, does not preserve compactness and f,Ox =~ Oy,
e.g. a resolution of rational singularities. Then, f* = (f.)¥ is a fully faithful functor
by [Neel8a, Remark 6.1.1]. In particular, f*Dq.(Y) C Dy (X) is abstractly cocomplete,
but the inclusion functor is not cocontinuous because its left adjoint is f,, which does not

preserve compactness.

Example 2.3.14. If X is a separated scheme of finite type over a field k, and D (X)
is the derived category of quasi-coherent sheaves on X, then Dg.(X) is cocomplete and
Dy(X)¢ = Dpet(X), i.e., the compact objects in Dq.(X) are the perfect complexes:
complexes which are locally quasi-isomorphic to a complex of locally free sheaves of finite

rank, see [Nee90].

The next notion we concern ourselves with answers the following question: when is it

true that subcategories of categories possessing an SOD inherit an SOD?

LA category A is called idempotent complete if given any A € A and any p: A — A such that p?> = p
there exists ¥ € A and morphisms i: £ — A, r: A — E, such that ri =id4 and ir = p.
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Definition 2.3.15 ([[<uzl1, § 3]). Let 8§ C A be a triangulated subcategory and assume
that we have an SOD A = (8, 8,,...,8,) with projection functors 7s,, i = 1,...,r. We
say that the SOD of A induces an SOD of 8 if for any i = 1,...,r we have 7s,(8) C 8.

Remark 2.3.16. If § C A = (81, 8,,...,8,) and the SOD of A induces an SOD of 8, then
we have 8 = (8, N 8,8, N8§,...,8.NS§).

The following lemma explains when an SOD of a cocomplete triangulated category A
induces an SOD of A°.

Lemma 2.3.17. Let A = (8;,...,8,) be an SOD of a cocomplete triangulated category.
Assume that the 8;’s are localising subcategories, and that there exist left gluing functors
Gij + 8; — 8 for any v < j. If ¢;; preserves compactness for any i < j, then the SOD
of A induces an SOD of A°. Furthermore, the inclusion functors 8; — A, 1 =1,...,r,

preserve compactness and we have A = (85, ..., 8%).

Remark 2.3.18. If A = (81, ...,8,) is an SOD and the §; are localising subcategories, then
the projection functors s, are cocontinuous. Even more is true, namely if E’, j € J, is
a family of objects in A, then the filtration in Definition 2.3.1 (2) for &;E7 is the direct
sum of the filtrations for the objects £7. This property follows from the uniqueness of

the filtration, see Remark 2.3.3, and by the fact that the categories §; are localising.

Proof of Lemma 2.3.17. We prove the case r = 2 for simplicity, the general case can be
proved with similar arguments.

Notice that an object A € A is compact if and only if the functor Hom$ (A, —) is
cocontinuous. We will use this equivalent characterisation in the course of the proof
because it will allow us to speak of distinguished triangles rather than of long exact
sequences. Moreover, to ease the notation, we write ¢ = ¢1,.

First, we prove that
S1NA =8y and 8;NA° = 8. (2.3)

The inclusions 8§; NA° C 87 and 82 NA® C 85 are obvious, therefore we only have to prove
the reverse inclusions. The functor ig, has a cocontinuous right adjoint by Remark 2.3.18,
thus it preserves compactness, and we get S2NA° D 85. Now take S; € 8§ and A € A, and
apply Hom}, (is, (S1), —) to the distinguished triangle (2.1) for A. We get the distinguished

triangle
Hom?, (is, (S1), is, 1§, (A)) — Hom3 (is, (S1), A) — Hom} (is, (S1), is,ig, (A)).

Let us consider the previous triangle as a triangle of functors in the variable A € A. Then,

the functor Hom}, (is, (S1), is,i§, (A)) ~ Hom§ (Sy, % (A)) is cocontinuous in A because Sy
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is compact and z'gl is cocontinuous by Remark 2.3.18. Moreover, the functor
HomJ (is, (1), s, 5, (A))) = Homg, (6(51)[1], ig;, (A))

is cocontinuous in A because S; is compact, ¢ preserves compactness, and igé is cocontin-
uous by Remark 2.3.18. Hence, the functor Hom} (is, (S1), A) is cocontinuous in A, i.e.,
is, (S1) is compact and 8§ C 8; N A°. Thus, (2.3) is proved.

Now that we have established (2.3), to conclude we only have to prove that the SOD of
A induces an SOD of A°. Indeed, then it will follow that A° = (§;NA°, 82NA°) = (87, 85).

By Definition 2.3.15, to prove that the SOD of A induces an SOD of A° we have
to prove that ié and ig; send A° to 8 N A® and 83 N A, respectively. However, by
(2.3) this is equivalent to say that iSLq and z'g; preserve compactness. We prove the latter
claim. The functor z'gl preserves compactness because its right adjoint is cocontinuous by
Remark 2.3.10. To prove that z'g; preserves compactness we take S, € 89 and A € A€, we
apply Hom$(—,is,(S2)) to the distinguished triangle (2.1) for A, and we proceed as we

did above to show that Homsg, (i (4), Sz) is cocontinuous in the variable S; € 8,. O
Similarly, one can prove

Lemma 2.3.19. Let A = (8;,...,8,) be an SOD of a cocomplete triangulated category.
Assume that the 8;’s are localising subcategories, and that there exist right gluing functors
G5+ 8 — & for any i < j. If ¢j preserves compactness for any i < j, then the SOD
of A induces an SOD of A°. Furthermore, the inclusion functors 8; — A, 1 =1,...,r,

preserve compactness and we have A° = (85, ..., 8S).

Remark 2.3.20. In general, it is not true that SODs of A induce SODs of A°. For a

counterexample, see Example 2.4.31.

Before concluding this subsection, we focus on a particular type of SOD that will play

a fundamental role in § 4.

Definition 2.3.21. Let 81,8,,83,84 C A be four triangulated subcategories. We say
that they give a four periodic SOD of A if we have the following SODs

.A - <81,82> - <82,83> - <83784> - <S4,81>.

The following lemma shows that four periodic SODs always induce SODs of compact

objects.
Lemma 2.3.22. Assume we have a four periodic SOD
A= <51782> = <827S3> = <S3784> = <S4781> (24)
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where 8; is a localising subcategory for every j. Then, the SODs in (2.4) induce SODs of
AC. Furthermore, 8 = 8; NA® for every j, and we have a four periodic SOD

A = (81,85) = (85,85) = (85,81) = (81, 87)-

Proof. By the symmetry of the situation, it is enough to prove that A = (81, 85) induces
an SOD of A, that 8§ = 8§; N.A° for j = 1,2, and that we have A° = (8, 85). We prove
this statement.

From the fourth SOD in (2.4) and Remark 2.3.3, we see that is, has a right adjoint ¢ .
Moreover, as 8§; and 84 are localising, by Remark 2.3.18 the functor i?l is cocontinuous.
Hence, by Remark 2.3.6 the SOD A = (8;,8;) has a right gluing functor ¢o; = i& is,[1]

that is cocontinuous, and therefore the statement follows from Lemma 2.3.19. O

2.3.3 Admissibility

A notion that is strictly related to that of an SOD is that of admissibility.

Definition 2.3.23. Let A be a triangulated category and § C A be a triangulated
subcategory. We say that § is left admissible if the inclusion functor ig: & — A has a
left adjoint. Similarly, 8§ is right admissible if ig has a right adjoint. We say that & is
admissible if it is both left and right admissible.

By Remark 2.3.3, we know that if we have an SOD A = (84,...,8,), then 8; is left
admissible and 8, is right admissible. There is a converse statement due to Bondal that
we now recall.

Given 8 C A, we define its right orthogonal as
§t ={Ac A:Hom%(S,A) =0 VS eS8}
Similarly we define its left orthogonal *8.

Lemma 2.3.24 ([Bong9]). Let A be a triangulated category and 8 C A be a triangulated
subcategory. Then, 8 is left admissible if and only if we have an SOD A = (8,+8).
Similarly, 8 is right admissible if and only if we have an SOD A = (8+,8).

2.3.4 Generation

We conclude this section by dealing with the notion of generation in the world of trian-

gulated categories. Furthermore, we prove Lemma 2.3.31, which helps us in constructing
SODs.
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Definition 2.3.25. Let A be a triangulated category and & C A be a triangulated
subcategory. The subcategory 8 is called thick if it closed under taking direct summands,
i.e., if for any A;, A € A the condition A; ® Ay € 8 implies Ay, Ay € 8.

Fxample 2.3.26. For a cocomplete triangulated category A, the subcategory of compact
objects A° is thick.

Definition 2.3.27. Let A be a cocomplete triangulated category and {A;} be a family
of objects in A. We define ({A;})"i as the smallest thick triangulated subcategory of A
containing the A;’s. Similarly, we define ({A4;})® as the smallest cocomplete triangulated
subcategory of A containing the A;’s.

We say that A is compactly generated if there exists a family of objects {4;} C A€
such that A = ({A;})®.

Remark 2.3.28. If A is a cocomplete triangulated category such that A = ({4;})% for
some {A;} C A, then A = ({A;})Mik, See e.g. [Stals, Tag 09SR].

Remark 2.3.29. Now that we have defined what it means for a cocomplete triangulated
category A to be compactly generated, we can explain our interest in cocomplete trian-
gulated categories.

If a: A — B is a functor between cocomplete triangulated categories with a right
adjoint af': A — B, then « is a cocontinuos functor. The converse is true if we assume
that A is compactly generated. Namely, [Nec96, Theorem 4.1], also known as the adjoint
functor theorem, proves that if A is compactly generated and « is cocontinuous, then «

has a right adjoint.
Example 2.3.30. If X is a separated scheme of finite type over a field k, then D (X) is
compactly generated by De(X)® = Dpere(X), see [Nee90].

Lemma 2.3.31. Let A be a triangulated category and & C A be a localising subcategory.

Assume that 8 is generated by a family of objects which are compact in A, namely 8§ =

{S:})® for some {S;} C A°. Then, we have A = (§+,8).

Proof. By [Nee96, Theorem 4.1] ig has a right adjoint, i.e., 8 is right admissible. Then,
the result follows from Lemma 2.3.24. OJ

2.4 Differential graded categories

As we explained in § 2.1, we will need to work in a richer framework than the one of
triangulated categories. For this reason, in this section we introduce dg-categories, their

derived categories, and functors between them. There is almost no novel mathematics in
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this chapter, and the reader well acquainted with dg-categories can safely move on to § 3.
Our main reference for the material on dg-categories is [AL17].

Let k be a fixed field. The category Mod-k is the category of differential graded
modules (dg-modules) over k, i.e., graded k-modules V' = @, .,
linear endomorphism dy, called the differential, such that dy(V*) C V! and di = 0.
For any two dg k-modules (V,dy ), (W, dw ), we define the hom space between them as

V™ equipped with a k-

Homngoa ((V, dv), (W, dw)) = €D Hom™((V, dv), (W, dw)),

neE”L

where f € Hom"((V,dy),(W,dw)) is a homomorphism of k-vector spaces f: V — W
such that f(V?) C WP, We endow this graded k-module with the differential given by

d({fn}) = {dW o fn - (_1)nfn ° dV}

The tensor product of (V,dy) and (W, dw) is defined as (V @4 W)" = @4 ;= V" @5 W
with differential dy ® id + id ® dyy.

Definition 2.4.1. A dg-category A is a category enriched over Mod-k, i.e., for any

ay, as € A the hom space Homy(aq, as) is an object in Mlod-k, and the composition maps
Hom 4(ag, a3) @ Hom4(ay, az) — Hom4(ay, as3)
are closed, degree zero morphism of dg-k-modules for any aq, as, a3 € A.

Remark 2.4.2. All the dg-categories considered in this thesis are assumed to be small,
1.e., the collection of objects and the collection of morphisms are sets. In the rest of the

thesis, we will drop the adjective small most of the times.

Remark 2.4.3. In the literature, there are two different definitions of dg-categories. One
requires A to be additive, the other does not. The drawback of requiring A to be additive
is that then we cannot consider a dg-algebra as a dg-category with one object. For this

reason, we do not require our dg-categories to be additive.

A dg-functor F: A — C between two dg-categories is a functor such that for any
a,ay € A the map Hom 4(ay, az) L Home¢(F(ay), F'(az)) is a closed, degree zero mor-
phism in Mod-k.

Remark 2.4.4. The reader might be worried that if A and C are additive, one should require
dg-functors to be additive, i.e., F(a; @ ay) ~ F(ay) ® F(as) for any ay,ay € A. However,
every dg-functor between additive dg-categories is automatically additive because it is

k-linear.
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A right dg-module over A is a dg-functor A°® — Mod-k. The category of right dg-
modules over A is denoted by Mod-A, and for M € Mod-A we write M, for the image
of a € A. An example of a right dg-module is given for any a € A by hi_y = Homy(—, a).
We then get a dg-functor a — h* that turns out to be fully faithful and that is called the
Yoneda embedding. In view of this embedding, it makes sense to write Hompyjog.a(—, —) =
Homy(—, —).

We now define the derived category of A. The aim is to invert quasi-isomorphisms,
i.e., morphisms f: M — M’ in Mod-A such that f, is a quasi-isomorphism in Mod-k for
every a € A. To achieve this goal, we quotient by acyclic modules: a module S € Mod-A
is called acyclic if for every a € A the complex S, is acyclic. We write Acycl(A) for the
full subcategory of acyclic modules. Then, we define the derived category of A as the
Verdier quotient

D(A) = H(Mod-A) /H’(Acycl(A))

where, given a dg-category C, the category H%(C) is the category with the same objects

as C and with morphisms
Homppo(e)(c1, ¢2) = HO(Home(c1,¢2)) Vi, e € HY(C).

The category D(A) is a triangulated category with shift functor given by M — M][1],
(M[1]), = M,1].
Rather than A, our main object of interest will be D(A). In particular, we are inter-
ested in constructing functors D(.A) — D(C). The way we do this is using bimodules.
Given two dg-categories A and C, an A-C-bimodule is a dg-functor A®;C? — Mod-k,
where A ®j, C°P is the dg-category whose objects are couples (a,c) € A x C and whose

morphisms are given by
Hom 4g,cor((a1, c1), (az, c2)) = Hom(ay, az) ®, Home(ca, ).

For M an A-C-bimodule we write ,M, for the image of (a,c) € A ®; C°P. The category
of A-C-bimodules is denoted by A-Mod-C and its derived category by D(.A-C).

Example 2.4.5. For a dg-category A, the diagonal bimodule is denoted by A € A-Mod-A
and it is given by
arAa, = Homy(az,a1)  Vai,ay € A

Given a third dg-category B, one can define a tensor product functor
— ®5 —: A-Mod-B ®; B-Mod-C — A-Mod-C.
This functor does not induce a functor between derived categories on the nose because
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— ®p — does not preserve acyclicity. To produce a functor between derived categories, we

need to use h-projective bimodules.

Definition 2.4.6. A module P € Mod-A is called h-projective if for any S € Acycl(A)
we have Hompo(vod-a) (P, S) = 0. The subcategory of h-projective modules is denoted by
P(A).

A bimodule P € A-Mod-C is called A-h-projective if for any ¢ € C the module P, is
h-projective. Similarly, we define C-h-projectivity.

For any A-h-projective bimodule P € A-Mod-C the functor — ® 4 P: Mod-A —
Mod-C preserves acyclicity, and therefore descends to a functor ap(—) = —@4P: D(A) —
D(C). To generalise this to any bimodule M € A-Mod-C we use h-projective resolutions.

Given M € A-Mod-C, an h-projective bimodule P € A-Mod-C is called an h-
projective resolution of M if there exists a quasi-isomorphism f: P — M. Similarly,
we define A-h-projective and C-h-projective resolutions.

As h-projective resolutions exist, see e.g. [AL17, Corollary 2.6], any bimodule M €
A-Mod-C induces a functor at the level of derived categories by choosing an h-projective

resolution. This functor does not depend on the resolution, and it is denoted by
L
ay(—)=—®4 M: D(A) — D(C).

We now want to describe the adjoint functor to tensor product. Given M € Mod-A,
the A-dual of M is defined as the A°P-module that assigns to any a € A the complex
Hom 4 (M, 4.A) and it is denoted by M. Thus, we get the dualising functor (Mod-A)" —
Mod- A%, M + M. Using an h-projective resolution of M, we can derive the functor
(—)A and obtain the derived dualising functor D(A)°P — D(A), M s MA.

These constructions can also be performed with A-C-bimodules, resulting in bimodules
rather than modules, e.g. for M € A-Mod-C, we have M* € C-Mod-A. Moreover,
they can be extended to functors Home (M, —) and Hom gop (M, —), of which M+ is the
particular case Hom gop (M, A), see [AL17, § 2.1.5].

Given M € A-Mod-C, exactly as in the standard theory of modules over rings, we

have adjunctions
— @4 M 4AHome(M,—) and M ®¢ — 4 Hom gop (M, —) (2.5)

which can be derived (using an h-projective resolution of M) to adjunctions

L L
— ®4 M 4 RHome(M,—) and M ®¢ — -4 RHom 4o (M, —).
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Definition 2.4.7. The unit and counit of the adjoint pair (— ® 4 M, Home (M, —)) eval-

uated at the diagonal bimodules are called trace map and action map

a— (m—am)

gemmen), o act: A —— Home (M, M)

tr: MC®AM

L
The unit and counit of the adjoint pair (— ® 4 M, RHom¢ (M, —)) evaluated at the diag-

onal bimodules are called derived trace map and derived action map

5 L
tr: M¢ @4 M —C  act: A — RHome(M, M)

Similarly, we define the trace and action maps, and their derived counterparts, for the

adjoint pair (M ®¢ —, Hom ges (M, —)).

The next question we want to tackle is: for which bimodules M are the functors
RHom¢ (M, —) and RHom 40» (M, —) isomorphic to the tensor product with some bimod-

ule? To answer this question, we introduce the notion of perfect module.

Definition 2.4.8. A module M € Mod-A is called perfect if M is a compact object in
D(A).

A bimodule M € A-Mod-C is called A-perfect if for any ¢ € C the module M, is
A-perfect. Similarly, we define C-perfectness.

Theorem 2.4.9 ([AL21, Theorem 4.1]). Take M € A-Mod-C and consider the induced
functor apr: D(A) — D(C). Then, the following are equivalent:

1. The right adjoint of apy is cocontinuous (resp. the left adjoint exists).
L 5 L .
2. The right (resp. left) adjoint functor of ayy is given by — @¢ MC (resp. — ®@¢ M*).

3. M is C- (resp. A-) perfect.

L
4. apy (resp. M ®c —) preserves compactness.

Proof. In [AL21, Theorem 4.1] the equivalence between (1), (2) and (3) is proved. Thus,
we only have to show that (3) is equivalent to (4).
In [AL21, Theorem 4.1] Anno and Logvinenko also prove that M is C-perfect if and

only if ajs preserves compactness. Thus, we only have to prove that M is A-perfect if and

L
only if M ®¢ — preserves compactness. This statement is proved in [AL17, § 2.1.6]. O

We conclude this section by defining a map that will be ubiquitous in § 3.

Definition 2.4.10. Given M € Mod-A and N € Mod-A, we define the evaluation map

as
(m—ng(m))

ev: N @4 MA 225 » Homu(M, N).
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Remark 2.4.11. As it is explained in [AL17, § 2|, if M is A-h-projective and A-perfect,

then the evaluation map is a quasi-isomorphism for every N € Mod-A.

2.4.1 Restriction and induction

We now introduce induction and restriction functors, and we prove Proposition 2.4.14
(that will be useful in § 2.4.7), which tells us when the adjoint to a restriction functor is

still a restriction functor.

Definition 2.4.12. Given a dg-functor F': A — C, we define

Indy: Mod-A — Mod-C M — M ®4 C
Resp: Mod-C — Mod-A M (a — Mp(a))

where ,(rC). = Home(c, F(a)).

The tensor-hom adjunction (2.5) tells us that we have Indrp 4 Resp. Moreover, an
explicit computation shows Indp(h®) ~ h¥@ for any a € A.

The functor Resg clearly maps acyclic modules to acyclic modules, and therefore de-
scends to a functor between derived categories. The functor Indr is given by tensor prod-
uct with the bimodule rC, and thus descends to the derived category using h-projective
resolutions. We will write LIndg for the derived functor of Indg, and Mg = Resp(M).

We have?

Proposition 2.4.13 ([IKXL15, Proposition 3.9]). The functor Lindg is left adjoint to the
functor Resp and both functors commute with arbitrary direct sums. Moreover, we have
LIndp(h®) ~ hF@,

If F induces a fully faithful functor H°(F): H°(A) — H°(C), then Llndp is fully
faithful. Finally, if H*(F) is an equivalence, so is LIndp.

Proposition 2.4.14. The functor Resg has a right adjoint given by the functor
Hom4(Cp, —): Mod-A — Mod-C.

Moreover, if F' has right adjoint F®, then Hom4(Cp, —) ~ Respr.

Proof. Notice that the functor Resp is given by tensor product with the bimodule Cp,
that is Resp(M) = M ®¢ Cp for any M € Mod-C. Therefore, by tensor-hom adjunction

we get the adjunction Resp 4 Hom4(Cr, —), as we claimed.

2In [KL.15] Kuznetsov and Lunts work with additive dg-categories, but Proposition 2.4.13 holds for
any small dg-category.

40



Flop-flop autoequivalences and compositions of spherical twists

Now assume that I has a right adjoint F'®, that is there exists a dg-functor F*: C — A

together with natural isomorphisms of chain complexes
Home (F(a), c¢) ~ Homy(a, F®(c)) Vae€ A celC (2.6)

Then, for any ¢ € C and any M € Mod-A we have the following chain of functorial

isomorphisms
Hom4(.Cr, M) = Homy(Home(F (=), c), M)

~ Hom 4 (Hom4(—, F%(c)), M)
FER(c
= Hom(h(_,, M)
>~ MFR(c)
= Respr(M).
where the isomorphism from the first to the second line follows from (2.6), and the one from
the third to the fourth line is the dg-version of the Yoneda embedding. As the above chain

of isomorphisms is functorial in ¢ € C and M € Mod-A, we get Hom4(Cr, —) ~ Respr,

as we wanted. O

Remark 2.4.15. Notice that both Resy and Respr preserve acyclity. Therefore, if F' has
a right adjoint functor F'%, then the adjunction Resp 4 Respr descends to an adjunction

at the level of derived categories, and in particular we have LIndpr ~ Resp.

2.4.2 Convolution of dg-modules

We now explain how to convolve morphisms of dg-modules. This operation is a lift to
Mod-A of the cone construction in D(A), and it allows us to get rid of the functoriality

issues that arise when using plain triangulated categories.

Take M, N € Mod-A together with f: M — N a closed, degree 0 morphism in
Mod-A. Then, we define the convolution of f, and we denote it by {M ER N}, as the
dg-module that sends a € A to M,[1] & N, with differential given by

dMa[l] O
fa dNa

We have four obvious maps of degree zero

NS {MLNYS MA] and MA] S {M LNV SN
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such that?

pj = idyq gi=1idy  Jp+ig= ld{ sy

d(i) =d(p) =0 d(j) =if d(q) = —fp.

Notice that by construction { M 5N } ~ cone(f) in D(.A), and that to define a closed,
degree 0 morphism g: {M ENSY } — G it is enough to give a closed, degree 0 morphism
h: N — G and a degree —1 morphism* [: M — G such that hf = d(l). Then, g = Ip+hq.

2.4.3 Twisted complexes

In this subsection we recall the formalism of twisted complexes of dg-modules, which we
will use in § 3.3.

Twisted complexes of dg-modules were introduced in [BIX&89]. The treatment presented
here is based on [ALL17, § 3.1].

Let A be a dg-category, a twisted complex of A-dg-modules is a collection {M;, a;},
i,j € 7Z, of A-dg-modules M; such that M; = 0 for all but finitely many i’s, and of
morphisms of A-dg-modules «;;: M; — M; such that

deg(ay;) =i—j+1 and (—=1)d(ay) + Zaijéi]g =0
2

A twisted complex is called one-sided if o;; = 0 for i > j.

The collection of twisted complexes of A-dg-modules can be turned into a dg-category.
For the general definition of a morphism of twisted complexes and of its differential, we
refer the reader to [AL17, § 3.1].

Here, we simply notice that, given two one-sided twisted complexes {M;, o;;} and
{Ni, Bi;} such that a;; = 0 and 3;; = 0 for |i — j| > 2, a collection of closed, degree zero
morphisms f;: M; — N; of A-dg-modules such that

Bijfi — [ioi; =0 Vi, jeZ
induces a closed, degree zero morphism of twisted complexes that we denote by
f=Afi}: {M;, iz} — {Ni, Bij} (2.7)

To any twisted complex {M;, a;;} we can associate an A-dg-module, which we call its

convolution, as follows: the underlying k-module is M = @, M;[—i|, while the differential

3In the above equations we make use the following shorthand notation: when we write d(q) = — fp,

we mean that d(q) is equal to minus the composition { M ER N} 5 M) EIGN N[1].

4Notice that a degree —1 morphisms I: M — G is the same thing as a degree zero morphism [: M[1] —
G.

42



Flop-flop autoequivalences and compositions of spherical twists

is given by

d:@dl@@aw
i 1,5

where d; is the differential of M;[—i].

It is easy to check that in the situation we described above the morphism ®; f; induces
a morphism of A-dg-modules M — N, where we write N for the convolution of the
twisted complex {N;, 5;;}. We call &, f;: M — N the convolution of the morphism (2.7).

Remark 2.4.16. Notice that the convolution of a morphism of dg-modules f: M — N we
defined in § 2.4.2 can be interpreted as the convolution of the twisted complex {G;, o;;}
where G_; = M, Gy = N, G; =0 for i # —1,0, and a_19 = f, a;; = 0 for i # —1, 57 # 0.

In the rest of this PhD thesis, we will be concerned with twisted complexes concentrated
in degree 0 and —1, that is twisted complexes {M;, a;;} such that M; = 0 for ¢ # —1,0.
For this reason, we spend a few moments setting up notational conventions that will make
the text more reader-friendly.
Given a twisted complex {M;, a;;} concentrated in degree 0 and —1, we will denote it
by
Mo, 5% M.

Given another twisted complex {N;, 8;;} concentrated in degree 0 and —1 together with

two closed, degree zero morphism f;: M; — N;, © = 0, —1, we write

o —
M_; —% M,

ffll lfo (2.8)
N—l B-10 NO

for the morphism of twisted complexes f: {M;, a;;} — {N;, 8;;} induced by the f;.

Remark 2.4.17. Starting from the morphism (2.8), we can first convolve the twisted com-
plexes to obtain a morphism of A-dg-modules, and then convolve the morphism of A-dg-
modules. The result of these operations is equal to the convolution of the twisted complex
{G;,7ij} where

Go=M, G1=My®N_; Gy=Ny

and

Vo1 = (—a_10, f21) Y—10 = fo + B-10.

2.4.4 Bar categories

Dealing with morphisms in the derived category is rather complicated because they are

formally defined as roofs. For this reason, we now recall the formalism of bar categories as
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defined in [AL21]. From our perspective, the use of the bar category of modules is that it
gives a dg-enhancement of the derived category, and therefore it turns roofs of morphisms
into morphisms of modules.

Let us stress that there is no new result in this subsection, its only purpose is to
recall definitions and theorems. We define the bar category of (bi)modules and extend
the constructions of § 2.4 (tensor products, homs, duals) to this new category. The
main theorem is Theorem 2.4.19, which tells us that the bar category transforms quasi-
isomorphisms of A-modules into homotopy equivalences.

For the convenience of the reader, we recall that an homotopy equivalence in a dg-
category C between two objects c1,co € C is a closed, degree zero morphism f: ¢; — ¢
such that HO(f) is an isomorphism.

Let us fix A a small dg-category. Then, to A we can associate its bar complex
A € A-Mod-A as defined in [AL.21, Definition 2.24]. The bar complex is an h-projective
bimodule that can be equipped with the structure of a unital coalgebra in the monoidal
category (A-Mod-A, ® 4, .A), see [AL21, Proposition 2.33]. The counit and the comulti-
plication are denoted by 7: A — A and A: A — A ®4 A, respectively. It is well known
that 7 is a quasi-isomorphism, and therefore A gives an h-projective resolution of the

diagonal bimodule, see [I<{cl94].

Definition 2.4.18 ([AL21, Definition 3.2]). The bar category of modules Mod-A is de-

fined as follows:

The objects are given by dg-modules over A

For any E, F € Mod-A set

Hom(E, F) := Homggog 4(E, F) := Homu(F ®4 A, F)

For any E € Mod-A we set idg € Hom4(E, E) to be

E®A7lidﬁ>E®AAi>E

For any E,F,G € Mod-A the composition of £ ® 4 A Jy Fand F s AL G is

the element given by

E®AZ%E®AZ®AZ@>F®AZ$G

Theorem 2.4.19 ([AL21, Proposition 3.5], [AL21, Corollary 3.6]). There exist a (non-

full) inclusion

T: Mod-A — Mod-A
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which is the identity on objects and that sends a morphism f: M — N to the morphism
Mo AL NosAS N
Moreover, HY(T) factors through D(A) and induces a canonical equivalence
© : D(A4) = H’ (Mod-A)
giving Mod-A the structure of a dg-enhancement of D(A).

Similarly one can define the bar category of bimodules A-Mod-B for two small dg-

categories A, B. In this case, the morphisms are given by
Hom 4.5(M, N) = Hom 4. moa.5(A @4 M @5 B, N)

and we have D(A-B) ~ H° (A-Mod-B).
Let us now take three small dg-categories A, B, C. Then, one can define dg-functors
—®5— : A-Mod-B ®;, B-Mod-C — A-Mod-C

Homig(—, —) : A-Mod-B ®j, (C-Mod-B)” — A-Mod-C
as per [AL21, Definition 3.9, 3.10] by setting
M@BN =M ®BB®B N and HO_IHB(N,,M) B HOIHB(N/ ®BB,M)

for M € A-Mod-B, N € B-Mod-C, and N’ € C-Mod-B.

For a fixed M € A-Mod-B the functors (— ® 4 M, Homg(M, —)) form an adjoint pair
Mod-A <+ Mod-B, and similarly for (M ®gz —, Hom 4o (M, —)), see [AL21, Proposition
3.14].

We define the dualising functors A-Mod-B — (B—W—A)Op as

(—)‘A = Honp(—,A) and (-)B = ng(—,B),

see [AL21, Definition 3.31]. As showed in [AL21, Definition 3.35], one can construct
natural transformations
MA@ 4 (—) — Hom o0 (M, —) (2.9)

(—) ®p M® — Homp(M, —) (2.10)

such that (2.9) is an homotopy equivalence if and only if M is A-perfect, and (2.10) is an
homotopy equivalence if and only if M is B-perfect, see [AL.21, Lemma 3.36]. Here, by
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homotopy equivalence we mean that for any dg-category C the natural transformations
(2.9) and (2.10) become homotopy equivalences when evaluated at any object of .A-Mod-C
and C-Mod-B, respectively.

2.4.5 Adjunctions

In this subsection, we describe some homotopy adjoint pairs of functors. We refer to
[AL21] for a thorough treatment of this notion. In a nutshell, an homotopy adjoint pair
is a pair of functors together with a unit and a counit that satisfy the usual relations but
only up to homotopy.

One can construct natural trasformations id — (—=)A4 and id — (—)&5 that are homo-
topy equivalences when evaluated at A- and B-perfect bimodules, respectively, see [AL21,
Lemma 3.32]. Using these natural transformations together with (2.9) and (2.10) we get
that for M € A-Mod-B an A- and B-perfect bimodule the following form homotopy

adjoint pair of functors
(-BaM, B ME), (B MA,—TM). (2.11)

Definition 2.4.20 ([AL21, Definition 4.2]). Fix M € A-Mod-B an A- and B-perfect

bimodule. Then, the homotopy trace maps
tr: M@ MA = A and tr: MB@4M — B

are the counit of the adjunctions (2.11) evaluated at the diagonal bimodules.

Remark 2.4.21. The reader might wonder why we do not define the homotopy action
map, whose definition can be found in [AL21, § 4.2]. The reason is that we never need
to use it as our functors will be defined using bimodules which are either h-projective,
or h-projective on the right (and thus their action map induces the derived action map).
The only thing we need to know is that the image of the homotopy action map in the
derived category gives the derived action map as defined in Definition 2.4.7, which is true

by construction, see [AL.21, § 4.2].

2.4.6 Gluing of dg-categories

In this subsection, we describe the notion of gluing of dg-categories. There are two
definitions of gluing in the literature: one for general dg-categories [Tab05], and one that
works best when the dg-categories are additive [K115].

As we are interested in the derived category of the gluing, we will see in § 2.4.6 that

choosing either model does not make a difference for us. However, we have to balance
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two facts: that we want our results to hold for general dg-categories, and that working

with additive dg-categories is sometimes easier.

The first gluing

Let us take A and B two small dg-categories, and let ¢ € A-Mod-B be a bimodule.”
Following [Tab07], we define the upper triangular dg-category associated to this datum

as the dg-category B L, A whose objects are
Obj(B U, A) = Obj(B) U Obj(A),
and with complexes of morphisms

Homg(x,y) r,y € B
HOHI_A(ZU,Z/) T,y € A
v P ye A xebB
0 reAyeB

Hompyy,a(z,y) =

The grading, the differential, and the composition are defined in the obvious way.

In the following, we write
ig: B—BU, A and i4: A—BU,A (2.12)

for the embedding functors.

FExample 2.4.22. Let A and B two dg-algebras and V' an A-B-bimodule. Then, the upper
triangular dg-algebra associated to this datum is the dg-algebra

(0 5)

with componentwise grading and differential, and composition law given by

a, V1 ) Ao Vo - a1ao G1U2+’U1b2
0 b 0 by 0 biby '

If we think of A and B as dg-categories x4 and xg with one object and endomorphism
dg-algebra A and B, respectively, then V' is a x 4-xg-bimodule, and we can form the gluing
*p Ly *4. Unfortunately, the dg-categories xg and g LIy, x4 are not equivalent: the latter

dg-category has two objects, while the former has one. However, we can notice that R

5We will reserve the letter ¢ for the bimodule we use to glue two dg-categories.

47



Flop-flop autoequivalences and compositions of spherical twists

14 0 0 0
eq = and ep =
0 0 0 1p

such that e4 + eg = 1. Thus, R has the structure of a bimodule over the ring k @ k,

has two idempotents

and we can associate to it a dg-category with two objects and morphisms dictated by the

relations
eaReyg=A egRegp =B easReg =V eg Rey = 0.

In other words, taking into account the (k @ k)-bimodule structure, from R we recover

the gluing *g Uy *4.

The pre-triangulated gluing

Let us now take two small dg-categories A and B, and an A-B-bimodule ¢. Following
[IKL15, § 4] we define the gluing of A and B along ¢, and we denote it by B x,, A, as

follows: its objects are given by triples (b, a, ) where
beB ac A and pu € ,pp is a closed, degree 0 element,
and the morphisms are given by (here we set r1 = (b1, ay, 1), 12 = (b, az, ti2))
Hompy,4(71,72) = Homp(by, ba) & Hom (a1, az) @ a,0, [—1],

with a suitable choice of differential and composition law described in [IX1.15, § 4.1].

When A and B are additive, we write®
ig:B—=>R, b— (b,0,0) and ig: A—R, a— (0,a,0) (2.13)
for the embedding functors, and
ig:R— B, (bya,u)—~b and %:R— A, (bya,u)—a (2.14)

for their left and right adjoint, respectively.

61f A and B were not addivite, we would not necessarily have a zero object.
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Relationship between the two definitions

One might wonder what is the relationship between the two definitions of gluing we gave
above. This relationship was described in [[fi20, Proposition 4.5] in terms of adjoint
functors. More precisely, one can define the dg-category of upper triangular dg-categories
and a natural functor from the category of dg-categories to the dg-category of upper
triangular dg-categories. Then, — U, — and — X, — are the left and right adjoint to
this functor, respectively. Moreover, B LI, A and B x, A always have equivalent derived
categories [[2fi20, Proposition 4.2], and if A and B are pre-triangulated, see e.g. [AL17, §
3.2| for the definition of this notion, so is B x, A [KL.15, Lemma 4.3].

The author was not aware of the results of [[1fi20] when he wrote this chapter of the
thesis. For this reason, we keep § 2.4.6 and the proof of § 2.4.7, but we will reference the
reader to the relevant papers where these results first appeared.

When B and A are additive, the relationship between the two gluings that we outlined
above can be reinterpreted as follows: the category B U, A can be identified with the full
subcategory of B xp1) A of objects of the form (b,0,0) or (0,a,0). Moreover, the fully
faithful functor F' : B U, A — B X, A induces an equivalence of derived categories
LIndp: D(BU, A) = D(B X, A). Indeed, we obtain fully faithfulness from Proposi-
tion 2.4.13, and then we get essential surjectivity by the fact that the essential image of

LIndp is localising, see Remark 2.3.11, and contains the set of compact generators given
by modules of the form A®0:0) 0.a.0),

When the dg-categories are not additive

Consider A a small dg-category, we give the following

Definition 2.4.23. We define the additive envelope of A as the dg-category A% whose

objects are formal expressions
al@"’@an ai6A7
and whose morphisms are given by

Hom(aq,b1) ... Homy(ay,,b)

Hom 4ada (é a;, é bj) =
=1 j=1

Homy(aq, by,) ... Homy(ay,by)

with degreewise graded decomposition, termwise differential, and composition given by

matrix multiplication.
Remark 2.4.24. Notice that the additive envelope of A can be also equivalently defined as
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the smallest additive subcategory of Mod-A containing the image of A via the Yoneda
embedding.

The category A% is an additive dg-category, and we have a fully faithful embedding
A — A4 By Remark 2.4.4, restriction along the previous embedding gives an equiv-
alence Mod-A ~ Mod-A4*! whose inverse is the induction, sending M € Mod-A to
Madd . N @, AR,

Now consider A, B, and ¢ € A-Mod-B, and write p*!4 = 4244 @ o @z B2, Then,

we have a fully faithful functor of dg-categories
B Uy A s Brdd Ll(’padd A2dd y gadd X padd[q] Aadd (2.15)
that, as in § 2.4.6, induces inverse equivalences (recall the adjunction of Proposition 2.4.13)

LInd(2.15): D(B |—|<p A) —>< D(Badd chadd[l] Aadd): RGS(2.15) (216)

2.4.7 Semiorthogonal decompositions for glued dg-categories

Let A and B be two small dg-categories, and ¢ € A-Mod-B. We now wish to describe
two SODs of the category D(R), where either R = B, A or R = B x 1 A. We will
write

R _

a1 = LInd g = LInd;, and off = Res;,, olf = Res;,

1B
where i4 and ig are defined in (2.12) and (2.13) in the respective cases.

By Proposition 2.4.13, the functors a1 and ay are fully faithful. We use them to embed
the categories D(B) and D(A) in D(R). We have

Proposition 2.4.25 ([[fi20, Lemma 5.10], [KL.15, Proposition 4.6]). Let R be either BL,
A or B x ) A. Then, there exists an SOD
D(R) = {1 (D(B)), a2(D(A))) (2.17)
L
with right gluing functor given by — @4 [1]: D(A) — D(B). Moreover, for any F €
D(R) there is a distinguished triangle

R (F) = ak(F) > of(F) 4 o1], (2.18)

where ol is the left adjoint of .

Proof. When R = B x ‘A, this is [I2fi20, Lemma 5.10] for two general dg-categories,
and [I[X1.15, Proposition 4.6] when the dg-categories are additive. We now deduce from

the additive case the non-additive one.
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Thus, from now on A and B are just small dg-categories. Write S = 3244 X padd[q] Aadd,
Then, by (2.16) we have

D(B U, A) ~ Res2.15) (D(S)) =~ (Res.15) (D(BY) ®@juaa S), Res(a.15)(D(A*) @i S))

Recall that induction along the inclusions A < A4 and B — B4 gives equivalences

between the respective categories of modules. Thus, we obtain

D(B™Y) @%.0a S ~ D(B) ®f B @504 S ~ D(B) @5 S
and therefore

Resi.15)(D(B) @t 8) = D(B) 0§ Resa5)(S) = D(B) @ (B L, A).
Similarly, one proves
Res.15) (D(A™) @540 S) ~ D(A) @4 (BU, A)

and therefore we get

D(BU, A) = (D(B) ®5 (BU, A), D(A) @ (BU, A))

which is (2.17) when A and B are not additive. To prove the statements about the gluing
functor and the distinguished triangle (2.18), one can proceed as in [KI.15, Proposition
4.6). 0

L
Remark 2.4.26. Notice that, as the functor — ®_4 ¢ is cocontinuous, the hypotheses of
Lemma 2.3.19 are satisfied, and therefore we get D(R)¢ = (a1 (D(B)°), aa(D(.A))).

The second SOD of D(R) we want to construct is a mutation of the SOD (2.17).
Namely, we will move a;(D(B)) to the right and we will identify the left piece of the
SOD. The following lemma is the key step in doing so

Lemma 2.4.27. The functor o has a right adjoint of%: D(A) — D(R) that is described

as follows.

1. If R = B x ) A for two additive dg-categories A and B, then altft = Resl-ﬁ, where
i% is defined in (2.14).

2. If R = BU, A, then ol sends M € D(A) to the module afF(M) € D(R) such
that
@ (M)i @ = Mo and o™ (M) =0
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for anya € A and b € B.

Proof. Case (1) follows from Proposition 2.4.14 applied to F' =iy and F® =%,

Case (2) is proved as follows. The functor af commutes with arbitrary direct sums,

thus it has a right adjoint by Brown representability [Nec96]. Then, for a € A we have’

OégR(N)iA(a) ~ HOHID(R) (hiA(a), Oé?R(N))
~ Homp ) (ag (A*4@), N)
>~ HOIIlD(A)(ha, N) >~ Na

and for b € B
af (N )iy =~ Hompry (hE®) | ol (N)) ~ Homp (el (")), N) ~ 0.

]

Proposition 2.4.28 ([[2fi20, Lemma 5.1]). Let R be either BU, A or B x 1 A. Then,
there exists an SOD
D(R) = (7" (D(A)), a1 (D(B))) (2.19)

L
with left gluing functor given by — ® 4 ¢ : D(A) — D(B).

Proof. We give a proof that works both for R = B xp1) A (where A and B are additive)
and for R = B U, A.

By Lemma 2.4.27 we have the adjunction o - afff. Moreover, the descriptions of
af® given in the lemma imply

R_RR _ :
ayap = idpy -

Thus, off is fully faithful, and by Lemma 2.3.24 we have the SOD
D(R) = (a5 (D(A)), * (a5 (D(A)))).

However, +(af?(D(A))) = ker alf, and by (2.17) we know that ker af = ay(D(A))* =
a1(D(B)). Thus, (2.19) follows.

We are left to prove the claim for the left gluing functor. Take F' € D(A) and consider
the distinguished triangle (2.18) for the module af®(F). The relations afad? = idpa)
RR
2

and affaf® = 0 show

L
ayay(F) = F ®4 (1]

which proves the claim for the left gluing functor by Remark 2.3.6. m

"Recall that for any dg-category C and any c; € C the module k¢ is defined as h¢l = Home(cz, c1)
for any ¢ € C.
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Remark 2.4.29. If the bimodule ¢ is B-perfect, Theorem 2.4.9 implies that the left gluing
functor of the SOD constructed in Proposition 2.4.28 preserves compactness, and therefore

we can apply Lemma 2.3.17 to get, from (2.19), an SOD of compact objects D(R)® =
(a3 (D(A)), az(D(B)°)).

FExample 2.4.30. Let us consider an upper triangular dg-algebra R as in Example 2.4.22
with A = B =k and V a vector space concentrated in degree 0 such that dim, V' < oc.
Such (trivial) dg-algebra can be obtained as the path algebra of a quiver with two

vertices and morphisms from the second to the first vertex indexed by elements of V:
2 Y 1. (2.20)

Therefore, modules over R correspond to representations of the quiver.

In this setup, Proposition 2.4.25 and Proposition 2.4.28 recover the well known full
exceptional collections given by the projective and simple modules, respectively.

More precisely, the constant paths at the two vertices of the quiver (2.20) give rise
to two simple modules S, Sy, while paths out of the vertices give rise to two projective
modules Py, P, such that R = P; & P; as a right R-module. Then, the SOD (2.19) reads
D(R) = (Sy,51), while the SOD (2.17) reads D(R) = (P, P).

Notice that to match the SOD D(R) = (Py, P2) with the SOD (2.17) we perform tensor
products along non-unital maps of rings. Namely, if we write e; for the constant path at
the vertex ¢ = 1,2 of the quiver (2.20), then we have a non-unital map of rings f;: k — R

sending 1 to e;, and we have P, = k ®; R, where k acts on R via f;.

FExample 2.4.31. We now show that the hypotheses of Lemma 2.3.17 are not redundant.
Consider the upper triangular dg-algebra

(1)

where V' = @,,>0k is concentrated in degree 0. To make things clear, we will denote the
top left £ as k1, and the bottom right £ as ks. From Proposition 2.4.28 and Example 2.4.22
we know that there exists an SOD® D(R) = (D(k;), D(ks)) with left gluing functor given

by — ék V : D(k;1) — D(k2). As V is not perfect, Remark 2.4.29 does not apply and
we cannot deduce an SOD for compact objects. Indeed, such a decomposition cannot
exist because the inclusion of D(k;) does not preserve compactness. To see this, consider
the module ki[—1] € D(k1) as a module over R via the projection map R — k;. As a

module over ki, this module is compact. Let us consider the module P, - k2 € D(k2) as

8Notice that we necessarily need to use this SOD, as by Remark 2.4.26 the one of Proposition 2.4.25
always induces an SOD of compact objects.
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a module over R. Then, we have

HOHID @ kg HomD(kg) (@ k27 @ k2> = H <@ k2> )

n>0 n>0 n>0 n>0 \n>0

whereas

@ Hompgy (k1 [— @ Hompz,) @ ko, ky) ~ @ (H k2> )

n>0 n>0 n>0 n>0 \n>0

proving that k;[—1] is not compact in D(R).

Remark 2.4.32. The existence of the SOD in Proposition 2.4.28 is motivated by [HLS16,
Theorem 3.15] and the discussion preceding it. Let us explain the difference between
(2.17) and (2.19). This is best understood by looking at modules over rings. Assume we
have two rings R and A, and two morphisms i : A — R, g : R — A such that gi = id 4.
Starting from an A-module N4 we can produce two different R-modules. Namely, we can
either consider N4 with the structure of R-module given by g, i.e. we restrict the action,
or we can consider the R-module N4y ® 4 R (in this case we are inducing the action via 7).
The first construction corresponds to the functor Res,, while the second one corresponds
to Ind;. Hence, in (2.17) we are inducing the R-module structure, whereas in (2.19) we

are restricting it.

We conclude this subsection by showing that SODs similar to (2.17) and (2.19) exists
for left modules, i.e., for D(R°P). Indeed, it is clear that (B U, A)*® ~ A°P LI, B°P, where
¢ € A-Mod-B = B°*~-Mod-A°, and by [KL15, Lemma A.1] we have (B X, A)®P ~
A% Xy BOP.

Therefore, if we write
B = LIndi?f, By = LInd;,,, and Bff = Resiiy, R = Res;or
and S22 for the right adjoint to 8%, we have

Proposition 2.4.33. Let R be either BU, A or B X 1) A. Then, there exists an SOD
D(R®) = (61(D(A*)), B2(D(B*)))

with right gluing functor given by (1] <§L§>3 —: D(B°?) — D(A°?). Moreover, we have an
SOD
D(R®) = (B, (D(B)), f1(D(A)))

L
with left gluing functor given by ¢ ®p —: D(B°P) — D(AP).
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2.4.8 Modules and bimodules on glued categories

Let A, B be two small dg-categories and consider ¢ € A-Mod-B a bimodule. For the
rest of this section, R will denote either B U, A or B X, A.

We now describe the notation we will use to work with modules over R. We follow

[AL19, § 7.2].

A module F' € Mod-R can be described as a couple

(k0 n)

of an A-module F 4 and a B-module Fp together with a closed, degree 0 morphism pp €
Homp(F 4 ®4 ¢, Fp) that we call the structure morphism. A morphism f: F — G of
degree 1 is given by a couple of degree i morphisms (fa: F4 — G4, f5: Fg — Gp) such

that the following diagram commutes

Fi®ap — Fg
fA®idl lfB (2'21)

Ga®uq AN G
Differential and composition are computed componentwise. Notice that this description
of the category Mod-R mirrors the SOD of Proposition 2.4.28.

The category Mod-R° admits a similar description: objects are couples”

(5 5)

together with a structure morphism pp: ¢ ®5 Fg — F, and morphisms are couples

making an analogue of (2.21) commute.

The category R-Mod-R can be described as follows: a bimodule is given by a matrix

of bimodules

together with a closed, degree 0 structure morphism

pr € Hom g 5(4F 4 @4 0, 4Fp) ® Homp p(pFa @4 ¢, sF5)D
® Homy4(p ®5 (8F4), aF4) ® Homap(p @5 (8F5), 4FB)

9We think of them as column vectors.
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whose components make the following diagram commute

© @B (BF4) ®ap — ¢ @5 (8F5)

| |

AL @4 ——— AFB.

Morphisms of degree i are matrices of morphisms of degree 7 that commute with the com-
ponents of the structure morphism in way similar to (2.21). Differential and composition
are computed componentwise.

The diagonal bimodule R is given by the matrix

(0 %)

with the obvious structure morphisms, whereas the bar complex R is described! by the

matrix
fid®2®7',”r®id®2)

A {Z@Ago@BB (
0 B

(A®4¢) ® (¢ @5 B)} (2.22)

whose structure morphism components are given in [ALL19, (7.16)].
Using (2.22) one can give a description of Mlod-R. Objects are the same as before. A
morphism f: F — G of degree i in Mod-R is a triple (f4, f5, fag) of degree (i,i,i — 1)

morphisms

FA&GA FBLGB FA®AQO——L—4—B—> GB

in Mod-A, Mod-B, and Mod-B, respectively. The composition law can be found in
[ALL19, § 7.2]. The differential is given by

d(fs)

d(fa) G Fi

Fy Gp Fp®qp ---=-----2-tomooilnio » G (2.23)

2.4.9 Compatibilities: induction, restrictions, and SODs

We now explain how one switches between an R-module and its matrix description, and
how the matrix notation is related to induction and restriction along the functors (2.13)
and the SODs of § 2.4.7. We consider only the case R = B L, A because this is what we

10The word described here should be read as homotopy equivalent. Indeed, the bar complex R is
not equal to the bimodule described by the matrix (2.22) but merely homotopy equivalent to it, as
Lemma 3.2.1 shows (notice that both (2.22) and R are h-projective bimodules). The point is that (2.22)
is the bar complex of R when we consider R as a k @ k bimodule, where the two copies of k£ act via the
identity of A and B.
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will use, but the case R = B x[1) A is analogous.
First, let us take FF € Mod-R, then Fp and F4 are given by restricting along the

functors (2.13), i.e., we have
Res; ,(F) = Fx  Res;,(F) = Fg. (2.24)
The structure morphism is given by the right action of R on F4, namely
pr: Fa @4 ¢ >~Res;,(Fa®4R)— Fp.

Conversely, given ( F, Fg ) together with a structure morphism pp, the associated

R-module sends
A>a— (FA>a and B3>bw— (Fg)b.

Similarly, if F' € Mod-R°P, then we have
1%88@40p (F) = FA ReSiBop (F) = FB
t
and the module associated to < Fp Fp > sends

Ad>aw— Fy and B3 b Fp. (225)

From (2.24) we see that the projection functors of the SOD of Proposition 2.4.28 send
a module F' € D(R) to its components F 4 € D(A) and Fp € D(B). The left adjoint to
LInd,,, which is the remaining projection functor of the SOD of Proposition 2.4.25, sends
a module ' € D(R) to LInd},(F) ~ cone(Fa ®4 ¢ Lry Fg).

Finally, if M € Mod-A and N € Mod-B, then by (2.24) we have

M®@aAR = ( M®@yA M@Ago)
N®sR = ( 0 N®38> (2.26)

Res (M) = (1 o)

where the structure morphism of M ® 4 R is the identity morphism.

2.4.10 Compatibilities: taking cones and homotopy equivalences

Let R be either B U, A or B x ;. A. We now want to explain how to take cones and

detect quasi-isomorphisms in R-Mod-R. Everything relies on the following simple
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Lemma 2.4.34. With the notation as above, we have

(1) If we have a distinguished triangle My — My — Ms in D(R-R), then taking the four
components of My, My and Mz we obtain distinguished triangles in the respective

derived categories.

(2) A bimodule M € R-Mod-R is quasi-isomorphic to zero if and only if its components

are quasi-isomorphic to zero.

Proof. The statement (1) follows from the fact that taking components means applying
a restriction functor, which is a triangulated functor.
Let us prove (2) in the case R = B U, A. Notice that we have

RP @, R ~ (R? @ B) Uz (R @4 A)
where p = R @, ¢ € (R? ® A)-Mod-(R® @ B). Therefore, we get
D(R-R) = D(R®® ®; R) ~ D((R® ®; B) Uz (R @4 A)).
Applying Proposition 2.4.28 to the above equivalence, we obtain the SOD
D(R-R) = (Resz(D(R"p ®y A)), LInd;, (D(RP ®4 B)))

where

ja: RP @ A = (R @ B) Lg (R @ A)

J: R @k B — (R @4 B) Uy (RP @4, A)
are the embeddings defined in (2.12). Notice that the projection functors of the above
SOD are given by N — N4 and N — Np for N € D(R-R). Hence, M € R-Mod-R
is quasi-isomorphic to zero if and only if M4 € R-Mod-A and Mz € R-Mod-B are

quasi-isomorphic to zero. To conclude, we notice that we have R°? ~ A LI, B°?, where
v € A-Mod-B ~ B°°-Mod-A°, and therefore we can apply Proposition 2.4.28 to

D(R-A) = D(R* ®) A) = D(A®) R™) = D((A®) A) Uag,, (A @) B?))

to show that M 4 is quasi-isomorphic to zero if and only if 4M 4 and s M 4 are. Similarly we
apply Proposition 2.4.28 to D(R-B) = D(B ®; R°?) to show that Mg is quasi-isomorphic
to zero if and only if 4Mp and gMp are quasi-isomorphic to zero.

The case R = B x[1) A can be proven similarly using [[<I.15, Proposition A.2]. O

Corollary 2.4.35. A morphism f: My — My in R-Mod-R is a quasi-isomorphism if

and only if its components are.
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Proof. f is a quasi-isomorphism if and only cone(f) ~ 0 in D(R-R). However, statement
(2) of Lemma 2.4.34 shows that this is the same thing as requiring that the components
of cone(f) are zero in the respective derived categories. In turn, by Lemma 2.4.34 (1)
this is equivalent to say that the components of f are isomorphisms in the respective
derived categories, and this is the same as saying that the components of f are quasi-

isomorphisms. O

2.5 Spherical functors

In this section we introduce spherical functors, which will be the main player of § 3. We
split this section in two parts.

In the first one, we give the definition of spherical functors in the framework of dg-
categories. This is a personal choice as spherical functors can be defined using different
types of enhancements, see [DIKS521] for the (oo, 1)-categorical setup.

In the second part of this section, we prove some statements about spherical functors
that are independent of the framework one chooses to define them. Let us explain what we
mean more clearly. As being spherical is a property of the functor, it should not matter in
which framework one spells out this property, and any statement about spherical functors
that is true in one framework must be true in any framework one chooses to work with
them. However, there are statements about spherical functors that can be proved without
fixing a framework in the first place. These are the kind of statements that we prove in
§ 2.5.2.

For an introduction to spherical functors and their role in algebraic geometry, the

reader is referred to § 1.

2.5.1 Definitions

Let A and C be two small dg-categories. We begin by giving the following

Definition 2.5.1. Let M € D(A-C) be an A- and C-perfect bimodule. Then, we define

the twist bimodule as the cone of the derived trace map
Ty = cone(]\/fc~ é)A M % C) e D(C-C)
and the cotwist bimodule as the shifted cone of the derived action map
Chr = cone(A 2% RHome (M, M))[—1] € D(A-A).

Let us denote T,

an

and C,,, the endofunctors of D(C) and D(.A) induced by Tj; and
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Chyr. They are called the twist and cotwist functor, respectively.
The following is the definition of a spherical functor. In this form, it is due to Rina

Anno and Timothy Logvinenko, see [ALL17, Definition 5.2].

Definition 2.5.2. Let M € D(A-C) be an A- and C-perfect bimodule. The bimodule

L
M is called a spherical bimodule, and the induced functor ay(—) = — ®4 M is called a
spherical functor, if all the following hold

(i) T,,, is an autoequivalence of D(C)

(ii) C,,, is an autoequivalence of D(.A)
(iii) The natural morphism o%,T,,, [—1] = akapall — of; is an isomorphism
(iv) The natural morphism of;, — afay ok, — C,,,ak[1] is an isomorphism

Remark 2.5.3. The natural transformations of (iii) and (iv) come from the definition of
the functors T,,,, and C,,,.

Namely, by definition T,,, sits in the distinguished triangle ayraf, — idpey = Thy —
ayradi[1]. Thereofore, we get a morphism o%,T,, . [-1] — akayall, and then we get
to af; by evaluating on ajf; the counit af;apy — idpa) coming from the adjunction

ok, = ayr. Similarly, one constructs the natural morphism in (iv).
The following is one of the central theorems of the theory of spherical functors'

Theorem 2.5.4 ([AL17, Theorem 5.1)). If any two conditions of Definition 2.5.2 are

satisfied, then all four are satisfied.

Notice that by definition, we have a distinguished triangle!?
L c act L C
M ®@c M*[—1] - Cyy — A — RHome(M, M) ~ M ®c M

in D(A-A). The morphism
L ~
M ®@c MC[—1] = Cy (2.27)

will play an important role in § 3. Let us remark that the couple (Cy, (2.27)) is defined

only up to (non-unique) isomorphism in the derived category.

Remark 2.5.5. Notice that under the isomorphism ol ~ C,,,,a%[1] the counit ok ay —

idp(a) is identified with the morphism af;ay — C,,,[1] induced by (2.27). Indeed, as

HTheorem 2.5.4 provides a great example of the shortcomings of the theory of triangulated categories.
Indeed, the same result cannot be proved in the realm of triangulated categories, even though it is still
conceptually correct, see also the introduction to [AL17].

12The isomorphism follows from the fact that the evaluation map for M is a quasi-isomorphism, see
Remark 2.4.11.
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the units and counits of the adjunctions a%, - ay; 1 aff; are induced by the derived trace

and action maps, see e.g. [AL17, § 2.3], the morphism

trid
—

: L ~ L
M 92 M @e MA @4 M M

is the identity in D(A-A), and therefore the following diagram commutes in D(.A4-A4)

L 5 ~ L ~ L L 5 1d®2 @(2. L ~ L
M e MC &9,y r & MA G4 M e MC 2020 hr &0 MA &4 Cor[1]

lid ltr@id

(2.27)

L ~
M &e M€ > Cu[1]

2.5.2 Model independent statements

As explained at the beginning of § 2.5, in this subsection we prove statements about
spherical functors that do not require us to fix a framework to work with them. For this
reason, the reader can think of the triangulated categories of this subsection as being
enhanced via either dg-categories or (oo, 1)-categories.

When working with spherical functors in this more relaxed way, Definition 2.5.2 takes

the following equivalent form.

Definition 2.5.6. Let A and € be two (cocomplete) enhanced triangulated categories
and ¥: A — C be a (cocontinuous) functor. We say that ¥: A — C is spherical if it is

has (cocontinuous) left and right adjoints WX, W% and the functors
Ty := cone(PUE — ide) and Cy := cone(idy — VEY)[—1]

are equivalences. We will call Ty the twist and Cy the cotwist around W, respectively.

The following lemma explains the relation between four periodic SODs and spherical

functors.

Lemma 2.5.7 ([BB15],[HLS16]). Let A be a (cocomplete) triangulated category and as-

sume we have a four periodic SOD
‘A — <Sl782> - <82783> — <83784> - <S4781>

where 8; is a (localising) triangulated subcategory for every j = 1,2,3,4. Then, the functor

U .= &g is spherical and we have
84 1
-1 _ :R: :R-:
Ty~ =g, is, s, s,
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Conversely, any spherical functor arises from a four periodic SOD as above.

Proof. The adjoints to ¥ are constructed in [BB15, Proposition B.3]. Moreover, Bodzenta
and Bondal also prove that the twist and the cotwist around ¥ are equivalences, and the
formula for Ty, ! stated above. Therefore, according to Definition 2.5.6, we only have to
show that when A is cocomplete and the subcategories §; are localising, then the adjoints
to ¥ are cocontinuous.

The left adjoint W* is cocontinuous because every left adjoint is cocontinuous. To
show that W% is cocontinuous it is enough to show that ¥ = ig; is, preserves compactness.
By Lemma 2.3.22 we know that 8 = & N A€, and therefore ig, preserves compactness.
Moreover, again by Lemma 2.3.22, we know that the projection functors of the SOD
A = (83,8,) preserve compactness. However, by Remark 2.3.3 ig is a projection functor
of this SOD, and thus it preserves compactness. Hence, ¥ = @'?4 ig, preserves compactness
because the functors i and is, do.

The converse statement that any spherical functor arises from a four periodic SOD
is [HLS16, Theorem 3.11] in the framework of dg-categories, and [DIKS521, Proposition
2.5.12] in the framework of (oo, 1)-categories. O
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Chapter 3
Composition of spherical twists

While § 2 dealt with preliminaries and definitions, in this chapter we begin to explore the
mathematical advances presented in this thesis.

The focus of this chapter is on spherical functors. We will answer the following ques-
tion, which we stated in § 1: how do we represent the composition of two spherical twists
around two spherical functors as the twist around a single spherical functor?

Let us briefly recall the setup. We have a triangulated category € and two autoequiv-
alences @4, P € Aut(C) realised as the spherical twists around the spherical functors
ag: A — Cand ag: B — C, respectively, and we ask how can we represent the autoe-
quivalence ®5P, € Aut(C) as a spherical twist around a spherical functor.

In a nutshell, the answer is that we glue the source categories and the spherical func-
tors. Let us give an heuristic explanation of why this is the correct answer. Recall that

by definition
T,, = cone(na: azal —ide) and T,, = cone(ns: azaf — ide),

where 74 and 73 are the counit of the adjunctions ay - o and ap - of, respectively.

Then, we have the commutative diagram

’r]r
O@;O./gCMAOéﬁ —B> O./AOéﬁ

m{l lm (3.1)

05 .
agoﬂg ——— ide

whose rows have cones isomorphic to Ty, o Aaf} and Ty, , respectively, and whose columns

have cones isomorphic to agafT, , and T,,, respectively.

ay g
At this point we would like to apply the octahedral axiom, but if we do so in the
realm of triangulated categories we do not have the control we need to bring our proofs

to conclusion. For this reason, we lift the above commutative square to a diagram of
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dg-bimodules (we always work in an enhanced framework, so we can perfom this lift),

and then we apply [ALL17, Lemma 3.6], which is a dg-version of the octahedron axiom.
We will spell out all the details in the rest of this chapter, but to conclude the heuristic

explanation we began, we present the reader with the final outcome. That is, from the

commutative square (3.1) we obtain the commutative diagram

U
agalasall —— aall —— T, asak

lnﬂ lm lTaB (na)

N .
asg a% > ide > Tos

| | |

ns
agalgTaﬂ e Taﬂ —_—> X

whose rows and columns are distinguished triangles.

Therefore, we see that in (3.2) we have x ~ T, T, ,, and applying once more [AL17,

A

Lemma 3.6] to the fixed dg-lift of (3.1) we obtain that a double cone® of the complex

(=ns.n4) ns+14 .
agaiagall >y apal @ aal s ide (3.3)

is isomorphic to 7,1y, -
This conclusion is useful for us because, using Lemma 3.2.1, we recognise that the first

two terms from the left represent the composition 35%, where
B:BU, A—C @=akay

is the functor defined in Theorem 1.3.1, and B U, A is the gluing of B and A along ¢ as
defined in § 2.4.6. Therefore, we get the distinguished triangle

BB% — ide — Toy T,

that we take as a hint that we are moving in the right direction.

Even though the strategy outlined above is indeed the one we will use to prove the
validity of Theorem 1.3.1, there are many technicalities we skipped over. On top of other
things, such as giving a complete description of the cotwist around f in full generality, and
describing its properties in some examples, we will take care of all the relevant technical
points in the present chapter.

In § 3.4 and § 3.5, we will specialise our results to the case of spherical twists around

spherical objects and and P-twist around P-objects. In the former case, we prove that the

!Notice the article: double cones are not unique.
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cotwist around the glued spherical functor is, up to shift, the Serre duality functor, see
Theorem 3.4.11.

Arguably, Theorem 3.1.4 below, which is the formal version of Theorem 1.3.1, is a very
abstract result. Nevertheless, we will provide plenty of examples that show that gluing of
spherical functors appear naturally in many geometric situations, see e.g. Example 3.4.8,
Example 3.4.10, and § 4.

3.1 The setup and the main result

First of all, let us state Theorem 1.3.1 in a more precise way by making use of the
formalism for spherical functors that we introduced in § 2.5.1.

Let A,B and C be three small dg-categories over a field %k, and let M € D(A-C)
and N € D(B-C) be two spherical dg-modules as per Definition 2.5.6. Let us fix M), €
A-Mod-C and N, € B-Mod-C two h-projective resolutions of M and N, respectively.

Then, we define:

(1) Ranv, = B Uy, v, A as the gluing of B and A along the bimodule ¢a, v, =
My, ®c¢ Nf

t
(2) P, N, as the Ry, n,-C-bimodule given by the matrix ( M, N, ) and the structure
morphism
PP, x, = 1A ®tr: My @c Ny @5 Ny = My,

(3) Cpy, x, as the Ray, n,-Ro, v, -bimodule given by the matrix

act

{A 2% Hom 4 (M, M) }[—1] 0
Ny, ®c ME[—1] {B %% Hompg(N,,, Np)}~1]

and the structure morphisms

iny,, oevo(id ®tr@id) act

Nh K M}(Lj[—l] XA Mh R N,(;’ {B—>H0mB(Nh,Nh)}[—1}

inr;, oevo(id ®treid

) ac
M), ®c N @5 Ny @c ME[-1] {A 2% Homu (M, M) }-1]
where 7y, and iy, are defined in § 2.4.2.
The following series of lemmas show that R, n,, PN, and Cp,, . only depend

on M and N, and not on the chosen h-projective resolutions.
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Lemma 3.1.1. Let M, M; € A-Mod-C be two h-projective resolutions of M, and
Ny, Ny € B-Mod-C be two h-projective resolutions of N. Then, R, n, s quasi-equivalent

to RM;L,N;L'

Proof. Both M), and M, are h-projective resolutions of M. Thus, there exists morphism
f: M; — M, in Mod-A that is a quasi-isomorphism . Similarly, there exists a quasi-
isomorphism g: N; — Nj,.

As the dualisation functor (—)¢ induces a controvariant quasi-equivalence of the cat-
egory of C-h-projective, C-perfect bimodules, see [AL17, pag. 2591] for an explanation
of this fact, the dual map g: (N;)¢ — (N})C is a quasi-isomorphism between C-perfect,
C-h-projective bimodules.

Therefore, we have a roof of quasi isomorphisms
id id
M, ®¢ Ny Jed M}, ®c (Ny)° <=9 My, ®c (N;)°
that induces a roof of quasi-equivalences
F el
RMh:Nh — RM;'L,Nh — ’RM}IL7N}ILI (34)

Thus, the invariance of the category Ry, n, up to quasi-equivalence is proved. O]

Now recall that given a quasi-equivalence between two dg-categories, induction and
restriction functors induce equivalences between the respective derived categories of mod-
ules, see § 2.4.1.

We now prove that under the equivalence of derived categories induced by the quasi-

equivalence of Lemma 3.1.1 the bimodules Py, v, and Py n; correspond to one another.

Lemma 3.1.2. Under the equivalence D(R, n,-C) =~ D(Ru w7 -C) induced by the quasi-

equivalence of Lemma 5.1.1, the bimodule Py, n, corresponds to the bimodule Py ony

Proof. The roof of quasi-equivalences (3.4) induces a roof of equivalences
Resp Resa
D(RM}“N}L—C) — D(RM;L,Nh_C) A D(RM;L,N;L_C>

and therefore we get the equivalence Resg'Resg: D(Ryy, n,-C) — D(Ru n-C) that is
the induced equivalence we speak of in the statement of the lemma.

Thus, we want to prove that Res@lResF(PMm N, ) & Py w7 To do so, we will prove
that Resg(Py,.n,) = Resg (P w1 )-

We keep employing the notation established in the proof of Lemma 3.1.1.

First of all, notice that restricting a module along the quasi-equivalence F' amounts

t
to send the left Ry, n,-module with components ( Sa 5B ) and structure morphism
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t
p: My, ® N,f ®p Sg — S4 to the RM}/L,Nh—module with components ( S4 Sg > and

structure morphism
po (f@id®2): M,/L Re (Nh)c ®p S — Mh®Ng ®p S — S4.

~ t
Let us write S for the Ry n,-bimodule with components ( M; Ny ) and structure
morphism id ®@tr: M} ®¢ (N,)¢ ®5 Ny, — M}. We now show that the morphisms f: M} —
Mj, and id: Nj, — Nj, induce a quasi-isomorphism between S and the bimodule Res 7 (P, N, )-

Indeed, it is clear that the following diagram commutes

Milz ®C (Nh)c ®[5 Nh & M}Il

o s

M;, ®c (Np)¢ @8 Ny, (d@melyeiaT) My,

where the bottom row is the structure morphism for Resp (P, w, ), and therefore the mor-
phisms f and id induce a morphism of bimodules S — Res 7 (P, N, )- As the components
of this morphism are quasi-isomorphisms, we obtain S ~ Resp(Py, v, ) in D(Ru n,-C)-

Similarly, one proves that the maps id: M; — M, and g: N; — N}, induce a quasi-
isomorphism between the bimodule ResG(PM}/U Né) and S.

Thus, Resp(Pu, n,) = Resg(Pyy ny) in D(Ray, v;-C), and the proof of the lemma is
complete. O

Finally, we also prove that C' Pagy vy, and Cp, , ., correspond to one another under the
’ h>"'h
equivalence D(Rs, N, -Ras, n,,) = D(Rar n:-Rar w7 ) induced by the quasi-equivalence of

Lemma 3.1.1.

Lemma 3.1.3. Under the equivalence D(Ru, n,-Roas, n,,) = D(Rary v -Rary w7 ) induced
by the quasi-equivalence of Lemma 3.1.1, the bimodule C’th’Nh corresponds to the bimodule

CPM;l,N;L'

Proof. The proof works similarly to that of Lemma 3.1.2. As in that proof, we keep
employing the notation introduced in the proof of Lemma 3.1.1.

Consider f: M} — M, and §: N/ — N, two homotopy inverses to f and g, that is
ff and ff are equal to the identity up to homotopy, and similarly for ¢§ and §g. Then,

define the morphisms
e A2 Homa(My, My) 225 Homa(My, M)
€B- B a_ct) HOIIlB(Nh, Nh) go—_> HomB(Nh, N}/L)
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Notice that as M}, and N, are h-projective, the morphisms f o — and g o — are quasi-

isomorphisms.

Now consider the R M, Nh_RM;IL7 ~,, bimodule defined by the matrix

{A 2 Homy (M, M})}[—1] 0 (35)
N} ®c ME[—1] {B 2 Hompg(Ny, Ni) 1] '

and the structure morphisms

C id®? ® f®id
—_—>

N; ®@¢ ME[—1] @4 M, ®¢ Nt N} ®c¢ ME[—1] @4 My, @¢ NE —

oD, Home (Ny, Nj) — {B 2 Home (Ny,, Nj)}—1]

and

id®? @g®id
_—

M} ®¢ NE ®p N, @¢ ME[—1] M}, ®c¢ Ny, ®p Ny @c My [-1] —

eol9EUED, Hom (M, M})) = {A 2 Home (My, Mj)}[—1]
Then, we define the following morphisms from the components of Resr(Cp,, . ) to the

components of (3.5)

{A ™% Homy (M), My,)} —2 645, {A = Homu(My, Mj)}
{B act, Hompg(Np, Np)} — ldg {B =, Homp(Ny, Np,) } (3.6)

Ny, ®c ME 229 N7 @0 ME

Above, we wrote (id, f ) for the morphism induced by the commutative diagram

A —> HOHIA Mhth)

I

A — Hom (M, M})

between the convolution of the top and bottom row, see also § 2.4.2. A similar remark

applies for (id, g).

Notice that if we prove that the morphisms (3.6) induce a morphism of bimod-
ules Resp(Cpy,, ,) — (3.5), then we have proved that these two bimodules are quasi-
isomorphic by Corollary 2.4.35. Indeed, the first two morphisms in (3.6) are quasi-
isomorphisms because fo— and jo— are, and the third morphism is a quasi-isomorphism
because § is so and MY is C-h-projective being the C-dual of a C-h-projective, C-perfect

bimodule.
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Unfortunately, the morphisms (3.6) do not induce a morphism of bimodules. Indeed,
let us write p and p’ for the structure morphisms of Cth’ N, and (3.5), respectively, and

APA, BPB, A(P) 4 and g(p")g for their components. Then, it is easy to see that the diagram

o(i ®2 i ac
Ny ®c ME ® 4 Ml @¢ NS[—1] 222U ET5) g acte 1 o (Ni, Ni)}
l‘g@id@?’ l(id,g) (37)
NI ®c ME @4 M}, @c NE[1] 505, (B % Homg(Ny, N1)}

commutes on the nose, but the diagram

BpBo(f®id®3) act,

]\4]/1 X Ng[—l] Xn Nh Re M}f > {A—)HOIIlA(Mh,Mh>}
lid‘m ®§Rid l(id, f (3-8)
M! ®c NE[—1] ®5 N. ®c ME V0B A A Homu(Mp, M)}

only commutes up to homotopy.

Even though we encounter this unfortunate hurdle, we are able to overcome it be-
cause both Resp(Cp,, . ) and (3.5) have A-B component equal to zero. Because of this
property we can apply [ALL19, Lemma 7.3] (in its equivalent version for bimodules with
A-B components equal to zero) and we know that to show that Resp(Cp,, )=~ (3.5) in
D(RM;“ Nh_RM;L’ n,) it is enough to find three quasi-isomorphism for which the diagrams
(3.7) and (3.8) commute up to homotopy. We defined such quasi-isomorphisms in (3.6),
and thus we get Resp(Cp,, ) =~ (3.5) in D(Ray n,-Ruy n,,)-

Similarly, one proves that (3.5) ~ ReSg(CPM;UN;L) in the derived category, and we get

—1 ~ .
Resg Resp(Cpy,, v, ) = C’pM;L in D(Ras; v -Rarg v ), as we wanted. O

N,

In light of Lemma 3.1.1, Lemma 3.1.2, and Lemma 3.1.3, we can drop the letter “h”
from the notation for R, n,, Pum,,n, and Cp,, . Furthermore, as we proved that
the construction of R n, Py oy and CPM’ ~ does not depend on the chosen h-projective
resolutions of M and N, from now we can assume that we lifted our spherical bimodules
M and N to two h-projective bimodules.

Let us remark that Lemma 3.1.1, Lemma 3.1.2, and Lemma 3.1.3 are a sign that our
construction is correct. Indeed, the twist around a spherical bimodule only depends on the
equivalence class of the bimodule in the derived category, and thus also our construction
should only depend on M and N as elements of their respective derived categories.

We can now state the precise version of Theorem 1.3.1.

Theorem 3.1.4. Let A, B and C be three small dg-categories over a field k, M € D(A-C),
N € D(B-C) be two spherical bimodules, and Rus,n, Pu,n and Cp,,  be defined as in (1),
(2), and (3), respectively.
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Then, the Ry n-C bimodule Py is spherical, the twist around it is given by the

composition Ty, Ty,,, and its cotwist is given by the bimodule Cp,, .

Proof. By Theorem 2.5.4 we know that, if we prove that Py n is perfect on both sides,
then to show that it is a spherical bimodule it is enough to check any two of the four con-
ditions of Definition 2.5.2. Thus, the result follows from Lemma 3.1.6, Proposition 3.2.3,
Proposition 3.3.1, and Proposition 3.3.9. O

Remark 3.1.5. Theorem 3.1.4 appeared in the author’s published work [Bar22, Theorem
3.0.1]. However, it appeared in a different and slightly incorrect form. More precisely,
in ibidem the statement of Theorem 3.1.4 allowed not only to choose lifts of M and N,
but also to choose a lift of RHom¢ (N, M), independently of the chosen lifts of M and
N. This last degree of freedom goes one step too far and does not allow to prove that
the dg-category Ry n and the bimodules Py x and Cp,, , are independent of the chosen
lifts of M and N in the sense proved by Lemma 3.1.1, Lemma 3.1.2, and Lemma 3.1.3.
This mistake was pointed out to the author by the examiners of his PhD thesis, whom he
would like to thank.

Once again let us remark that from now on we assume that we fixed two h-projective
resolutions of the bimodules M and N and that we replaced them with these resolutions.
We are able to do so because we proved that our constructions do not depend on the
chosen resolutions up to quasi-equivalences.

Thus, from now on M € A-Mod-C and N € B-Mod-C are two h-projective, spherical
bimodules.

Before dealing with the technical proofs, let us point the attention of the reader to the

following remarks.

e Notice that as M and N are h-projective, their underived trace maps
tr: M ®c M¢ -+ A and tr: N ®@: N® — B

induce the derived trace maps in the derived category. Therefore, the structure
morphism for the bimodule Py y is identified, in the derived category, with the

evaluation morphism
M ®¢ N¢ @3 N ~ RHome (N, M) éB N M,
where ~ denotes an isomorphism in the derived category.
e M and N being h-projective, their actions maps
act: A — Hom(M, M) and act: B — Homp(N,N)
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induce the derived action maps in the derived category. Thus, the A-A and B-B

component of Cp,, , are quasi-isomorphic to Cjy and Cly, respectively.

Now that we have set up the scene, we can begin the proof of Theorem 3.1.4. As
we will reserve the letter R and P for the dg-category and the bimodule constructed in
(1) and (2), respectively, from now on we will drop the subscripts M and N from their
notation. Thus, R = Ryn and P = Py n. Similarly, we write Cp = Cp,, , for the

bimodule defined in (3).

For future reference, we write
ap: D(R) — D(C) (3.9)

for the functor induced by P.

To use Theorem 2.5.4, we need to show that the bimodule P of Theorem 3.1.4 is
perfect on both sides, so this is the first thing we prove. On top of this, we also prove
that P is C-h-projective.

Lemma 3.1.6. The R-C-bimodule P of Theorem 3.1.J is R- and C-perfect. Moreover,

with the choices performed above, P is also C-h-projective.

Proof. By (2.25), the bimodule P sends a € A to ,M and b € B to ,N. Thus, P is
C-perfect because M and N are. Moreover, M and N are C-h-projective, and thus P is
too.

We now show that R-perfectness of P follows from A-perfectness of M and B-perfectness
of N. Recall that R is defined as the gluing of B and A along M ®¢ N€. Thus, by Propo-
sition 2.4.33 we have the SOD

D(R) = (Resjy,, (D(B)), LInd; .o, (D(A)))
and moreover the above SOD has a left gluing functor given by (M ®eN¢) (}%B —: D(B?) —
D(A°P).

If we assume that the bimodule M ®¢ N¢ is A-perfect, then the gluing bimodule of the
SOD above preserves compactness by Theorem 2.4.9, and therefore Lemma 2.3.17 implies
that P is R-perfect if and only if its projections to D(B°) and D(A°) are. In § 2.4.9
we explained that such projections are given by the components of P, i.e., by M and N.

Thus, if M ®¢ N¢ is A-perfect, then P is R-perfect because its components are.

L

We now show that M ®¢ N€ is A-perfect. First, notice that we have M ®¢ N¢ ~ M ®¢
N€ in D(A-B) because M is h-projective. Then, by Theorem 2.4.9 and A-perfectness of M
to prove that M ®¢NC is A-perfect it is enough to prove that N¢ is C-perfect. However, N¢
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is the dual of a C-h-projective, C-perfect bimodule, and therefore it is still C-h-projective
and C-perfect, see [AL17, pag. 2591] for an explanation of this fact. n

We conclude this subsection by explicitly describing the components and structure

morphisms of two bimodules that will be important in the following.

Lemma 3.1.7. The C-R-bimodule PC is given by the matriz ( MC¢ N€ ) and the struc-
ture morphism

ppe: MC @4 M ®c N¢ 229, N,
Proof. Direct verification using what we explained in § 2.4.9. [

Lemma 3.1.8. The R-R-bimodule Home(P, P) is given by the matrix

Home(P, P) = ( Home (M, M) Home (N, M) )

Hom¢(M,N) Home(N,N)

with structure morphisms

Home (M, N) ©4 M ©¢ N¢ 229 Home (N, N)

¢ evo(ev®id)
EE—

HOmc<M,M) ®AM®CN Homc(N,M)

) evo(id ®cmp
_—

M ®¢ N¢ @5 Home (M, N )\ Home (M, M)

) evo(id ®cmp
e —

M ®¢ N¢ @5 Home (N, N )\ Home (N, M)

Proof. Direct verification using what we explained in § 2.4.9. [

3.2 The twist

We now wish to give a description of the twist around the functor (3.9). First, we prove
the following lemma, which is a lift to the category of bimodules of [IX1.15, Proposition
4.9].

Lemma 3.2.1. There exist a commutative diagram

RBApBER —2s REAR
| o (3.10)
R&sR —L—= R
m R-Mod-R such that the induced map

{R@Ago@BRMR@AR@R@BR}MR (3.11)
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18 a quasi-isomorphism in R-Mod-R.
Proof. We define f4 as the morphism

id®2®cmp)o(id®3@r®id

ROANAD 4005 BogR - N ROAADAR,

where cmp is the composition of morphisms in the dg-category R, and g 4 as the morphism

cmpo(id ®7T®id)
_—>

R4 ADUR R.

Similarly, we define fz and gz.
Then, for any r@ a@v@b® 1 € R4 A®4 ¢ @5 B®g R we have

ga(falr@a®@v@ber))=gir®a®v-7(b)-1')
=r-7(a)-v-7(b) -7 =gp(r -7(a) vRbR) = gs(fe(r@axveb®1)).

Thus, we get the commutative diagram (3.10) and the induced morphism (3.11).

To prove that (3.11) is a quasi-isomorphism, we use Corollary 2.4.35. The A-A and
B-B component of (3.11) are given by the maps 7: A — A and 7: B — B, respectively.
Thus, they are quasi-isomorphisms. The B-A component of (3.11) is given by 0 — 0,
and thus it is a quasi-isomorphism. Finally, the A-B component of (3.11) is given by the

morphism

—7®id®2,id®? ®7) T@id +id @7
—_—

(A4 9258~ s o @5 BO A4 )
which is a quasi-isomorphim because 7 ® id®?, id*?* @7, 7 ® id, and id ® are.

Thus, the proof of the lemma is complete. O

Remark 3.2.2. Notice that Lemma 3.2.1 applies to any gluing of a dg-category B and
a dg-category A along an A-B bimodule ¢. Moreover, the bimodules appearing in the
brackets of equation (3.11) are h-projective, and thus the quasi-isomorphism (3.11) gives
an h-projective resolution of the diagonal bimodule of the gluing. Indeed, the bimodules
appearing in the brackets of equation (3.11) are R®4A®4 R and R®zB®zR, which are
h-projective because A and B are h-projective bimodules, and R @ 4 A®4 ¢ @3 B @5 R,
which is h-projective because A ® 4 ¢ ®p B is h-projective by [AL17, Proposition 2.5].

Proposition 3.2.3. The twist around the functor (3.9) is given by To\Ta,,-

Proof. By Definition 2.5.2; to identify the twist around the functor (3.9) we have to
identify the cone of the derived trace map for P, see Definition 2.4.7. To do so, we are

free to choose any lift of the derived trace map to a morphism in Mod-C.
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To lift the derived trace map, we have to to choose an h-projective resolution of P,
so to fix a lift of the functor (3.9) to a functor P(R) — P(C) (lift which is unique up to
homotopy).

Let us write R for the h-projective resolution of R constructed in Lemma 3.2.1, that
is for the convolution of the morphism in the brackets of (3.11), and 7: R — R for the
morphism g4+gp in (3.11). As R is h-projective and P is C-h-projective, see Lemma 3.1.6,
the bimodule R @5 P is h-projective by [AL17, Proposition 2.5], and we take R ®@g P as

an h-projective resolution of P.

Given this h-projective resolution, the derived trace map of P is lifted to the morphism
tr: (R @z P)° ®x R @r P — C. (3.12)

However, notice that the quasi-isomorphism 7 : ﬁ@RP — P remains a quasi-isomorphism
upon dualisation because R ®r P is a C-h-projective, C-perfect bimodule. Therefore, the
convolution of (3.12) is quasi-isomorphic to the convolution of the morphism

D8 (R @r P)C @ R 9r P 2 C, (3.13)

tr: P ¢ ®R 75, ®R P
and thus the functor 7y, is the functor induced by the bimodule given by the convolution
of (3.13).

Let us now study the convolution of (3.13). First of all, notice that (3.13) is equal to

the morphism

PCer R @ P29 pCo, P Y, (3.14)

and thus we can study (3.14) in place of (3.13).

Then, using the definition of 75, we see that P ®@g R ®r P is equal to

(- id @tr,tr®id)
s

{M°®4M ®c N°®s N M @4 M ® N°®p N} (3.15)

where we write tr: M ®4 M — C and tr: N°®z N — C for the maps

tro(id ®T®id) tro(id ® T®id)
—_—> e

MC @4 A4 M C and N¢®zB®gN C.

Plugging (3.15) into (3.14), the latter takes the form

(—id ®tr,treid)
—_—

{M®AM ®c N°@p N MC®aM @ N @z N} 25 C. (3.16)
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Indeed, if v ® a ®@ m € M @4 A®4 M, then its image via (3.14) is

poa@m S (-1 - r(a) ® m) = (1) (4 - 7(a))(m)
= (—1)*#Wp((a) - m)
=tr(yy ® a ® m),

and similarly one shows the statement for elements of N¢ @z N.

By [AL17, Lemma 3.4], the convolution of (3.16), and thus of (3.14), is equal to
{MC®AM o, C} Qe {NC®BN o, C}.

As M and N are h-projective bimodules, the functor induced by the above tensor product

is the composition 7, T,,,, and therefore we get T,, ~ T,,,T,,,, as we wanted.

M

]

3.3 The cotwist

We now wish to describe the cotwist around the functor (3.9).

Proposition 3.3.1. The cotwist around the functor (3.9) is described by bimodule Cp
defined in (3), that is by the bimodule given by matriz

( {A 2 Home (M, M)}Y—1] 0 )

N ®¢ MC[-1] {B %% Home (N, N)}[-1]

and the structure morphisms

c iNoevo(id®tr®id)\ {B act

N ®c¢ MC[=1] ®4 M ®¢ N — Home(N, N)}-1]

] iproevo(id @treid

M ®¢ N°¢ @ N ®¢ Mc[—l A {A L Home (M, M)}[-1]

where 1y and iy are defined in § 2.4.2.

Proof. Our aim is to give a description of the shifted cone of the derived action map for
P, see Definition 2.4.7. To calculate such cone we are free to choose any map of R-R-
bimodules whose image in D(R-R) is the derived action map. As by Lemma 3.1.6 P is
C-h-projective, we have Hom¢ (P, P) = RHom¢ (P, P), and as a lift of the derived action
map we can take the action map act: R — Home(P, P). By Lemma 3.1.8, the matrix
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description of act is given by

act ev

(A M®CNC> ( 0 act) (HomC(M,M) Homc(N,M)>
0 B '

Now consider the bimodule?

on) = {A 2% Home(M, M)} 0
e Home (M, N) {B % Homc(N, N)}

with structure morphisms

Home(M, N) ©4 M ®c N¢ 224 N g N€ —
=Y Home(N, N) 25 {B 2% Home(N, N)}

and

M ®c N @5 Home (M, N) 229 Ar @« M€ —
<Y Home(M, M) 24 {A 2% Home (M, M)},

ity O
id iy )

— Gl

Then, we have a morphism of R-R-bimodules

Home (M, M) Home(N, M)
Home (M, N) Home(N, N)

whose composition with act: R — Home (P, P) is by construction the differential of the

morphism

A Cp[1].

< A M Qe Nc > 0 jN
0
Thus, we obtain a morphism
{R !, Home (P, P)} 5 O[]

that by Lemma 2.4.34 is a quasi-isomorphism. Indeed, the A-A, B-B and B-A components

are quasi-isomorphisms by definition, while the A-B component is given by ev: M ®¢

2For the notation {—} and the definition of the morphisms i and j, see § 2.4.2.
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N¢ — Home(N, M), which is a quasi-isomorphism because N is C-h-projective and C-
perfect, see Remark 2.4.11.

Thus, C% is quasi-isomorphic to the cotwist bimodule for P. To conclude the proof of
the proposition, we now consider the morphism of bimodules Cp — C’% induced by the

maps

id: {A 2% Home (M, M)} — {A X5 Home (M, M)}
id: {B % Home(N, N)} — {B 2% Home(N, N)}
ev: N ®c M¢[—1] — Home (M, N)[—1].

The resulting morphism Cp — C} is a quasi-isomorphism by Lemma 2.4.34 because its
components are. Indeed, M is C-h-projective and C-perfect, and thus the evaluation map
ev: N ® M¢ — Home(M, N) is a quasi-isomorphism, see Remark 2.4.11.

Thus, the proof of the proposition is now complete. O

Having proved Proposition 3.3.1, we now wish to describe how the functor C,, inter-
acts with the SOD D(R) = (D(B),D(A)) of Proposition 2.4.25. To do so, we fix a lift of

Cop to the dg-level. That is, we consider the functor
— ®rR @r Cp: Mod-R — Mod-R (3.17)

where C'p is the bimodule described in Proposition 3.3.1, and R is the h-projective reso-
lution of R constructed in Lemma 3.2.1.
During the course of the proofs of the propositions and lemmas below, we will make

use of the following notation; we will write
Cy = {A 25 Home(M, M)}[-1] and Cx = {B *% Home(N, N)}[—1]

for the A-A and B-B component of Cp, respectively. Moreover, we will write o, and oy

for the morphisms
M ®c MC[—1] <% Home(M, M)[—1] 24 Cy,
and
N ®¢ N[—1] <5 Home(N, N)[-1] 25 Oy

respectively.
We kindly advise the reader to glance through § 2.4.3 before reading the following
proofs, as in ibidem we set up the necessary vocabulary and notation. Moreover, for the

reader’s convenience, we recall that we write 7: A — A and 7: B — B for the quasi-
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isomorphims between the bar complex and the diagonal bimodule of a dg-category, see
§2.4.4.

Proposition 3.3.2. Let F' € Mod-R be a right R-dg-module with components Fy, Fg
and structure morphism p: Fy @4 M ®c¢ N¢ — Fg. Write G for the image of F via the
functor (3.17).

Then, G 4 is given by the convolution of the morphism of twisted complexes

. o o Fa®4Cu
F_A @A M@CNC @B N®BMC[—1] (—id ®(opro(id ®tre®id)),(po(id ®T®1d))®ld)/ @

Fs®s N @c MC[1]

G is given by the convolution of the twisted complex

po(id @7®id))®id

FAgAM(X)cNC@BON ( \FB®BCN

and the structure morphism G4 @4 M ®¢ N¢ — Gpg is given by the convolution of the

morphism of twisted complexes induced by the morphisms

¢ id®(ono(id ®@tr®id))

Fu@aM ©c NC®p N @c ME[—1]©4 M ®c N » Fa®4 M ®¢ N°®pCy

and
Fu®@4Cy ®4 M ®c N¢
“ 0+id @(ono(id Breid), By O
Fs®p N ®@c MC[—1] @4 M @5 N€

Proof. Notice that by Remark 2.4.17 the R-dg-bimodule R is the convolution, shifted by

1, of the morphism of twisted complexes

RBAM ¢ N°BpR 2 RBAR

i |

R@B'R > 0

where f4 and fz are defined in Lemma 3.2.1.
It follows from the definition of convolution given in § 2.4.3 that tensor product com-
mutes with convolution, and therefore F' ®xr R ®r Cp is given by the convolution, shifted

by 1, of the morphism of twisted complexes

F@4M®c NCBpCp —2s F®4Cp

Al l (3.18)

F@BCP > 0
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Then, the statement of the propositions follows from the description of Cp given in
Proposition 3.3.1. O

Remark 3.3.3. In Proposition 3.3.2 we did not explain at length how (3.17) acts on mor-
phisms, but it is clear from the proof of the proposition that given a morphism f: F — G
of R-dg-modules with components (f4, f5) the image of f via (3.17) is the morphism that
maps each copy of F4 and Fj to each copy of G4 and Gpg, respectively, appearing in the

equations of the statement of Proposition 3.3.2.
We now deal with a few special cases of the previous proposition that we will need

during the course of the proof of Proposition 3.3.9.

Lemma 3.3.4. Let G4 a A-dg-module, and write
G=G4®4R = ( Ga4 A GaR4M ®c N€ ) :

Then, the image of G wia the functor (3.17) is quasi-isomorphic to the R-dg-module
( GA®ACy O )

Proof. By Proposition 3.3.2 and (2.26) we know that the image of G via the functor (3.17)

is the R-dg-module whose A component is given by the convolution of the morphism

G4 ®4 Z@AOM
GAR4 AR M ®¢ N° @3N @5 MC[—1] & y @
GA®4 M @c N ®p N ®@c MC[—1]
(3.19)

where
a=(—id®(oy o (id ®tr ® id)), id @7 ® id)

and whose B-component is given by the convolution of the morphism

id ®T®id
—_—

GA®4 AR 4 M ®@c N°Bp Oy Ga®AM ®c NC®pCly.

We now want to construct a quasi-isomorphism of R-dg-modules ¢g: G ®R7€®R Cp —
( Ga®4Cy O ) Notice that, as the target R-dg-module has only the .A-component,

any morphism of A-dg-modules between the A-component of G ®% R @ Cp and the
A-component of ( Gi®4Cy O ) induces a morphism of R-dg-modules between G ®%
R @z Cp and ( Ga®4Cy O ) Moreover, as a morphism of R-dg-modules is a quasi-
isomorphism if and only if its components are,® to define the quasi-isomorphism ¢ it is

enough to give a quasi-isomorphism between (3.19) and G 4 ®4 C)y.

3Recall that quasi-isomorphism of dg-modules are defined fibrewise.
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We define g as the morphism of R-dg-modules associated to the quasi-isomorphism of

A-dg-modules given by the convolution of the morphism of twisted complexes

G4 ®A7\®AOM
_ — 3.19
GaR4 AR M ®@c N° @5 N @5 M€[—1] e > D
GA®AM Q¢ N R N ®c MC[—1]
i

0 y G4 R4 Cuy

where

= (id®7 ®id,id ®@(op o (id ®tr ® id)))

and 7: A — A is the quasi-isomorphism that turns A into an h-projective resolution of
A, see § 2.4.4. O

Lemma 3.3.5. Let F = (0 Fs > and G = (O G5> be two R-dg-modules and
f: F — G a morphism of in Mod-R given by a morphism fs: Fg — Gg in Mod-B.
Then, the images of F' and G via (3.17) are equal to

(FB®3N®C MC[-1] FB®BON) and (GB®BN®C ME[-1] GB®BC’N)

respectively, and the image of f is given by the morphism with components

Fs @5 B®g N ®@c MC[—1] 2% Gy 05 B N @c MC[—1] (3.20)
and
] fe®id
FropB®g Oy 2= G @5 B 25 Cy. (3.21)
Proof. This lemma follows from Proposition 3.3.2 and Remark 3.3.3. [

Remark 3.3.6. Notice that the images of (3.20) and (3.21) via the functor Y of Theo-
rem 2.4.19 are given by

FB®8N®C MC[—I] L G8®BN®C MC[—l]

and

id
Fp®pCy Te)® id, G ®@pCh.

respectively. We show the claim for (3.20).
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By definition Y(fz) ® id is given by the morphism

Fs@r N Q¢ Mc[—l} ®pB=Fz®5B®z N Q¢ Mc[—l] ®p B

MOASAO, Fy @ B @p B ©p B @ N @ MY[—1] @5 B (3.22)

T(fzs)@)id®T®id(X’T> Gs @5 B®s N Q¢ MC[—l] =G N ®¢ Mc[_l}

As A: B— B®gBand 7: B — B endow B with the structure of a coalgebra, (3.22) is

equal to

Fis @5 B o N @ MY[-1] @ B 225

Y(fp)®id®T

Fs@pBesBos N @ MC|—1] @5 B

B (3.23)
GB KB B KB N Re MC[—l]

To conclude, recall that Y(fg) = fg ® 7, and therefore (3.23) is equal to

Fg @3 B ®3 N ®¢ MC[—l] ®p B M) Gg ®5 B @8 N ®¢ Mc[—l] (3.24)
which, by definition, is equal to Y ((3.20)), as we wanted to show.

Lemma 3.3.7. Let G = G4 4R = ( GA®aA G4@4M®c N >, F = < 0 Fp >
be two R-dg-modules and f: F — G be a morphism in Mod-R given by the morphism
fg: Fg = G4 @4 M ®c N¢ in Mod-B.

Then, under the quasi-isomorphism of Lemma 3.5.4, the image of f via the functor

(3.17) is quasi-isomorphic to the morphism
(Fs®s N @c M[-1) Fs@sCx ) > ( GaBaCu 0)

in Mod-R given by (ga,0), where g4 is the morphism

id ®(opro(id Rtr®id

F @5 N@eMC[—1] 29 G @4 M®eNC B N@eMC[—1] Dy G BAC.

Proof. As F only has B-component, the only remaining part of the square (3.18) is the
bottom left. The morphism f is then sent via (3.18) to the morphism g: FOrRRCp —
G ®r R ®r Cp whose only non-zero component is its A-component g4. The morphism

g is given by

(07f8®1d
R Ledatis

Fs®p N ®¢ MC[—1] y GABAABACrr ® G4BT M ®c NS N @ MC[—1]

Postcomposing g4 with the quasi-isomorphism of Lemma 3.3.4, g4 becomes the morphism

ld ®(0’1y[0(1d ®tr®1d))

Fs®p N®cMC[—1] 2% G 84 M@ N B N@c MC[—1] Ga®aCly
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which proves the claim of the lemma. O]

The above series of lemmas tell us that the following diagrams commute?

D(A) 2ty D(A) D(B) 2%, D(B) D(B) “SpNocuCl) D(A)
D(R) <224 D(R) D(R) <224 D(R) D(R) — =2, D(R)
(3.25)

Remark 3.3.8. Combining the top left square in (3.25), Proposition 2.4.28, and the fact

that C,,, is an autoequivalence, we obtain the SOD
D(R) = (Cap(LInd; (D(A))), LInd;, (D(B))).

Therefore, for the spherical functor induced by the bimodule P the hypotheses of [HLS16,
Theorem 4.14] are satisfied. However, let us remark that we cannot use the theorem from
ibidem to prove Theorem 3.1.4 because in ibidem the authors assume that the functor is
spherical to deduce that the twist around it factorises, whereas we use the description of

the twist to prove that the functor is spherical.

We can now complete the proof of Theorem 3.1.4 by proving the following
Proposition 3.3.9. The cotwist around the functor (3.9) is an autoequivalence of D(R).

Proof. Let us first show that C,, is an autoequivalence if it is fully faithful. By Proposi-
tion 2.4.28, we have the SOD

D(R) = (Res/ (D(A)), LInd;, (D(B))).

Therefore, if C,, is fully faithful, to show that it is essentially surjective it is enough
to show that its essential image im(Cj,,) contains the subcategories Res; (D(A)) and
LInd;, (D(B)).

By (3.25) and the fact that C,,, is an autoequivalence, we get Resi(D(A)) Cim(Cly,).
Now take Gp € D(B). By (3.27) below and the fact that C,, is an autoequivalence, we
know that there exists F' € im(C,, ) such that Fg ~ Gp in D(B). Decomposing F' with
respect to the SOD of Proposition 2.4.28 and using the description of the projection

functors given in § 2.4.9, we get

LInd;,(Gp) ~ cone(F — Res!® L(E)[=1].

L ~
4Recall that M is C-h-projective and C-perfect, thus RHome (M, —) ~ — ®¢ M¢ ~ — ®¢ M¢, and
that we showed that Res;, has a right adjoint in Lemma 2.4.27.

82



Flop-flop autoequivalences and compositions of spherical twists

As F, Resi(F 1) € im(C,,) and we are assuming that C,, is fully faithful, we get
LInd;,(Gp) € im(Cy,,).

Therefore, if C,,, is fully faithful it is essentially surjective, and to prove that C,, is
an equivalence it is enough to prove that it is fully faithful.

As by Proposition 2.4.25 we have the SOD D(R) = (LInd,,(D(B)), LInd; , (D(.A))), to
show fully faithfulness of C,, it is enough to show that C,, is fully faithful on the objects
of LInd;,(D(B)) and LInd;,(D(A)).

Let us fix G4 € D(A) and Fg € D(B). We now describe the action of C,, on the

modules of the form

F = Lind, (Fg) "2 (0 Fs@sB )~ (0 Fy)

and
(2.26)

G:LlndiA(GA) x>~ (GA®A.A GA®AM®CNC>

where the structure morphism of the latter is given by the identity, and the isomorphisms
are in D(R).
By Lemma 3.3.4, we know that

O () = ( Ga®aCy O ) € D(R). (3.26)

Similarly, by Lemma 3.3.5 we know that
Cap(F) = ( Fy®s N @c M[-1] Fy®sCy ) € D(R) (3.27)
with structure morphism

(id®?®@0N)o(id®3@treid)

Fs @B N ®c¢ Mc[—l] Qa4 M Q¢ N¢ » [z @5 Bog Cy. (3.28)

For the rest of the proof, when we talk about the modules F' and G we refer to the ones
above.

We are now ready to prove that C,, is fully faithful. We will deal with four different
cases, and at the beginning of each new case we put an header in bold text specifying
which case we are dealing with.

Case 1: LInd;,(D(A)) — LInd;, (D(A))

That C,, is fully faithful on morphisms from objects of LInd;,(D(A)) to objects

of LInd;,(D(A)) follows from the left square in (3.25) because C

oy 1S an equivalence

and the vertical functors are fully faithful by Proposition 2.4.25 and Proposition 2.4.28,
respectively.
Case 2: LInd;,(D(B)) — LInd, ,(D(A))
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We now consider morphisms from objects of LInd;, (D(B)) to objects of LInd; ,(D(.A)).

What we want to prove is that the morphism

Cap : HOII’ID(R)(F, G) — HOIHD('R) (Cap (F), Cap<G)) (329)

is an isomorphism.

Let us fix a dg-module lifting the isomorphism class of G 4 in D(A) and an h-projective
dg-module lifting the isomorphism class of Fi in D(B), respectively. We will abuse nota-
tion and still write G4 and Fj for them.

Then, G = ( Ga@4 A GaR4M ®Rc N€ ) is an h-projective R-dg-module because
it is of the form G = G4 ®4 R, and F = < 0 FIp > is an h-projective R-dg-module

because
Homg (F,S) = Homp(F5, Sp)

for any R-dg-module S.°

Hence
Homp g (F, G) = H'(Homg (F, G)) = H’(Homp(Fg, G4 @4 M ®¢ N€))
and thus, to prove that (3.29) is an isomorphism, it is enough to prove that

Cop: HO(Homp(Fg, G4 ®4 M ®¢ N©)) = Homp(r)(Cap (F), Cap(G)) (3.30)

1S one.

Let us consider the dg-lift of C,,, given by (3.17). Then, by Lemma 3.3.4, Lemma 3.3.5

and Proposition 2.4.14, we have the isomorphisms

Homp(g)(Cay (F), Cap(G)) = Homp(r)(Ca, (F), Resi(Ga @ Car))
~ Homp ) (Fg @5 N ®¢ Mc[—lL Ga®4Cun),

and therefore the morphism (3.30) takes the form
H’(Homg(Fp, G4 ®4 M ®c N€)) — Homp(a)(Fs @5 N ®@c MC[—1],Ga®4Cn) (3.31)

Thus, we are left to prove that (3.31) is an isomorphism.

We have good control on (3.31) because by Lemma 3.3.7 we know that it sends

SWe are implicitly using that acyclicity is defined fibrewise, and therefore S € Mod-R is acyclic if
and only if its components are.
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fg: Fg — G4 @4 M ®¢ N€ to

id ®(opr0(id @treid

F @5 N@cMC[—1] ELELLN GA®AM®eNC@p N MC[—1] D, Ga®aCum.

However, to see why this mapping is an isomorphism, let us rewrite it in the language of

derived categories.

The module Fj is h-projective, hence we have an isomorphism
H®(Homg(Fp, G4 ®4 M ®c N€)) ~ Hompg) (Fs, Ga®4 M ®¢ N€).

Moreover, in every tensor product appearing in the above displayed equations at least
one of the two bimodules being tensored is h-projective, hence every tensor product is

derived. This means that we can rewrite® (3.31) as the morphism
L L c L L c L
Homp ) (F5, G4 @4 M ®¢ N©) — Hompa)(Fs @ N @c M“,G4 @4 Cyr)  (3.32)
L L =
that sends fg: Fz — G4 @4 M ®c N€ to

L L c fr®id L L 5L L G
gAZFB®BN®CM [—1]—>GA®AM®CN ®3N®CM [—1]—)

id ®(opr0(id @treid)) G éA Ot (3 33)

L
Then, using Remark 2.5.5 we see that postcomposing (3.32) with the functor” — @4

(Car)™ we obtain the adjunction isomorphism®

L L G L L ]
Homp ) (F, G4 ®4 M ®¢ N*) ~ Homp ) (Fs @5 N @c M”, G 4).

Thus, (3.32) is an isomorphism, as we wanted. Hence, C,,,, is fully faithful on morphisms
from objects of LInd;,(D(B)) to objects of LInd;, (D(.A)).
Case 3: LInd,,(D(A)) — LInd,;,(D(B))

We now consider morphisms from objects of LlInd; , (D(A)) to objects of LInd;,(D(B)).
By Proposition 2.4.25 we know that there are no such morphisms in D(R). Thus, we
have to prove that any morphism C,,(G) — C,,(F) in D(R) is isomorphic to zero. By’
Theorem 2.4.19 and (3.26) and (3.27), it is enough to prove that any closed, degree zero

6Recall that both M and N are h-projective bimodules, hences their duals are their derived duals.
"The dual is taken as a right .A-module.

8Here we use that as C,,,, is an autoequivalence, (Cj;)**, which induces the right adjoint functor CfM,
induces the inverse functor C,; !

9We put a reference to Theorem 2.4.19 only in this part of the proof, but we will use it implicitly
throughout.
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morphism
g: < GA®ACM 0 > — ( FB®3N®C MC[—l] FB®BCN )

in Mod-R is homotopic to zero, and this is what we show.

Such a morphism ¢ is given by a triple (g4, 0, ga5) where g4: G4 ®4Cy — Fz Q@ NQ¢
MC[—1] and gap: G4 @4 Cy @4 M ®@c N¢ — Fg®Rp5Cy are two morphisms in Mod-.A
and Mod-B, respectively, such that (see (2.23) for the definition of the differential in
Mod-R) d(g4) = 0 and the diagram

GARACy @4 M @c N¢

lgA ® id
(3.28)

> 0
Fz® N ®¢ MC[-1]®@4 M ®@¢ N¢[—1] —= Fp®pCy

(3.34)

commutes in Mod-B up to the homotopy g4z, that is d(gag) + (3.28) o (g4 ® id) = 0.
Notice that the diagram (3.34) commutes on the nose in D(B). If we consider (3.34)
as a diagram in D(B) and we tensor it with!® (C,,)?, then using that N is spherical,
L L = L = L
Remark 2.5.5, and the adjunctions — ®4 M - — ®c M€ and — ®c N® 4 — @3 N, we

obtain that the following diagram'' commutes in D(.A)

L
Ga®aCy >

- |

L L c id L L c
FB ®BN®C M [—1] — FB ®BN®0M [—1]

Thus, we see that (3.34) implies that g4 = 0 in D(.A), and therefore g4 = d(h4) for some
hAt GA®ACM — Flg@BN Re MC[—l] in Mod-A.

At this point, it is enough to prove that the morphism given by the triple

(g.Aa 07 gAB) - d((hfb 07 ; 0)) = (07 07 9gAB + (328) o (hA® ld))

is homotopic to zero. It is enough to prove that any given triple (0,0,745), where
rag: GA®4Cy @4 M ®R¢ N¢ — Fg@pCy is a closed, degree —1 morphism in Mod-B,

is homotopic to zero in Mod-R, and this is what we show.

10The dual is taken as a right B-module.

"' The reason why all the tensor products become derived when we pass to the derived category is that
we are either considering bar tensor products, or tensor product where one of the two sides is given by
M or N, which are h-projective.
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As r 45 is a closed morphism, it can be interpreted as a morphism
L L L = L
ra: GA®a4Cy @a4 M @c N® — Fg @ Cn[—1]

in D(B). Tensoring this morphism with (CQN)g and using that N is spherical, from r 43

we obtain a morphism
L L L &
Ga®4Cy @4 M @c N [1]—>FB[—1].

L L 5 L = L
Then, using the adjunctions — ® 4 M 4 — ®¢ M¢ and — @ N® 4 — @z N, we get a
morphism
L L L c
GA & CM[l] —)FB ®5N®cM [—1] (335)

that can be lifted to a closed, degree zero morphism s4: : G4 ®4Cy[l] = Fg® N Q¢
MC¢[~1] in Mod-A.

The relation between s 4 and r 45 is easily understood thanks to Remark 2.5.5. Namely,
as to pass from r 45 to s4 we used adjunction, it means that r 5 = (3.28) o (s4 ® id) in
D(B). Hence, we know that there exists a morphism syp: : G4 @4 Cy @4 M ®@c N¢ —
F @5 Cy in Mod-B of degree —2 such that d(s45) = 745 — (3.28) 0 (s4 ® id).

Summing up, we proved that

(0, 0, TAB) = (O, 0, (3.28) o (8A® id) + d(SAB)) = d((—SA, 0, SAB));

and therefore (0,0, 745) is homotopic to zero in Mod-R, as we wanted to show. Hence,
C,p s fully faithful on morphisms from objects of Llnd; , (D(.A)) to objects of LInd,, (D(B)).

Case 4: LInd,,(D(B)) — LInd;,(D(B))

To conclude the proof of the proposition, we now consider morphism from objects of
LInd;,(D(B)) to objects of LInd;,(D(B)). Let us take Fj € D(B) and consider F’ =
LInd;, (F3).

We fix two lifts of Fg and F}; to h-projective B-dg-modules, and we keep denoting
them by Fp and Fj. Then, a morphism f: F' — F” in D(B) is given by a triple (0, fz,0),
where fz: Fg — Fj is a closed, degree 0 morphism in Mod-B. By Lemma 3.3.5, we know

that fz is sent to the morphism

< F3®3N®C Mc[—l] Flg@BCN > —

UM s00, (b gy N @ MO[-1] Fy@isCy ). (3:36)
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It is clear that the morphism f — (3.36) is injective when considered as a morphism
Cap : HOII]D(B)(FB, FZ,S’) ~ HOIDD(R)(F, F,) — HomD(R)(CaP (F), CaP<F,)).

Indeed, if fz,g5: Fg — Fj are two morphisms in Mod-B with the same image, then
/e ® id and ¢gp ® id are equal in Mod-B as morphisms from Fz®gCx to F®pCh.
Hence, they are equal in D(B). However, Cy induces an autoequivalence of D(B), and

therefore fz and gp are equal as morphisms in D(B).

Thus, to conclude that C,,, is fully faithful on morphisms from objects of LInd;,(D(B))
to objects of LInd,,(D(B)) we only have to prove that the morphism f — (3.36) is
surjective up to quasi-isomorphism. Instead of proving this statement, we will prove the
equivalent statement that f +— Y((3.36)) is surjective up to homotopy, where Y is the
functor of Theorem 2.4.19.

Recall that by Remark 3.3.6 the morphism 1 ((3.36)) is equal to

( Fs @5 N @c MC[=1] Fz®gCy ) N

(f8® id,fs ®id,0)

(s N @e MO[-1] Fy@sCy ) (337)

Let us take a closed, degree 0 morphism g: C,,(F) — Co,(F'). Using (3.27), we see
that such ¢ is given by a triple of morphisms (g4, g5, gas) such that d(g4) = d(gs) = 0
and

d(gas) = g o (3.28) — (3.28) o (g4 ® id)
in Mod-B. These relations imply that the following diagram commutes in D(B)

L L ; L L (328 L
FB®3N®CM[—1]®_AM®5N —>FB®BCN
lgA@id lgzs (3.38)

, L L & L L g (328 L
Fg @ N @ MY[—1] @4 M ® N® —— I ®p Cy

Let us write fg: Fg — Fj for a lift to Mod-B of the morphism C; ! (gz) in D(B).
Then, tensoring the diagram (3.38) with (C,, )?, using that N is spherical, Remark 2.5.5,

L L ~ L _ L
and the adjuctions — ®4 M 4 — ®¢ M€ and — ®; N8 4 — ®3 N, we get that the
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following diagram commutes in D(B)
L L G i L L G
FB ®3N®CM [—1] — FB ®BN®CM [—1]
lQA lfg@id (3.39)

L Lo id L Lo
FB ®BN®CM [—1] E— FB ®3N®cM [—1]
The diagram (3.39) implies that g4 = fz ® id in D(B), and therefore that

gaA — fB@ id = d(hA)

for some morphism hy: Fs®p N @c MC¢[—1] — F;y® N ®c M¢[—1] in Mod-A.

As by the choice of fz we know that gg — fs® id = d(hg) for some morphism
hg: Fg® Cy — Fz® Cx in Mod-B, we get

(94, 98, 9a) — d((ha, hs,0)) = (fs® id, fp® id, gas — (hs 0 (3.28) — (3.28) o (h4 ® id)))

and to prove that g is homotopic to an element of the form (3.37) it is enough to prove
that any triple (0,0, 745), where 745: Fg®s N ®c MC[—1]@4 M ®@c N© — Fr®5Cy is

a closed, degree —1 morphism in Mod-B, is homotopic to zero in Mod-R.

This last claim is proved with a strategy similar to the one we employed in the previous

step of the proof. Namely, as 7 45 is a closed morphism, we can interpet it as a morphism

L L G L L c , L
TAB: Fg @ N @ M [—1] ®AM®C N —>FB ®n CN[—l]

L ~
in D(B). Then, using that Cy is spherical, Remark 2.5.5, and the adjunctions — @¢ N®
L L L .
— ®s N and — ®4 M 4 — ®c M€, we get a morphism

L L z /L L c
FB®3N®cM —>FB®3N®CM [—1]

that we can lift to a closed, degree —1 morphism s4: Fz @5 N ®c M€ — F @5 N ®@c M€
in Mod-A with the property that raz — (3.28) 0 s4 = d(s4p) for some s45: Fg®@p N Q¢
Mc[—l] @AM R NC — Fé@g CN.

Therefore, we get

(O, O, TAB) = (O, 0, d(SAB) + (328) o SA) = d((—SA, 0, SAB)),

that is (0,0,745) is homotopic to zero in Mod-R, as we wanted. Hence, we proved
that C,, is fully faithful on morphisms from objects of LInd;,(D(B)) to objects of
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LInd;,(D(B)), and the proof of the proposition is complete.

3.4 Spherical objects

Now that we have completed the proof of Theorem 3.1.4, we survey some examples of
glued spherical functors, and we show that these objects arise naturally in geometric
situations. In this subsection, we consider the example of spherical objects.

Recall that spherical objects were defined by Seidel and Thomas in [ST01] as objects
whose endomorphism algebra is isomorphic, as a graded algebra, to the cohomology al-
gebra of a sphere. In the treatment we gave in § 1 we restricted ourselves to the case of
Calabi—Yau varieties, thus hiding one more condition that is needed in the definition of a
spherical object. Namely, spherical objects need to be invariant under the Serre functor.

Let C be a small, proper dg-category, i.e., the complex Home(c1, ¢2) is cohomologically
bounded and has finite dimensional cohomology for any c¢;,co € C. Notice that every
module £ € D(C) can be considered as a %;-C-bimodule where x;, is the dg-category with
a single object such that Hom,, (%x, %) = k; here k sits in degree 0. For such a bimodule
being x,-perfect means that, for every ¢ € C, the complex E. is cohomologically bounded
and has finite dimensional cohomology.

For the rest of this section we will assume that the category D(C)¢ has a Serre functor
S which is given by tensor product with a bimodule. We fix Sz € D(C-C) such that

L
S(—) = — ®c Sec.

Definition 3.4.1. Let £ € D(C). We say that F is a d-spherical object if the following

three conditions are satisfied:
1. E is both %,- and C-perfect

2. Homp) o) (E, E) ~ k @ k[—d] as graded vector spaces
L
3. E®¢ Sc ~ E[d] in D(C)

Remark 3.4.2. Notice that this notion is slightly more general than the one in [STO01]
because it allows d to be negative and zero. This generalisation has also been considered
in [HKP106].

Notice that when d > 0 there exists a unique structure of graded algebra on the graded
vector space k @ k[—d], and thus we obtain that for a d-spherical object E € D(C) we
have

Homyy ) (E, E) ~ H* (S, k).
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Remark 3.4.3. The reader might be wondering how does the notion of a spherical object
tie up with the notion of a spherical functor. The answer is that giving a spherical object
in D(C) is equivalent to give a conservative spherical functor ¥: D(x;) — D(C), i.e., a
spherical functor such that ker ¥ = 0.

It is clear that giving an object in D(C) is the same thing as giving a functor ¥: D(x;) —
D(C). However, it is not obvious that W is spherical if and only if W (k) is a spherical object
in the sense of Definition 3.4.1. We now show how to prove the equivalence of the two
statements.

One direction of the equivalence is proved by Theorem 3.4.6. The converse, namely
that any conservative spherical functor W: D(%;) — D(C) corresponds to a unique spher-
ical object in D(C), can be easily proved as follows.

Let E = ¥(k) € D(C) be the image of k considered as a *j-right-module, which is
non-zero because W is conservative. Then, as Aut(D(k)) = Z is generated by the shift [1],
we must have Cy = [—d — 1], and therefore (2) holds. Indeed, Hom?, ) (F, E) sits in the
distinguished triangle

k — Homp, ¢\ (E, E) — Cy(k)[1] > k[—d],

and thus Homp, ¢ (E, E) >~ k @ k[—d] as graded vector spaces.
Now, as SU = UEF = WO [~1], we get SU(k) = WEE(k) = U(k)[d], proving that

E = V(k) is invariant under the Serre functor, and the proof is complete.

Remark 3.4.4. The reason why we require D(C)¢ to have a Serre functor is to simplify
Definition 3.4.1. If we did not have a Serre functor, instead of (3) above we would have
to require the existence of an isomorphism EC ~ E*[—d] in D(C). While we could get
by with this for the proof of Theorem 3.4.6, we would run into functoriality issues in the
proof of Theorem 3.4.11.

Remark 3.4.5. If D(C) ~ Dg.(X) for some smooth, projective variety X of dimension d,
then an object £ € D(C) is d-spherical if and only if its image in D.(X) is spherical
according to the standard definition given in [STO1].

The following is well known.

L
Theorem 3.4.6 ([ST01]). For a d-spherical object E the functor — ®,, E: D(x) — D(C)

1s spherical.

Let us now consider d-spherical objects E1, ..., E, and assume we replaced them with
h-projective resolutions. To ease the notation, we write T, for the spherical twist around
the spherical functor

— ., E;: D(x) — D(C)
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of Theorem 3.4.6. Notice that this is not ambiguous by Remark 3.4.3.
Applying Theorem 3.1.4 inductively we obtain that the autoequivalence Ty, ... Tg,Tg,

can be realised as the twist around the functor

L
) *®R(En€9"'@E1)\

D(R D(C), (3.40)

where the dg-category R is the dg-category with objects {1,...,n} and morphisms!?

0 i <
Homg(i,j) =< k i=7 .
HOHIC(E“E]) 1 >]

Therefore, we see that D(R) = D(xg) where
R=@Dk-idg, & € Home(E;, E;) (3.41)
i=1 i>j

(considered as a sub-dg-algebra of Home (@l E;, @11 E;)), and (3.40) can be rewritten

as
L
~@up (En®-@E1)

D(xg) D(C). (3.42)

Remark 3.4.7. The description (3.41) gives us an interpretation of the category D(R) as
that of the derived category of modules over the path algebra of a quiver with relations.
Indeed, one can think of a quiver with n-vertices and arrows from 7 to j labelled by

Home(E;, E;) whenever i > j, 0if i < j, and by k if i = j. We draw the example n = 4

FExample 3.4.8. Let us give a first geometric example of the above construction; we thank
Timothy Logvinenko for explaining it to us. Let X be a smooth, projective variety, and
consider two spherical objects E, FF € D?(X) such that

Homiy, ) (£, F) = Hompy x)(E, F[1])[-1] ~ C2[-1].

Consider U € D" (P(Hompy x)(E, F[1])) x X) the universal family that parametrises non-
zero extensions of F by F' up to the action of C*. This object has the property that its fibre
over any p € P(Homps(x)(E, F[1])) gives the corresponding extension of £ by F'. Consid-
ering U[1] as a Fourier-Mukai kernel, we get a functor ¥: D*(P(Homps x)(E, F[1]))) —

12\We think of the object i as the one corresponding to the i-th copy of the category .
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DP(X) which is spherical, and whose twist is the composition TpTr. This can be seen
as an example of the above construction considering the spherical objects F and F[1].
Indeed, in this case the algebra (3.41) is k @ k? & k, which is the endomorphism algebra
of the object Op1(—2) ® Op1(—1) in D*(P(Hompw x)(E, F[1]))), and therefore we have an
equivalence

Dk & k2 & k) = Dyo(P(Hompp x) (B, F[1]))

under which the spherical functor of Theorem 3.1.4 gets identified with .

FExample 3.4.9. In § 4.4.1, we will construct another geometric example of a glued spherical
functor whose spherical twist is the composition of spherical twists around (families of)

spherical objects. This example arises as the flop-flop autoequivalence for standard flops.

Example 3.4.10. We thank Tobias Dyckerhoff for explaining to us the following symplectic
interpretation of the construction (3.41).

Consider f: E — D a Lefschetz fibration with base the disk D with n marked points
P1,-..,Pn corresponding to the critical points of f. Assume for simplicity that p; # 1
for any 4, and write X = f~1(1) for the smooth fibre of f. To X we can associate the
Fukaya—Seidel category Fuk(X), which in this case is generated by the vanishing cycles S;’s
associated to the p;’s. The fundamental group 7 (D \ {p1,...,pn}, 1) acts on Fuk(X) via
a braid group action whose generators are given by the Dehn twists around the spherical
objects S1, ..., Sp.

We can also define the directed Fukaya—Seidel category Fuk ™ (f) of f, see [Sci0l, §
6]. This category is generated by the vanishing thimbles associated to the p;’s, i.e., the
vanishing cycle together with the choice of a vanishing path. We then get a functor
0: Fuk™(f) — Fuk(X) given by sending each vanishing thimble to its boundary (which
is the corresponding vanishing cycle).

The functor 9 is spherical, and the spherical twist around it is the total monodromy
action. More precisely, Ty is the composition of the Dehn twists around the S;’s. The
connection with Theorem 3.4.6 is that Fuk™ (f) is the category D(R)® for R as defined in
(3.41) with respect to the vanishing cycles S;’s, see ibidem.

The dg-algebra R defined in (3.41) is smooth (being the gluing of smooth dg-algebras
along perfect bimodules) and proper. Therefore, the category D(R)° has a Serre duality
functor given by tensor product with R* := RHomg(R, k), see [Shk07]. We now describe
the cotwist around (3.42) in terms of Serre duality for the category D(R)°. We have

Theorem 3.4.11. If d # 0 the cotwist around (3.42) is given by tensor product with
R*[—1 —d].
Remark 3.4.12. The reason why we need d # 0 is that in the proof below we need Serre

duality to identify idg, with the non-trivial extension E; — E;[d], which is not necessarily
the case if d = 0.
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Remark 3.4.13. The above theorem appeared in the author’s published work [Bar22,

Theorem 4.1.9]. Notice however that the statement in ibidem lacks the requirement d # 0.

Proof. We give the proof for the case n = 2, the general case being similar.

By Proposition 3.3.1, we know that the cotwist is described by the matrix!'3

Hompc)(E1, Ei[d])[—1 — d] 0
HOHI.D(C)(El, EQ)[—l] HOHID(C)(EQ, EQ[d])[—l - d]
with structure morphisms

Pry440Cmp

Homp, o) (Ex, E»)[—1] @) Hompy ) (E2, E1)
Homp, o) (E2, E1) @k Hompy o) (E1, Ea)[—1]

HomD(c)(E27 E2 [dD[—l — d]

Pry440Cmp
e

I’IOHID(C)(.EH7 E1 [dD[—l — d],

where pr,,, is the projection to the degree 1 + d part and cmp is the composition of

morphisms.
The bimodule R*[—1 — d] is given by the matrix

HOHlD(c) (El, El)*[—l - d] 0
HOH’I].D(C) (EQ, El)*[—l - d] HOHID(C) (EQ, E2>*[—1 - d]

with structure morphisms

HOHI.D(C)(EQ, El)*[—l — d] (292 HOHI].)(C) (EQ, El) —
Y[ (9—=9(fog))

> HOHI.D(C)(EQ, Eg)*[—l — d] —

2 Homp ey ( By, By)*[—1 — d]
and

Homy, ) (B, E1) @, Hompy ) (Ep, £1)*[-1 — d] —
fev—(g—(gof))

Hom.D(c)(El, El)*[—l — d] —

2 Hompey (EBy, By ) [—1 — d]

To conclude we now consider the morphism of bimodules induced by the matrix of

morphisms
Q12 (2

the isomorphism given by Serre duality. This matrix of isomorphisms can be lifted'* to

0
an > where «;; : Homp o) (B, Ej)[—1] — Homp ey (Ej, Ei)*[—1—d] is

13We can pass from RHome(FEy, E;) to the underlying graded vector space because the category of
k-k-bimodules is semisimple.
14To lift the matrix to a morphism of bimodules we use that the Serre duality isomorphism intertwines
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a morphism in the derived category of bimodules which is itself an isomorphism using an
argument similar to [AL19, Lemma 7.3] for the case in which the top right components

of the bimodules are zero. Thus, the proof is complete. O

Remark 3.4.14. The above theorem together with [Shk07, Theorem 4.2, 4.3] prove that
the cotwist around the spherical functor (3.42) is isomorphic to the Serre duality functor
for D(R)® shifted by [—1 — d].

An application of this result to compute the categorical entropy of the composition of

two spherical twists around spherical objects can be found in [BIK21].

3.5 [P-objects

In this subsection we consider the case of P-objects.

P-objects were introduced by Huybrechts and Thomas in [HT06], and their intro-
duction was motivated, as for spherical objects, by Homological Mirror Symmetry. More
precisely, the idea is that in the Fukaya category we can twist not only around Lagrangian
spheres, but also around Lagrangian P"’s.

Drawing inspiration from this idea, Huybrechts and Thomas defined the notion of a
P-object, and showed that to any such object one can associate an autoequivalence, which
they called the P-twist around the P-object.

The definition of a P-object has been later generalised to that of a split P-functor in
[Add16], [Caul2b], and further to general P-functors in [AL19].

Let us now give the formal definition of a P-object. Let C be a small, proper dg-
category over a field k& such that D(C)¢ has a Serre functor S which is given by tensor

L
product with a bimodule: S(—) = — ®¢ Se.

Definition 3.5.1. An object P € D(C) is said to be a P"-object if the following conditions

are satisfied:
1. P is both x,- and C-perfect

2. Hompy ) (P, P) = k[t]/t"*, deg(t) = 2, as graded algebras

L
3. We have an isomorphism P ®¢ S¢ ~ P[2n] in D(C)

Remark 3.5.2. If X is a smooth projective variety of dimension 2n such that D(C) ~
Dyc(X), then an object P € D(C) is a P™-object if and only if the corresponding object
in De.(X) is a P"-object in the sense of [HT00].

the structure morphisms we described. This is were we used that d # 0 and Remark 3.4.12.
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Once again, the reader might wonder what is the relationship between P-objects and
spherical functors. This relationship will be clarified momentarily, and we devote further
attention to this question in Remark 3.5.5.

In [Segl8] Segal describes two ways to realise the P-twist around a P-object as a
spherical twist. The first one considers P as a dg-module over the dg-algebra k[t], deg(t) =
2, and defines the functor

L
= By P D) = D(C). (3.43)

Here to define the action of k[t] on P we assume that we replaced P with an h-projective
resolution, that we fixed a representative £ € Home(P, P) for the generator of degree 2,

and we make ¢ act as t.

Remark 3.5.3. Notice that x-perfectness of P implies xj-perfectness because klt] is
smooth, see e.g. [Shk07, pag. 7].

Then, under a technical assumption (which was subsequently shown to be always
satisfied [ITK19]), [Segl8, Proposition 4.2] proves that (3.43) is spherical, that its twist is
the P-twist around P, and that its cotwist is [—2n — 2].

The second construction of [Segl8] uses Koszul duality to rewrite (3.43) in a different
way. More precisely, the object k& € D(x) is compact and we have RHomyp (K, k) ~
kle]/e?, with deg(e) = —1. The gy-module k¢, €], deg(e) = 1, d(e) = ¢, is h-projective
and gives a resolution of k as a right k[t]-module. Moreover, k[t, e] carries a left action of
kle]/e* via the degree —1 map of k[t]-modules k[t,e] — k[t, e] that sends p(t) + eq(t) to

q(t). Hence, we get a functor
L /
= ®xyyee P Dlorgege2) = DIC) (3.44)

where

P = klt, ] @y P = {P[—Q] AR P} .

The twist around (3.44) is the P-twist around P, and its cotwists is given by [—2n — 2].

Remark 3.5.4. Construction (3.44) was generalised to the case of split P"-functors in
[AL19, Theorem 5.1].

Remark 3.5.5. Let us spend a few more words on the relationship between P-objects and
spherical functors.

Above, we recalled the construction by Segal that shows how to attach to any P-object
two spherical functors, one with source category D(xk), deg(t) = 2, and one with source
category D (kg -2), deg(e) = —1.

In fact it is possible to prove that any conservative spherical functor W: D (kg /e2) —
D(C) such that Cy ~ [~1 — m]| comes from a P"-object such that 2n + 1 = m."?

15This is a special case of a result the author proved jointly with Pieter Belmans, Alessio Bottini,
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3.5.1 The k[t]-model

Take P"-objects Py, ..., P,. Assume we replaced them with h-projective resolutions and
that for each i = 1,...,m we fixed #; a lift of the generator of degree 2 of Homp) ¢ (5, ).
Then, we can apply Theorem 3.1.4 to (3.43) to obtain a spherical functor

L
~ By (P @®PY)

D(xr) D(C)

whose twist is given by the composition of the P-twists around P,,, ..., P;. Here (beware
that e; is just a placeholder to distinguish between the different copies of t)

m

R = @k‘[ﬂ -e; P @HomC(Pth)

i=1 i>j

and the composition is defined as follows. Elements of Home(F;, P;) and Home (P, F))

compose according to the composition rule in Mod-C, p(t)e; and ¢(t)e; compose as

p(t)es - q(t)e; = dip(t)q(t)e;

and finally p(t)e; composes with f € Home(P;, P;) and g € Home (P, P;) as

fept)ei-g=fop(t)og

where o is the composition law in Mod-C.

The cotwist cannot be described as in Theorem 3.4.11 because k[t]* is not a shift of
k[t].

FExample 3.5.6. For a geometric example of this construction, see Remark 4.4.19.

3.5.2 The k[e]/e*-model

Take P"-objects Py, ..., P,. Assume we replaced them with h-projective resolutions and

that for each i = 1,...,m we fixed #; a lift of the generator of degree 2 of Homp, ¢y (5, ).
We write P = k[t, e] ®@,,, P = {B[—Q} LN Pi}. Applying Theorem 3.1.4 to (3.44) we

obtain a spherical functor
L
By (Ply@-@P))

D(*g)

D(C) (3.45)

Emma Lepri and Johannes Krah, at a 2021 summer school at the Hausdorff Centre for Mathematics,
following a suggestion of Alexander Kuznetsov.
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whose twist is given by the composition of the P-twists around P,,, ..., P;. Here
R =P klel/e* - idp & @D Home (P, P))
i=1 i>j

considered as a sub-dg-algebra of Home (™, P/, &7, F}).

FExample 3.5.7. In § 4.4.2, we will provide a geometric example of this construction by

looking at the flop-flop autoequivalence for Mukai flops.

Remark 3.5.8. Our hope was to prove an isomorphism C(3.45)(—) ~ — é)*R R*[—2n — 1]
in analogy with Theorem 3.4.11. Unfortunately, we stumble upon technical issues we do
not know how to fix. More precisely, the components of the cotwist outside the diagonal
are of the form Home(Pj, P})[-1], j < i, and we would like to use Serre duality to
relate them to Home(F/, P)*[—2n — 1]. The problem is that Serre duality provides us
with an isomorphism Hom?, o) (P, P/)[~1] ~ Hom, ¢y (P}, P))*[—2n — 1] of k[e] /e*-k[e] /e*-
bimodules, but it is not clear whether one can lift this isomorphism to a quasi-isomorphism
Home (P}, P))[—1] — Home (P, P})*[—2n — 1] of k[e]/e*-k[e] /e*-bimodules.
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Chapter 4
Flop-flop autoequivalences

In § 1, we explained the raison d’étre that connects the various projects whose results
are presented in this thesis. Namely, the results of § 3 were motivated by the will to
understand how spherical twists behave when composed with each other, whereas the
present chapter was born from the will to show that glued spherical functors appear
naturally in geometric situations. Along the way, the search for geometric examples of
glued spherical functors resulted in the discovery of various interesting results, which we
present in this chapter.

Here, we just want to spend a few words in motivating our use of cocomplete trian-
gulated categories. Since the very beginning of this thesis, we have been working with
cocomplete triangulated categories, and the reader might be wondering why, as most of
the questions geometry poses are about the bounded derived category of coherent sheaves.
The reason is that the use of cocomplete triangulated categories allows us to leverage pow-
erful theorems such as Brown representability [Nec96]. This turns out to be extremely
useful, especially when one deals with Verdier quotients because we can (in good cases)
realise the quotient as a subcategory of the parent category.

It is often the case that requiring the category to be cocomplete is not restrictive,
see also Remark 2.3.9. However, there are cases in which there is a tangible difference
between cocomplete and non-cocomplete triangulated categories, and in our treatment we

see this when we consider singular algebraic varieties, see Remark 4.2.4 and Remark 4.2.5.

4.1 General case

In this subsection we introduce the notion of a flop-flop diagram. The intuition behind
this notion, as we explain in Remark 4.1.2 below, is that they arise from correspondences
of schemes, and therefore appear naturally in the geometric context.

In the following, when we speak of triangulated categories we always mean enhanced
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triangulated categories. The question of which enhancement one uses does not make a
difference for the purposes of this chapter, and thus we do not fix any particular enhance-
ment. For more on the question of the wealth of available enhancements, the reader is
directed to § 2.1.

For the rest of section, all triangulated categories are assumed to be cocomplete and
compactly generated (see Definition 2.3.27). For simplicity, we assume that our triangu-
lated categories are generated by a single compact object that we call a compact generator,
but all the results apply in the general case.

We are now ready to introduce the central notion of this chapter. Let
B_ AL B (4.1)

be a diagram of cocomplete triangulated categories and cocontinuous functors.
Definition 4.1.1. We call a diagram as (4.1) a flop-flop diagram if

(i) a— and a; have fully faithful left adjoints a’: B_ < A and a%: By < A, respec-
tively

(ii) the functors
P, =aral:B_ - B, and P_=a_al: B, - B_

are equivalences.

Given a flop-flop diagram B _ Ry sy B, , we call the autoequivalences
(b+q),: 'B+ — 'B+ and (p7®+: ‘B, — ‘B,

the flop-flop autoequivalences.
Remark 4.1.2. We chose the name flop-flop diagram because the typical example of a

diagram as (4.1) arises from a birational contraction f_: X_ — Y together with its flop

fi: Xy =Y. From f_ and f, we can construct the diagram of schemes
X & X oxy X B X,
which gives rise to the following diagram of categories
Doe(X_) 2 D (X xy X)) 225 D (X)

By work of Bridgeland [Bri02] and Chen [Che02], we know that this construction always

gives an example of a flop-flop diagram when X_ and X, are projective Calabi—Yau
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threefolds, Y has rational singularities, and we are flopping a single curve. We will

explore flop-flop diagrams arising from diagrams of schemes in § 4.2.

As we explained in § 1, our aim is to express the flop-flop autoequivalences arising
from a flop-flop diagram as inverses of spherical twists around spherical functors.

We define the subcategories
K:=kera_Nkera; and 8i="'KN(alBs)t =K Nkeros

and write 7g, : 84 — A for the inclusions. The following is the main theorem of this

section.

Theorem 4.1.3. Let B_ &= A 25 B, be a flop-flop diagram. Then, K is left admissible
m A and we have four periodic SODs

K= (8y,alB ) =(alB_ 8 ) = <S—>Oéi3+> = <04i3+75+> (4.2)

(FX)° = (85,0l B) = (ol B, 8%) = (82,0l BY) = (al B, 85) (4.3)

Furthermore, the functors
\Ij+ = Oz+i5+ . 8+ — 3+ and W_ .= CK,Z‘S_ 8. — B_

are conservative spherical functors such that T\ﬂi =&, P € Aut(By), and their restric-

tions W 8¢ and V_|sc are conservative spherical functors such that Tt = O P

v B -
:t|§(:3t +

Remark 4.1.4. Recall that a functor is called conservative if it has no kernel.

Proof. First, we prove that K is left admissible, see Definition 2.3.23. We write € =
(aXBL)® for the smallest cocomplete subcategory generated by the essential images of
ai and af. By definition, € is closed under arbitrary small direct sums in A, and
therefore it is localising. Moreover, as osz and ol are fully faithful functors, if we fix
compact generators By € B¢ and B_ € B, then C = (o (By) ® o (B_))®.

As ay and a_ are cocontinuous functors, the functors ai and o preserve compact-
ness. Hence, o (B;)®ak (B_) € A¢, and by Lemma 2.3.31 we have the SOD A = (C*, €).
However, it is clear that Ct = XK, and thus X is left admissible by Lemma 2.3.24.

Notice that the SOD A = (X, C) implies € = 1X. From now on, we will write X in
place of C.

Notice that the subcategories 8+,S_,Oz£3+, and o®B_ are localising because the

functors ay,a_,a%, and o are cocontinuous, see Remark 2.3.11. Therefore, if we prove

the existence of the SODs (4.2), we get the SODs (4.3) from Lemma 2.3.22.
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We now prove the existence of the SODs (4.2). As the functors o} and o’ are
fully faithful, the subcategories Ozf;fBJr, alB_ c +K are right admissible. Therefore, by

Lemma 2.3.24 we have
K = (PK N (afBy)t afBy) = (85,0l By),

where in the second equality we used the definition of §, and §_. Thus, we established
the existence of the first and the third SOD in (4.2).

To prove the existence of the remaining SODs in (4.2), we have to do some more work.
To simplify the notation, we will focus on 8, and prove the existence of the fourth SOD.
The existence of the second SOD in (4.2) can be proven similarly.

The first step to prove that we have the SOD *X = (aXB,,8,) is to show that
8§, C +XK is a right admissible subcategory. By Lemma 2.3.31, it is enough to show that

8, is compactly generated. Take B, € BS a compact generator. Then, the object
S, := cone(a*a_a%(By) — o (By))

belongs to 8. Indeed, S clearly belongs to K. Moreover, a_(S;) ~ 0 because o’ is

fully faithful, and therefore S, € *K Nkera_ = §,.
L

Now notice that S, € A° because a,al is a cocontinuous equivalence and o* and

ocJLr preserve compactness (see above). Therefore, S, € 8 because 8, is a localising
subcategory of A. We claim that S, is a compact generator of 8, i.e., 8, = (5;)%.

As S, is a compact object, proving that 8 = (S;)® is equivalent to prove STN8. = 0.
Take T’y € ST N8, then

0 ~ Homg_ (S, T}) =~ Homy (B, o (T4)).
As B, is a compact generator, the above vanishing implies o (7'y) ~ 0. Hence, we have
T, €8, Nkeray =K Nkera_ Nkeray =K NK =0.

Thus, we proved that 8. is compactly generated by S, and therefore by Lemma 2.3.31
we have the SOD
K = (85,84). (4.4)

The next step in proving the existence of the fourth SOD in (4.2) is to show that
o B, C 8=. By the definition of By € BS and Sy, since ®_ is an equivalence and o is

fully faithful, we have
Hom$ (Sy, a%(B,)) ~ cone <H0m%+(B+, B.) = Hom} (®_(B,), Q_(BJF))) [—1] ~ 0.
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Hence, as S; and B, are compact generators of 8, and a} B, respectively, we have
ol B, = (ak(BL)® C ((S4)%)" = 8L,
Applying Lemma 2.3.24, from (4.4) we get
K ="K N (B N8, ol B, 8. (4.5)

To conclude, we now prove ~X N (X B, )+ N8+ = 0. Indeed, since P_ is an equivalence,

the distinguished triangle
oo = ozfa_ozfr — ozfr — Z'5+’L'§+Oéi,
which comes from the SOD (§,,afB_) = 1K, shows that
K= (8y,alB ) = (84,0l _By) = (a}B,,8,)%.
Therefore
KA (0B NSt =1 ((0h By, 8,)%) =K N (*K)t =0

and plugging this equality in (4.5) the existence of the fourth SOD in (4.2) follows.
Given the existence of the SODs (4.2), the statements about the spherical functors

follow from Lemma 2.5.7. O

Remark 4.1.5. [BB15] was the first paper in the literature to consider a particular class of
flop-flop diagrams (without calling them so) as per Definition 4.1.1. In ibidem, Bodzenta
and Bondal consider f_ : X_ — Y a morphism satisfying certain assumptions (among
which there is (f_).Ox_ ~ Oy and that the fibres of f_ must have at most dimension 1),
take fi: Xy — Y aflop of f_, and set By = DP(X.), A = DP(X_ xy X), and oy =
(f+)«. Among other things, Bodzenta and Bondal also prove the statement analogous to

Corollary 4.1.7 (see below) for their setup.

Let us now reformulate the above theorem using a language similar to [BB15, § 5.2].
In § 4.2, this will allow us to prove a statement about bounded derived categories of
coherent sheaves.

As X is left admissible, we have A = (X, 1X). This implies that the quotient func-
tor! m: A — A/XK induces an equivalence X ~ A/X. Indeed, 7 is clearly essentially

surjective. The following lemma shows that it is also fully faithful.

1Let us spend a couple of words on the choice of the letter = as the notation for the quotient functor.
The reader might think that this is an inconvenient choice because it clashes with the notation for
projection functors of SODs. However, this clash of notation is intentional, and it is not a clash of

103



Flop-flop autoequivalences and compositions of spherical twists

Lemma 4.1.6 ([BB15, Lemma 5.7]). Let A be a triangulated category and 8 C A be a
thick subcategory. Then, for any E € 8 and any F € A, the quotient functor m: A —

A/8 induces an isomorphism
Homy (E, F) ~ Homys(m(E), 7(F)).

Hence, if we write @ for the functors induced by ag on A/X, and @k = rak (which
one can easily check, using Lemma 4.1.6, are the left adjoints to @, see also page 105 for

a similar argument), then Theorem 4.1.3 can be reformulated as follows

Corollary 4.1.7. Let B_ <= A =5 B be a flop-flop diagram. Then, we have four
periodic SODs

A/K = (kera_,a“B_) = (@“B_,kera,) = (kera+,6i3+> = <5JLF‘.B+,kera_>.

(A/K)¢ = {(kera_ )", a" B ) = (@B, (kera, )°)

(kera,)e, @t B ) = (@~ B, (kera_)°).

Furthermore, the functors

U_ = OQ_ikera, : kera, — B_ and U, = G ikerg. : kera_ — B

are conservative spherical functors such that T@_i = ¢, 0. € Aut(By), and their restric-

tions Eﬂ(keraﬂc are conservative spherical functors such that Ta’iﬂ = <I>i<I>¥|B§t.
(ker &g )©

Proof. All the claims follow from Theorem 4.1.3 once we notice that the quotient functor

induces equivalences 8+ ~ ker oy and 8% ~ (keray )°. O

4.2 Bounded derived categories

Let us continue the discussion we started in Remark 4.1.2. Take X_, X, and X three
separated, finite type schemes of finite Krull dimension together with finite type maps
x_ & x X, . Assume that

(p_)*OX ~ Ox_ (p+)*(9)? ~ OX+ (46)
and that

Oy = (p1)ap”: Dge(X2) 5 Dge(Xy) @ = (p)up: De(X3) = Dge( X)), (47)

notation at all. Indeed, as X sits in an SOD A = (X, +X), the quotient functor 7 has a fully faithful left
adjoint 7%, and if we identify A/X with the essential image of 7% (which is +X) the quotient functor m
becomes the projection functor to ~X in the previous SOD.
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Then,

(p-)~

Dee(X-) 75 Do (X) 225 Do(X4) (48)

is a flop-flop diagram, and we say that X_ &= X X, induces a flop-flop diagram.
Applying Corollary 4.1.7 to the flop-flop diagram (4.8), we obtain the SODs

Dye(X)/K = (ker(p_)s, 7" Dae(X_)) = (p" Do(X_), ker (B, )..)

(4.9)
= (ker(p)s, P Doc(X+)) = (P} Dae(X+), ker(p_).)-

We explained in Remark 4.1.2 that, in fact, these diagrams were the examples from which
this research started. We now want to investigate when we can pass from the categories of
complexes with quasi-coherent cohomology to the categories of cohomologically bounded
complexes with coherent cohomology, i.e., DP(—). For this reason, in this subsection we

make the following
Assumption. p_ and p, are proper and of finite Tor dimension.

Under this assumption, we have the functors
ph:DP(XL) —» DP(X)  (ps).: DP(X) = DP(XL)  pf:DP(X.)— DP(X).

The functors? pX are the right adjoints to (p )., and the fact that they preserve DP(—) is
proved in [Necl8b, Lemma 3.12]. Moreover, [Neel8a, Remark 6.1.1] together with (4.6)
imply that pX are fully faithful.

From now on, all the functors we write are assumed to be between bounded derived
categories of coherent sheaves unless otherwise stated.

Let us consider K* = X N DP(X), and take the quotient DP(X)/K" with quotient
functor 7: D*(X) — DP(X)/%XP. We consider the functors induced on the quotient by

(p+)s, ie.,
(p_).: D°(X)/X> = DP(X_) and (p,).: DP(X)/K" — D"(X.)
and the functors
B DY(XL) 25 DP(X)/KP and B DP(Xy) 5 DP(X)/KP.
By Lemma 4.1.6, we have for any E, F € DP(X)

Home()?)(p*i(E)a F) ~ Homp ) /5o (PL(E), 7(F)).

2The functors p} coincide with p!i because p4 are proper, but to be consistent with the notation of
[Neel8b], we denote them by p7.
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Therefore, fully faithfulness of p% implies fully faithfulness of pi, and the adjunction
pi 1 (p+)« induces an adjunction p - (P, ). The following lemma shows that the same

holds true for pX, i.e., they are fully faithful, and we have an adjunction (p,). - px.

Lemma 4.2.1. Let A be a triangulated category and & C A be a thick subcategory. Then,
forany E € 8+ and any F € A, the quotient functor =: A — A/8 induces an isomorphism

Homy (F, E) ~ Homys(7(F), m(E))

Proof. This can be proved similarly to Lemma 4.1.6. O

Therefore, the subcategories p* DP(X_) and p;D"(X ) are left admissible in the quo-
tient category Db(A)/ﬂCb while the subcategories p*DP(X_) and piD"(X,) are right
admissible in D*(X)/X". Hence, by Lemma 2.3.24 we have the following SODs

D*(X)/X" = (ker(p_)..p* D"(X.)) = (piD"(X,), ker(p,.).)

(4.10)
= (ker(p, )., p1D"(X4)) = (p“D"(X_), ker(p_).).

Theorem 4.2.2. Assume that X_ £— X 25 X, induces a flop-flop diagram and that

p_ and py are proper and of finite Tor dimension. Then, we have a four periodic SOD

DP(X)/K" = (ker(p_).,p"D*(X_)) = (5" D*(X_), ker(p, ).)
= (ker(p, )., P.D"(X4)) = (7. D"(X,), ker(p_).)

and the functors
TP = (p_)«: ker(p,). = DP(X_) and U" = (p,).: ker(p_). — DP(X})
are conservative spherical functors such that T, = &P+ € Aut(D"(Xy)).
+

Proof. We will prove that p* D*(X_) = pyD"(X}) and that p% D"(X,) = p*D"(X_) as
subcategories of D*(X)/XP. Then, substituting in (4.10) we get the four periodic SOD in
the statement of the theorem. Once we have the four periodic SOD, the statement about
the spherical functors follows from Lemma 2.5.7.

We prove p* DP(X_) = piD"(X ), the other equality being analogous. By (4.9) and
the adjunction (p, ). 4 p%, we have the SODs

Dge(X)/K = (P Dge(X ), ker(p,).) = (B3 Dge(X4), ker (D, ).),

where the functors are considered between unbounded derived categories of quasi-coherent

sheaves. Therefore, we have p* Dqo(X_) = DyDqc(X;) as subcategories of Dee(X) /K.
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12

Hence, for every E_ € DP(X_) there exists £, € Dy.(Xy) and an isomorphism p* (E_)
PY(E4) in Dge(X)/X.

As p is fully faithful, applying (P, ). to this isomorphism we get £, ~ (p, ),p* (E_) €
DP(X,). Hence, for every E_ € D°(X_) there exists E, € D?(X,) such that p* (E_) ~
PE(E,) in Dee( £)/X.

By Lemma 4.1.6, the isomorphism p* (E_) ~ p;(E,) is the image via m: Dy (X) —
ch()A()/fK of a morphism f: p*(E_) — pi(E;) such that cone(f) € K. However,
p* (E_) and p7(E,) are cohomologically bounded complexes with coherent cohomology,
thus cone(f) is too. This means that 7(f) is an isomorphism in DP(X)/XP. Hence, we

have p* DP(X_) C piD"(X), and similarly one proves the other containment. O

Remark 4.2.3. The biggest drawback of the above theorem is that we can prove it only
at the level of quotient categories. It is not clear whether in general the subcategory X
is left admissible in D*(X), and therefore whether the SODs of Theorem 4.2.2 come from
SODs of Db()?) (as it happens in Theorem 4.1.3).

Remark 4.2.4. Tt is worth spending some time explaining what is the relationship between
the spherical functors of Theorem 4.2.2 and the ones obtained by applying Corollary 4.1.7
to the flop-flop diagram induced by X_ &= X X..

Let us focus on the autoequivalence &, ®_ = (p;).p* (p—).p’. Corollary 4.1.7 and
Theorem 4.2.2 construct for us three spherical functors all of which have twist equal to
®,d_. However, these functors have different source and target categories, and in this
remark we want to explain what is the relationship among them.

As both ch()? )/ and DP(X)/%XP will play a role in what follows, we introduce
some auxiliary notation: we write ker(p_). and ker(p_)> for the kernel of the functor
induced by (p-). on ch()A()/fK and DP(X) /K", respectively. The category ker(p_)¢ is

the subcategory of compact objects of ker(p_)..
Applying Corollary 4.1.7 to the flop-flop diagram (4.8), we obtain the spherical functors

U ker(P_)e — Dge(X4) and Uy ker(p_)¢ — Dge( X4 ).
On the other hand, Theorem 4.2.2 tells us that we have a spherical functor
Yo ker(p_)? — DP(X4).
In general, these spherical functors only fit into a commutative diagram

ker(p_)¢ —— ker(]_)_)z — ker(p_).

l@r l@i l@ (4.11)

Dge(X4)¢ = DP(X;) = Dqge(X ).
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As a guiding example, the reader can think of Mukai flops in dimension 2. In § 4.4.2 we

prove that the top row of (4.11) in this case takes the form
D(k[e]/e?)¢ < DP(k[e] /%) — D(k[e]/e?) (4.12)

where deg(e) = —1 and DP(k[e]/e?) is the triangulated subcategory of D(k[e]/e?) gener-
ated by k seen as a trivial k[e]/e?-dg-module.

The functors in the top row of the diagram (4.11) are induced by the inclusions
ch()? )¢ < DP(X) — ch()? ). However, notice that while it is obvious that ker(p_)P

*

maps to ker(p_),, the fact that ker(p_)¢ maps to ker(p_)> follows from the equivalence
ker(p_)$ ~ 8% and the fact, proved in the proof of Theorem 4.1.3, that 8, is generated
by an object which is compact in ch()?), and thus, 8¢ =8, N ch()?)c - Db()?).

In the general case, we cannot say much about the functor ker(p_)> — ker(p_)..

However, we will see in § 4.3 that if the fibres of p_ and p, have dimension at most one,
then this functor is fully faithful.

On the other hand, the functor ker(p_)¢ — ker(p_)P is always fully faithful. To see

*

this, notice that this functor is constructed as
ker(p_)S T 8% <> D*(X) & D*(X)/K"

and that the functor m: 8¢ — DP(X)/X" (which lands in ker(p_)P) is fully faithful by
the definition of §; and Lemma 4.1.6.
b

*

The example of Mukai flops (4.12) shows that we cannot expect ker(p_)¢ < ker(p_)
to be essentially surjective in general. Indeed, D"(k[e]/e?) strictly contains D(k[e]/e%)°
because k € D(k[e]/e?) is not a perfect k[e]/e*-dg-module. To see this, notice that
RHomyy.2(k, k) =~ k[q], deg(q) = 2, is infinite dimensional, while k[e]/e? is proper.

Remark 4.2.5. In the previous remark, we explained the relationship between the various
spherical functors that one can obtain by applying Corollary 4.1.7 and Theorem 4.2.2 to
the flop-flop diagram (4.8).

In this remark we want to stress that, if X_ and X, are smooth, then D’(X.) =
Dy(X+)¢, and therefore, regardless of putting further assumptions on p_ and py, we can
always realise the flop-flop autoequivalence of DP(X..) associated to the equivalences (4.7)

by restricting the spherical functors of Theorem 4.1.3 to compact objects.

This approach, when pursuable, is better suited for computations for two reasons.
First, because it is easier to compute morphisms in ch()A( ) rather than in Db()? )/XKP.
Second, because we have generators for §_ and 8,, whereas we do not have them in
general for ker(p_)., ker(p, ), C D*(X)/X".
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4.3 Fibres of dimension at most one

In this subsection, we keep employing the notation we introduced in § 4.2.
Our aim is to compare our work to [BB15]. For this reason, in this subsection we

make the following

Assumption. p_ and p, are proper, of finite Tor dimension, and have fibres of dimension

at most one.

The following lemma is well known.

~

Lemma 4.3.1 ([Bri02, Lemma 3.1]). An object K € Dy (X) is in K if and only if its

cohomology sheaves are.

~

Proof. Our assumptions on py imply, by [Stals, Tag 08D5], that for any E € Dg.(X) to
compute H'((p+)«F) we can assume E € D(jc()? ). Then, we have a convergent, second
page spectral sequence H'((p+).H/(E)) = H"((py+).F) that degenerates at page 2

and the statement follows. O

In [BB15, Lemma 5.5] Bodzenta and Bondal use the above lemma to prove that
DP(X)/K is a full subcategory of D~(X)/X~, K~ = K N D~(X). We claim that the
same argument proves that D~ (X)/K~ is a full subcategory of Dge(X)/XK. Indeed, the
proof of [BB15, Lemma 5.5] carries on verbatim replacing the functors of truncation above
with those of truncation below, and choosing [ € Z such that all the objects appearing in
the relevant diagrams belong to DZ! rather than to DZ!. Thus, it follows that D (X)/K>
is a full subcategory of ch()A()/JC.

For the convenience of the reader, we recall that applying Corollary 4.1.7 to the flop-
flop diagram (4.8) we obtain the SODs

Dye(X)/K = (ker(p_)s, 7" Dae(X_)) = (7" De(X_), ker (P, )..)

(4.13)
= (ker(py )« P} Dqe(X1)) = (P} Dac(X ), ker(p_).).

s

Given that DP(X)/X® C ch()? )/X is a full subcategory, it makes sense to ask whether
the SODs (4.13) induce the SODs of Theorem 4.2.2 (see Definition 2.3.15 for the definition

of an induced SOD). The answer is yes, as the following theorem shows.

Theorem 4.3.2. Assume that X_ &= X 25 X induces a flop-flop diagram and that

p_ and py are proper, of finite Tor dimension, and with fibres of dimension at most one.
Then, the SODs (4.13) induce the SODs of Theorem 4.2.2.

Proof. We prove that the SODs

ch()?)/IK = (ker(p_)«, p" Dge(X)) = <ﬁ’iDqC(X,),ker(ﬁ+)*> (4.14)
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induce the SODs
DY(X) /K" = (ker(p_),, p" DP(X_)) = (5" D*(X_), ker(p, ).).

The proof for the other two SODs in (4.13) is similar.

By Definition 2.3.15, we have to prove that the projection functors of the SODs (4.14)
preserve the subcategory DP(X)/K". We begin with the SOD

De(X) /K = (ker(p_ )., F* Dae(X_)). (4.15)

Take E = n(E) € DP(X)/X". Then, Lemma 4.1.6 shows that the adjunction counit
for the adjoint pair p* - (p_). is the image, via the quotient functor : ch()? ) —

ch()A( )/XK, of the adjunction counit for the adjoint pair p* - (p_).. Therefore, we have

an isomorphism between the following distinguished triangles

— —

PP )(E) > E—FE ~ m(p(p_)(E) > E—FE).

As p_ is proper and of finite Tor dimension, the fact that F € Db()A( ) implies that
p* (p_).(E) € DP(X), and thus that £’ € D*(X). Therefore, we get

P-(P_)+(B) = 7(p"(p-)o(E)) € DP(X)/X" ikerip_).ifunp . (E) = (E') € DP(X) /K",
which means that the projection functors of the SOD (4.15) preserve the subcategory

DP(X)/K" C Dge(X) /K.

Now we prove that the projection functors of the SOD
Dye(X)/% = (5 Dyel(X_) Ker(p,.).) (4.16)

preserve Db()?)/iKb. By Corollary 4.1.7 we know that piDq.(X+) = D* Dqc(X_) as sub-
categories of ch()A()/fK, and by the proof of Theorem 4.2.2 we know that pyDP(X,) =
7" DP(X_) as subcategories of D*(X)/X". Hence, it is enough to prove that the SOD
ch()A()/fK = (p5Dqe(X 1), ker(p, ),) induces an SOD of DP(X)/KP. We prove this state-

ment.

Take E = w(E) € D*(X)/X". Then, using Lemma 4.2.1 in place of Lemma 4.1.6, we

see that the following distinguished triangles are isomorphic

E -E-pi@)(E) ~ 7(E = E—pi(ps)a(E)).
As py is proper and of finite Tor dimension, £ € DP(X,) implies that p}(p,).(E) €
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DP(X), see [NeeO6, Lemma 3.12], and thus also that E' € D*(X). Therefore, we get
k= N T o . . — S
P (01)+(E) = m(p(p+)(E)) € D*(X)/X® iker(z, ) np, ). (E) = 7(E') € DP(X) /K,

which means that the projection functors of the SOD (4.16) preserve the subcategory
DP(X) /K C Dge(X) /K. O

Remark 4.3.3. We are finally in a position to tie up our results with some of the results
in [BB15]. To do so, let us recall the setup of ibidem and the relevant results.

In their work Bodzenta and Bondal consider a cartesian diagram

X
X X,
N o
Y

where the schemes and f_ are subject to various assumptions, f, is the flop of f_, and Y

(4.17)

is affine. Among the assumptions that f_ must satisfy there are two that are of particular
importance for us: f_ has fibres of dimension at most one and (f_).Ox_ ~ Oy.

Under their assumptions, Bodzenta and Bondal prove that the functors (ps).p% are
equivalences [31315, Corollary 4.23] and that (p1).0O% ~ Ox, [BB15, Remark 4.2], i.e.,
in our terminology, the upper half of the diagram (4.17) induces a flop-flop diagram.
Moreover, they give an explicit construction of the flop-flop autoequivalence as the inverse
of the spherical twist around a spherical functor.

Namely, they show that, as f_ has fibres of dimension at most one, the null-category
A = {E € Coh(X_) : (f-).E = 0} is abelian [BB15, Lemma 2.1], and it has a
projective generator [BB15, Proposition 2.4]. Therefore, one can derive the inclusion
A; < Coh(X_) to a functor ¢: D*(A; ) — D*(X_). In [BB15, Corollary 5.18] Bodzenta
and Bondal prove that ¢ is spherical and that the inverse of the spherical twist around it
is the flop-flop autoequivalence.

The connection between ¢ and W_ is provided by [BB15, Proposition 5.11, Theorem
5.17), which show that D*(A; ) ~ ker(p, ). C DP(X)/%X", and by [BB15, Lemma 5.10],
which proves that under this equivalence ¢ is identified with W_. Therefore, up to equiv-
alences, in this setup Theorem 4.2.2 and Bodzenta-Bondal’s construction produce the
same functor.

Let us conclude this remark by noticing that when Y = Spec R for R a complete local
k-algebra, Bodzenta and Bondal prove that the endomorphism algebra of the projective

generator of A; is isomorphic to the contraction algebra Ag, as defined in [DW13], see
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[BB15, Theorem 6.2]. Therefore, in this situation we get equivalences
D}?_g.(Acon) ~ DP(A; ) ~ ker(p, ), and D(Acon) > ker(p, ).

where f.g. means finitely generated modules and the first copy of ker(p, ). is considered
as a subcategory of DP(X)/X®, while the second as a subcategory of ch()?)/ﬂC.

4.4 Examples

As we explained in § 1, the research project that brought to Theorem 4.1.3 started from
the will of finding geometric examples of glued spherical functors as constructed in The-
orem 3.1.4.

In [ADMI19], Addington—Donovan—-Meachan proved that the flop-flop autoequivalence
for standard flops and Mukai flops has a factorisation in terms of inverses of spherical
twists around spherical functors. For this reason, it seemed a good idea to study these
examples in further detail.

The reader not well-acquainted with the geometry of standard flops and Mukai flops
should not worry, we will recall the setup when the time comes. For now, let us outline
the approach we will use to tackle both examples.

Theorem 4.1.3 provides us with a spherical functor® ¥, whose twist has inverse isomor-
phic to the flop-flop autoequivalence, and it is natural to guess that, if a glued spherical
functor is hiding behind the scene, ¥, should be that functor.

To identify W, as a glued spherical functor, we have to check that the source category
S, of U, admits an SOD with gluing functors as the ones described by Theorem 3.1.4,
and that W, restricted to the components of this SOD restricts to the spherical functors
we are supposed to be gluing.

This strategy is easy to explain, but rather difficult to carry out. Let us summarise
what the problem is, as this shows once more that passing from D(X) to ch()? ) did
indeed make things easier.

The point is that in 8§ it is “easy” to compute morphisms because it is a full subcat-
egory of ch()A( ). However, the geometric source category of W, the one that naturally
arises from the geometry, is really ker(p_)..

Thus, one should really look at the structure of ker(p_), rather than at the one of
8,. Fortunately, the quotient functor =: ch()A( ) — ch()? )/X induces an equivalence
8, ~ ker(p_)., and we can leverage both strengths at once: the insight on the structure

of ker(p_)., and the ability to carry out computations in 8. However, while we can often

3The choice of ¥, over W_ is just a matter of convention, and it does not play any role.
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easily guess what the SOD should look like for ker(p_)., transporting it back to S8, to

check all the necessary properties requires us to compute 7%, which is rather complicated.

On top of this problem, when we want to work with cohomologically bounded com-
plexes an important difference between DP(X) and ch()A( ) shows up. Namely, that
we have no analogue of &, in the former, and the only category we can work with is
ker(p_), C DP(X)/%P, which is hard to deal with because we are not always able to
compute morphisms in this quotient category.

The problem of computing morphisms in Db()? )/XKP already appears in the example of
Mukai flops, § 4.4.2, and we are only able to circumvent it because we can use the theory

of base change for SODs as developed in [[Kuz11], see also the proof of Theorem 4.4.13.

Regardless of these problems, in the examples of standard flops and Mukai flops we
are able to match the picture of glued spherical functors with that of the flop-flop autoe-
quivalence. The relevant theorems are Theorem 4.4.1 and Theorem 4.4.13, respectively.

After dealing with the examples of standard flops § 4.4.1 and Mukai flops § 4.4.2, we
will briefly survey two more examples: Grassmannian flops and the Abuaf flop, § 4.4.3. In
these last examples, we are not able to match the factorisation of the flop-flop autoequiv-
alence with the construction of Theorem 3.1.4, but we will explain what our expectations
are.

For the rest of this section, k denotes an algebraically closed field of characteristic

Zero.

4.4.1 Standard flops

Let Z be a smooth, projective variety and consider V_ and V, two locally free sheaves of
rank n + 1 over Z. Let X_ be a smooth, projective variety such that we have a closed
embedding j_: PV_ — X_ with Npy_,x_ = Opy_(—1) ® b~ V,, where b_: PV_ — Z is
the projection. Let us assume, as in [Huy06], that we can flop X_ along j_(PV'). Then,

X
] 3
E=PV._x,PV,
PV, — X,
\ / +
A
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Here, b4 and dy are the projections, ¢ and jy are closed embeddings, the normal bundle
of PV_ and PV, in X_ and X, are given by

NIP’V_/X_ = O[pv_(—l) ® b*_V+ and N]P’V+/X+ = OIPV+(_1) & bj_V,

respectively, and X = Blpy, X..

Notice that (p1).O% ~ Ox, because p. are blow-ups of smooth projective varieties in
smooth subvarieties. Moreover, by [3095] we have equivalences (ps).ph: DP(XL) =
DP(X2), and by [KL15, Lemma 2.12] we deduce equivalences (pz).p%: Dge(Xy) —
Dy.(X%). Therefore, the hypotheses of Theorem 4.1.3 are satisfied. Even more, py are
proper and of finite Tor dimension, hence also Theorem 4.2.2 applies.

We now want to describe the source categories for the spherical functors produced
by these theorems. We concentrate on the spherical functor ¥, and the subcategories®
8+ =1XKN(p*Dge(X-))*" and 8% =8, N DP(X), but clearly this is not restrictive by the
symmetry of the situation.

For i € Z, consider the functors
ai(=) = (34)+(Opv, (1) @ 01.(=)): Dge(Z) = Dae(X+) (4.18)

and write

Ay = (by X j1)AOpy, (—i) € DY(Z x Xy) (4.19)

for their Fourier-Mukai kernels. In [ADM19], Addington-Donovan-Meachan prove that

the functors a_; are spherical, and that we have an isomorphism
(p+)p™ (p-)ep} = T\ T, T

It follows that we can apply the construction of Theorem 3.1.4 to produce a glued
spherical functor whose twist has inverse isomorphic to this flop-flop autoequivalence. On
the other hand, we can also use our geometric construction to produce a spherical functor
for this autoequivalence. Our next theorem states that these two approaches produce

exactly the same spherical functor.

Theorem 4.4.1. Let us write S and V. for the source category and the spherical functor,
respectively, obtained by applying Theorem 4.1.3 to the setup of standard flops. Then, the
category S, has an SOD

Sy = <DqC(Z)> DQC(Z>7 ce 7DQC(Z)> (420>

4A priori the quotient functor 7: ch()A() — ch()?)/JC does not identify 8" with the kernel of (p_).
in DP(X) /%P because we do not know whether the SODs of Theorem 4.1.3 for the flop-flop diagram (4.8)
induce SODs of DP(X). However, for standard flops this will be the case, as Theorem 4.4.1 shows.
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where n copies of Dy.(Z) appear. Moreover, the functor U, restricted to the i-th copy
of Doe(Z) (counting right to left) is identified with a_;, and for any 1 < i < j < n the

R

functor « joz_i[l] 1s the right gluing functor for the couple formed by the j-th and i-th

copy of Dqe(Z) (counting right to left).
Furthermore, the SODs obtained by applying Theorem /4.1.3 to the setup of standard

flops induce SODs of *X NDP(X), and thus the category 8 =8:n D"(X) has an SOD

8 = (D"(Z),D"(Z),...,D"(2)) (4.21)

~

and the quotient functor m: ch()?) — ch()?)/fK induces an equivalence 7: 8% =
ker(p_). C DP(X)/%P.

Remark 4.4.2. In [ADMI19], at the end of § 2, Addington-Donovan-Meachan point out
that the flop-flop functor should fit into the framework of [HLLS16, Theorem 3.11]. The

four periodic SOD of Theorem 4.1.3 implements this framework.

We now prepare the ground for the proof of the above theorem. We will proceed in
steps. First, we prove that 8§, and 83 have the claimed SODs, Proposition 4.4.5, and
then we prove the claim about the gluing functors, Proposition 4.4.6.

Let us define the fully faithful functors

tap(—) =L (Op(a,b) @ dibi (=) : Dge(Z) = Dge(X)  a,beZ
[

Um(=) =1, (Op(mE) @ d* (=) : Dge(PV_) = Dgo(X)  meZ (4.22)

and notice that by Grothendieck—Verdier duality ¢q; has a left adjoint given by
Ly(=) = (b).(d-). (wpzldim B — dim Z) @ (Op(—a,~b) & ()

where wg/z = wp ® (diby)*wy. Furthermore, let us recall the definition of the right

mutation along im(¢,p) as an endofunctor of ch()? ):
Ry = cone (id — tph}) [~1]: Dge(X) — Dee(X).
The blow-up formula together with [HI.15, Lemma 3.20] tell us that we have an SOD

Dae(X) = (im(vy,), . . ., im(vs), im(vy), p* Dge(X_)).

Moreover, noticing that Og(mE) ~ Opy_x,pv, (—m, —m), we can use Orlov’s SOD of

projective bundles to get that

im(vy,) = M(t—mta—m), - M(minta—m)) a € Z.
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Putting these two things together, we get the SOD
ch()A() = (Im(t_p,—n), ..., im(to,—p), ..., im(t_p 1), ...,im(eo 1), p  Dge(X_)) (4.23)
Set Rg = id and for m = —1, ..., —n + 1 define the functors
Rp: =R 4R 1...R, 1...R41,R g, ...R_, .

Then, mutating (4.23) (see [BIX89] for mutations of SODs), we get the SOD (read each
block top to bottom, left to right)

R—n—H im(LO,—n)v

M (L —n)s .oy im(eoy —p), )
im(e ) im(e ) R 21010, nt1),
& —n,—n+1)y - —1,—n+1); "
Dae(X) = ( ! PrDge(X2)).  (4.24)

) ) R_; im(¢g,—2),
im(tp,—1),...,im(e—y 1), ]

~ ~ ~ im(u,-1),

A N\ - J
B

Remark 4.4.3. A similar SOD exists if we replace Dy.(—) with D?(—) because all the vari-
eties appearing are smooth, and both the blow-up formula and Orlov’s SOD for projective
bundles exist for D*(—).

The following lemma is the first step in the proof of Theorem 4.1.3, and it shows that
(4.24) is the SOD constructed in Theorem 4.1.3.

Lemma 4.4.4. In the SOD (4.24), we have X = A and 8, = B.

Proof. 1t is enough to prove X = A, as then Theorem 4.1.3 implies
B =K N (p"Dye( X)) =K Nker(p_), = 8.

It is clear that A C X, so we only have to show that X C A. Given an object K € X,
its projection to p* Dq.(X_) is zero. Therefore, K can be decomposed in terms of the
remaining subcategories in the SOD (4.24). In other words, there exists a distinguished
triangle B —+ K — A where B € B and A € A.

Our aim is to show that K € A, which is equivalent to say that B is zero. Thus, we
can assume we are in the following local situation: Z is affine and such that V. is trivial.
Hence, PV, ~P" x Z C X,.

As B € B, by the definition of an SOD Definition 2.3.1, we know that there exist
objects E; € B and maps

0O=F,—FE,1—-—Fy=B (4.25)
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such that for every i = 1,...,n there exists Z; € Dy.(Z) such that
COHG(Ei — Ei—l) = R—n+iLO,—n+i—1(Zi)-

Now consider B(1) := B ® pOx, (1). As (ps+)«(B) = 0, the projection formula tells
us that I'(B(1)) = 0. We will use this vanishing to prove Z; = 0.

The object I'(B(1)) carries a filtration given by image via I' of the tensor product of
(4.25) with p Ox, (1). The graded pieces of this filtration are given by

TR -ntito,n+i-1(Zi) @ piOx, (1)) = T(Opy, (—n + 1) @ by Z;) (4.26)

fori=1,...,n. Asi—n € {1 —n,...,0}, the right hand side of (4.26) vanishes for all i
except ¢ = n, in which case it is given by ['(Z;). As all the graded pieces of the filtration
of I'(B(1)) are zero and I'(B(1)) = 0, we get ['(Z;) = 0, and, as Z is affine, Z; = 0.

The vanishing of Z; implies that E; ~ Ej, and therefore we can rewrite (4.25) ending
with Fy. Then, we proceed inductively, i.e., we tensor with p3Ox, (m), m = 2,...,n,
and we deduce that Z; = 0 for every i. Therefore, B =0, and K € A. O

Let us define the subcategories
D_j=R_j ime_j ~imR_j1t0_j ~ Dge(Z) and D", =D_;ND*(X)~D’(Z).

The following proposition bring us one step closer to proving Theorem 4.4.1: it shows
that the categories 8, and 8% have the desired SODs (4.20) and (4.21), respectively.

Proposition 4.4.5. The subcategory 8. has an SOD
8+ == <@,n, cee ,‘D,1>

and the functor V. restricted to D_; is identified with a_; for anyi=1,... n.
Furthermore, the SODs obtained by applying Theorem 4.1.3 to the setup of standard
flops induce SODs of 1K N Db()?), and thus the subcategory 8% has an SOD
83 = (D

—_n

., D)

~

and the quotient functor m: ch()?) — ch()A()/iK induces an equivalence 7: 8% =
ker(p_), C DP(X)/KP.

Proof. The SOD of 8§, follows from Lemma 4.4.4, while the statement about ¥, follows
from observing that R_;;i.0—; is related to ¢o_; by mutations through subcategories

contained in X, and therefore W, R_; 100 _; ~ Wit _; >~ a_;.
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The statement that the SODs obtained by applying Theorem 4.1.3 to the setup of
standard flops induce SODs of LKXNDP(X) follows from Remark 4.4.3 and [[<uz1 1, Lemma
3.3].

Finally, once we have the SOD +X N D*(X) = (8%, p* DP(X_)), the equivalence
m: 8% S ker(p_). C DP(X) /K" follows by e.g. Lemma 4.1.6. O

To complete the proof of Theorem 4.4.1, we are now only left to prove that in the SOD
8 =(D_,,...,D_y) the right gluing functor for the couple (D_;,D_;), 1 <i < j < n,
is given by off;a_;[1].

Let us fix 1 < ¢ < j < n. Then, Remark 2.3.6 tells us that the right gluing
functor for the couple (D_;,D_;) is given by (R_;i11t0—j)*R_;y100-i[1]. If we had to

identify this functor with al_%ja_i[l] by hand, it would be complicated. However, both
R
—Jj
show that they have the same kernel.

(R_j+1L07_j)RR_i+1L0,_Z‘ and a.a_; are Fourier-Mukai transforms, thus it is enough to

From now on, we agree on the following: if £ € Dq(X; x X3) and F' € Dy (Xox X3) are
the Fourier-Mukai kernels of the functors FMp: Dgc(X1) = Dge(X2), FMp: Dge(X2) —
Dyc(X3), then we write F'E = (p13)+(pi2(E) @pss(F')), where p;; X1 x Xox X3 — X; x X
are the projections, for the Fourier-Mukai kernel of the functor FMpFMpg: Dy (X1) —
Dy (X3).

We write Rqyp, Iy, and 1, aL,b for the Fourier-Mukai kernels of R, 4, ¢4, and WL

op> Tespec-

tively. Explicitly, they are given by”
Loy = (bydy X 0).AOpy oy, (a,b) € DP(Z x X)

Ih, = I, ® phwg[dim X] € DP(X x Z)

Ry = cone (MO — I,,I5,) [-1] € DP(X x X)

where A is the diagonal inclusion, and the map in the third line is given by adjunction.

Following the above convention, we write
R_i = R_17_1R_27_1 e R—n,—l e R—l,—i R R—n,—i S Db()? X )?)

for the Fourier-Mukai kernel of R_;. Then, the functor (R_j+1L0’_j)RR_i+1L07_i has

Fourier-Mukai kernel given by

(P2x2)+ (P ,(Bji1l )" @ ppwz @ py, Rl 3)[dim Z] € D*(Z x Z) (4.27)

5Here we are suppressing the twist morphism X x Z — Z x X and we consider IY, as a complex on

X x Z. We will always suppress the twist morphism in the following. Moreover, we are computing the
Fourier-Mukai kernel of a left adjoint functor following [[Tuy06, Proposition 5.9].
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where pg. . Dy gs Pzxz and py are the projections from Z x X x Zto X x Z, 7 X )/(\',

Z x Z and Z, respectively. Similarly, the Fourier—-Mukai kernel of af_zja,i is given by
(Pzx2)+(Px, x2AY; @ Pywz @ Py x, Ai)[dim Z] € DP(Z x Z) (4.28)

with the projection maps defined from Z x X, x Z to Z x X, X, x Z, Z x Z and Z,

respectively.

To prove an isomorphism of functors (R_; 140, —;) *R_i1100,—; =~ of;a_; it is enough to

prove that the Fourier—Mukai kernels (4.27) and (4.28) are isomorphic. By the projection

formula, it is enough to prove

(prZ)*(p}XZ(R—jH[—j)V ®p*ZX)?R—i+1I—i) = (prZ)*(p§(+xZA\ij ®p*Z><X+A—i)-

We prove such isomorphism in the following proposition, thus concluding the proof of
Theorem 4.4.1.

Proposition 4.4.6. For 1 <1 < 7 < n we have an isomorphism

(pzx2)« (e, ,(Rjirl )" @ vy, R ivil i) = (pzx2)(Dx, x2AY; @ Doxx, Ai)

and therefore the right gluing functor for the couple (D_;,D_;), 1 < i < j < n, in the
SOD of Proposition 4.4.5 is given by of;a_[1].

Proof. We first construct a map

(pzw)*(P}XZ(RfjﬂLj)v ®P*ZX;(R%+1L¢) — (pZ><Z>*(p§(+><ZA\ij ®p*Z><X+A*i) (4.29)

that we will then prove to be an isomorphism.

First of all, notice that all as the Fourier—Mukai kernels involved are perfect objects

in the respective derived categories, we can rewrite the left hand side of (4.29) as
(pzxz)« (RHom(p% ,R_ji1l 0, Riv1l))
and the right hand side as

(pZ><Z>*(R‘H0m(pi;(+><ZA7j?p*ZxX+A7i))-

119



Flop-flop autoequivalences and compositions of spherical twists

Then, using flat base change we get a map

(1d XP+ X id)*(R‘Hom(p}XzR*jJrl[*j?p*ZX)?R*iJrlI*i))
— RHOm((ld Xpy X ld) R_j+1f_j, (ld Xpy X 1d>*p}>( AR_H_lI_i)) (430)

*
PZyz X

~RHom(px, «z(p+ X id)sR_ji1l-j, prx, (id xpy)Roiial ).

To get from (4.30) to (4.29) we now prove that we have an isomorphism
(ld Xp—f—)*R—H—lIO,—i ~ A_i

for any 1 <4 < n. Indeed, as by definition R,; maps to A,O¢ for any a and b, we can
construct a map R_;41lo—; — Ip—;. The cone of this map is an iterated extension of
complexes of the form ]a,blaL’b with a,b € {—n,...,—1}, and therefore it is in the kernel

of (id xpy)s, t.e., (id Xp_ ) R_jy1lo—; >~ A_;.

Summing up, we constructed a map

(id xpy x id)(RHom(p%,, , Rjr1l-j P}y g Riv1l-i)) = RHom(px, « zA-j: Pryx, A-i)
(4.31)
and we set (4.29) to be (pzxz).(4.31).

Our aim is now to prove that (4.29) is an isomorphism. To do so we will use the

technique of the deformation to the normal bundle, see [Ful98, Chapter 5].

Let us briefly recall this piece of theory. Given any closed immersion X — Y, we can
construct a flat, proper family f: X — A! together with a closed immersion X x Al «— X
such that for any ¢ € A' \ {0} we have X; = X x,1 {t} =Y with the given embedding,
and Xy = Tot(Ny/y) with the embedding given by the zero section.

Let us write fA: X — A for the deformation to the normal bundle of X , and similarly
fi: Xy — Al for the deformation to the normal bundle of X,. The maps p. lift to
maps pi: X — X, which remain proper. Moreover, the functors a_;, ¢, and R, can
be constructed flatly in the family and we write A™®, I R@:™ for their Fourier-Mukai
kernels. Convolving the kernels Rff{)n we get a family version R™™ of R_;. Then, it is easy
to see that (id x pi)*Rf,aﬁlléf‘Ti ~ Afam  Therefore, we get a map

(prAlXZ)*(RHom(p}XZRfEﬁJIEZmap* ARf_a?JldI—i)fam)

7xx (4.32)

— (prAl xZ)*(RtHom(pquZAf—a;‘na p*ZxX+Af—zi§n))
where

id ><f><id
E—

Pasnixz: (ZX A xu X xp (Zx A~ Zx X x Z Zx A x Z.
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The map (4.32) is a family version of (4.29) and restricts to (4.29) on every fibre different
from 0 € AL

Let us call S the cone of (4.32). As (4.32)|x, = (4.29) for any ¢ # 0, to conclude the
proof of the proposition it is enough to prove that S; ~ 0 for some ¢ € A\ {0}. We claim
that this follows if we prove that Sy ~ 0.

Indeed, let us assume Sy ~ 0. Then, notice that py.s147 is proper because J? is.
Therefore, as all the Fourier-Mukai kernels involved are perfect objects in the respective
derived categories, S € DP(Z x A! x Z) and its support is a closed subset of Z x A! x Z.
Assume there existed a point (z,t,2') € Z x A' x Z with ¢t # 0. Then, as fand f+ are
trivial outside 0 € A and Supp(S) is closed, this would mean that (z,0,2’) € Supp(9),
which is against our assumption.

Hence, if Sy ~ 0, then S ~ 0, which implies that (4.32) restricts to an isomorphism
on every fibre, and in particular on a fibre over ¢ # 0, which is what we needed to show.

Thus, to conclude the proof of the proposition we are left to show that Sy ~ 0, i.e.,

that (4.32) restricts to an isomorphism over 0. We do this in the lemma below. O
Lemma 4.4.7. With the notation as in the proof of Proposition 4.4.6, we have Sy ~ 0.

Proof. Over 0 € A' we are in the local situation. Namely, we have X, = Tot(Opy, (—1)®
b3 V_) and X = Tot(Opy_x,pv, (—1,—1)), and the restriction of (4.32) to this setting is
simply the map (4.29) for the local case.

Proving that Sy ~ 0 is local question in Z. Therefore, we can further assume that Z
is affine and that V_ and V, are trivial.

In this situation, we have the following description of the Fourier—-Mukai kernels for

iy tap and R_j 100 —;, respectively®
A*OZ & O[pm(—2> A*OZ & OP”XP” (a, b) A*OZ IE R,j+10[§mx[pm (0, —J)

As Z is affine, the derived local homs in (4.29) become derived global homs. More-
over, given the above description of the Fourier-Mukai kernels, these global homs split
in a part coming from Z x Z and a part coming from either Tot(Opnypn(—1,—1)) or
Tot(Opn (—1)®"1). The parts coming from Z x Z clearly play no role in the proof of the
isomorphism (they are the same on both sides), and therefore it is enough to prove that
statement of the lemma for the case Z = pt.

Summing up, we reduced to prove the following statement: the morphism

RHomroy(0pn , o (~1,-1)) R—j11Opn xpn (0, =), R_i 41 Opn pn (0, —1)) (4.33)

(P4 )« . .
SARLN RHom (0 (—1)2n+1)(Opn (—J), Opn (—1))

6We suppress the pushforward functors (j1 ). and [, to ease the notation.
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is an isomorphism for 1 <1 < j < n.

To prove this statement, we describe the objects R_;11Opnypn(0,—j) in a way that
allows us to easily match the two hom spaces appearing in (4.33). For the sake of simplicity

we do it for n = 2, the general case being analogous.

When j = 1, we have RyOpnypn (0, —1) = Opnypn (0, —1) and there is nothing to do.

Let us consider j = 2. On Tot(Opnypn(—1,—1)) we have the following exact sequences
Oz(1,1) = Og — Opxe (4.34)

O%(=2,-1) = 05x(=1,-1)% - 04(0,-1)% = 0%(0,—2) = Opyp(0,—2)  (4.35)

The first one is given by the tautological section % € Orot(Opn , pn (-1,—1))(—1, —=1). The sec-
ond one is obtained by joining the tensor product of (4.34) with Orot(0pn pn(-1,—1))(0, —2)
and the tensor product of the pull-up of the Koszul complex from the first copy of P”

with Orot(Opn ypn (—1,-1)) (1, —1).
Let us write
TL = Mpr Dyo(X_)L = cone(p* (p_)s — iquC(;())
for the projection functor to p* De.(X_)*. Then, tensoring the short exact sequence (4.34)
With Orot(Opn ,pn(~1,-1))(—1, —1), we see that
ﬂ-J_(OTOt(O]an]pm(—1,—1))(_17 —1)) = OIP’”XIP’”(_L —1) € X.

Similarly, 71 (Orot(Opnon(-1,-1))(—=2, —1)) € K. Therefore, applying 7, to (4.35) we get

xXPn

the distinguished triangle
71 ({0%(0,-1)% = 0%(0,-2)}) = Opyp(0,—2) —

=71 ({O0g(=2,-1) = Ox(—1,-1)**})[1] (4.36)

where the last term is in K, and we use the notation {—} to denote a complex of coherent

sheaves whose rightmost term is in degree 0.

Applying RHomrot(0pn  pn (—1,-1)) (Opn xpn (0, —1), —) to the distinguished triangle (4.36),
as K C Opnypn (0, —1)* by (4.23), and

RHomrro4(0pn , o (~1,—1)) (Opnxpn (0, =1), Opnypn (0, —=2)) ~ 0,

we see that
71 ({0%(0,—1)% = 0%(0,-2)}) € Opnypn (0, —1)".
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Therefore,
71 ({0%(0,—1)%* — 0%(0,—2)}) € (Opnypn(0, —1), p* Dy (X_))*.

As the projections with respect to an SOD are uniquely defined, the distinguished triangle
(4.36) and the SOD (4.24) imply

R_1Opnypn (0, —2) = 7, ({O5(0, —1)%* — O5(0,-2)}).

Using this description of R_jOpnypn (0, —2) and the adjunctions pL - (p+)., it is easy to
see that (4.33) is an isomorphism.

This completes the proof of the lemma. n

4.4.2 Mukai flops

In this section, we consider the example of Mukai flops. We keep employing the notation

introduced in § 4.4.1, but we restrict to the case Z = pt. Therefore, we have
X = Tot(Opn (—1)®1) and X = Tot(Opnypn(—1, —1)).

Remark 4.4.8. The reason why we assume that Z is a point is that we want to avoid

complications related to P-functors, see [Add16] and [AL19] for the relevant definitions.

Taking global sections, we see that we have a non-trivial surjection of algebras
Symy, (Homg (K", k™)) — HO(X, O¢) ~ H (X4, Ox,)

Therefore, there exist canonical maps ¢g+: X4 — Al, §: X — Al corresponding to the
identity idg» in the left hand side above. We define

W:t:{g:t:()} and W\:{QZO}

Given the above definitions, we get the following diagram whose top row takes the

name of Mukai flop

Wo—2 W W,
r[ [7: [r+ (437)
X - X T X4

Notice that Wy ~ Tot(Qf.), which is embedded in Xy via the Euler exact sequence,

and that the equation ¢ = 0 describes W as a normal crossing divisor in X with two
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irreducible components: one of them is the blow-up of W, along P", that we denote by
W, and the other is P" x P". These two irreducible components are glued along P(L,)
that is the exceptional locus of the blow-up and that sits inside P x P™ via the inclusion
QL. — Opn(—1)%"TL,

The smooth varieties W_ and W are birational, and furthermore the functors (q+).q%
induce derived equivalences D*(W,) ~ DP(Wx), see [Nam03], [Kaw02]. These equiva-
lences induce equivalences Dy (W) o~ Dg.(W5) by [KL15, Lemma 2.12], and therefore
we can apply Theorem 4.1.3. Even more, we can also apply Theorem 4.2.2 because g+
are proper and of finite Tor dimension.

As in § 4.4.1, from now on we focus on the description of the spherical functor W,
and of the categories 8, C DqC(W), 8 =8:n Db(/W), but this is not restrictive by the

symmetry of the situation.

Remark 4.4.9. Two remarks are in order here. First, the notation §, and Sﬁ will not be
ambiguous because even though the varieties X and X, appear in this subsection, the
source categories for the spherical functors obtained in § 4.4.1 do not. Second, as it was
the case for standard flops, a priori it is not clear that 83 is the correct source category
for the spherical functor obtained from Theorem 4.2.2, but Theorem 4.4.13 will prove it

1S.

In [ADM19], Addington-Donovan-Meachan describe a factorisation of (g4 ).q* (¢-)+q}
in terms of P-twists around P-objects. We now briefly recall their result and rephrase it
in terms of spherical functors.

We have talked about P-objects in the framework of dg-categories in § 3.5. For the
convenience of the reader, and to fix the notation, we now quickly survey the concept
once more.

P-objects were introduced by Huybrechts-Thomas in [HT06]. Given a smooth, projec-
tive variety Y of dimension 2n, an object P € D"(Y) is called a P"-object if P ® wy ~ P
and

Homy),y (P, P) ~ H*(P", k)

as graded algebras. To each such object, Huybrechts and Thomas associate an autoequiv-
alence of DP(Y)) called the P-twist around P. What Addington—Donovan—Meachan prove
is that the objects Opn(—7j) € DP(W,) are P"-objects for any j € Z, and that the flop-flop
autoequivalence (q4).q" (¢—).¢; factorises as the composition of inverses of P-twists.
From our perspective, it will be more useful to interpret P-twists as spherical twists
according to the construction proposed by Segal in [Seg18] and that we explained in § 3.5.
Let us recall this construction. In [Segl8], Segal notices that the P-object P carries

an action of the dg-algebra k[g|, where deg(q) = 2. Therefore, if we call ¢ the generator
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of Hompy,y (P, P), by Koszul duality the object

P := cone(t: P — P[2]) (4.38)

carries an action of the dg-algebra kle]/e?, where deg(e) = —1.

Then, Segal proves [Segl8, Proposition 4.2] that the functor
ﬁp(—) = — ®k[s]/52 P: D(k[g]/gQ) — DqC(Y)

is spherical and that T}, is isomorphic to the P-twist around P. With this notation,

[ADM19, Theorem B| can be restated saying that we have an isomorphism of functors

* * ~ _1 D _1
(g+)-a" (Q—)*q+ - Tﬁoum(—l) ° © Tﬂoﬂm—n)' (4.39)

Remark 4.4.10. In the description above we have been consciously imprecise because we
believe that conveying the basic idea is more important that spelling out every single
detail. However, for the proof of Theorem 4.4.13 we will need to perform some choices,
and therefore in this remark we explain all the technicalities we hid above.

Given a P"-object P by definition we have an isomorphism Homgy, (P, P) ~ k[t]/t"*
as graded algebras, where deg(t) = 2. To define a k[g]-module structure on P we fix an
h-injective’ resolution Ip of P. Then, Homg(Ip, Ip) is a dg-algebra whose cohomology is
given by Homgpy, 3 (P, P), and we can fix a lift tp: Ip — Ip[2] of ¢ so that we make g act
on Ip as tp.

The next step in giving a formal definition of Sp is to fix a lift of P. Let us consider

the cone of tp in the category of complexes of Oy-modules. Namely, we consider
jp = COHe(tP) = ]p[]_] D Ip[2]

with the differential given by the cone construction. Then, we have a closed, degree zero

morphism Ip — Ip[—1] given by
Ip = Ip[1] ® Ip[2] 3 (a,b) — (0,a) € Ip @ Ip[1] = Ip][—1]

that endows Ip with the structure of a k[e]/e2-dg-module. Hence, we can consider Ip
as a Fourier-Mukai kernel Ip € Dy(Spec(k[g]/€?) x Y). The functor fp is the functor
associated to this Fourier—Mukai kernel. Notice that it does not depend on the choices

performed.

Remark 4.4.11. The notion of a P-object has been generalised to that of a split P-functor,

"See [Spass] for these complexes, which in ibidem are called K-injective.
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[Add16], [Caul2b], and more generally to a P-functor [AL19]. Using these more general
notions, [ADN19, § 3] and [ALL19, § 7.4] prove the factorisation of the flop-flop autoequiv-

alence for Mukai flops in terms of P-twists for any base Z.

Once again, given Theorem 3.1.4, the isomorphism of functors (4.39) is for us a hint
that a glued spherical functor might be hiding in plain sight. This is indeed the case, as
we are about to show.

Let us define DP(k[e]/€?), deg(s) = —1, to be the smallest triangulated subcategory
of D(k[e]/e?) generated by k € D(k[e]/e?).

Remark 4.4.12. Notice that DP(k[e]/€?) coincides with the subcategory of D(k[e]/e?) given
by those complexes whose total cohomology is finite dimensional. See e.g. [[X522, Propo-
sition 2.2].

Theorem 4.4.13. Let us write §. and V. for the source category and the spherical
functor, respectively, obtained by applying Theorem /.1.3 to the setup of Mukai flops.
Then, the category 8. has an SOD

8, = (D(k[e]/e?), ..., D(k[e] /%)) (4.40)

where n copies of D(k[e]/e?) appear. Moreover, the functor V. restricted to the i-th copy
of D(k[e]/e?) (counting right to left) is identified with Bo,. (-, and for any1 <i<j <n
the functor Bgﬂm(_j)ﬁoﬂm(_i)[l] 1s the right gluing functor for the couple formed by the j-th
and i-th copy of D(k[e]/e?) (counting right to left).

Furthermore, the SODs obtained by applying Theorem 4.1.3 to the setup of Mukai flops

o~

induce SODs of YK NDP(W), and thus the category 8% has an SOD
St = (DV(K[e]/e%), ..., DV (kl]/%) (1.41)

and the quotient functor m: DqC(W) — DqC(W)/K induces an equivalence 7: 8 =
ker(g_), C DP(W)/%P.

We will obtain this theorem by base changing the results we proved in § 4.4.1. Because
of the many parts it is made of, we split the proof of Theorem 4.4.13 in various parts.

For 1 < j < n, let us write
O_j = R_j11O0pnypn(0,—j) € D*(X), R_; = (i*O_;)®, and R°; =R_; N D°(W).

First, we prove that §, and SR have SODs in terms of the subcategories R_; and R> e

respectively.

Lemma 4.4.14. The subcategory 8. has the SOD 8, = (R_,,,...,R_4).

126



Flop-flop autoequivalences and compositions of spherical twists

Proof. Notice that g € Og¢ is a regular section because X is smooth. Therefore, the
diagram

TR

l lg (4.42)

{0} — 5 Al

is Tor independent, and we can apply base change for SODs as developed in [Kuzl1].

~

More precisely, let us write K¢ C Dg(X) for the common kernel of (pi),. Then, by
(4.24) we have the SOD

Dee(X) = (K5, 0 _p,...,0_1,p* Dge( X)) (4.43)

Now, [I[<uzl1, Proposition 4.2] allows us to base change (4.43) along (4.42) to obtain the
SOD
Dye(W) = ((FK5), Ry, ..., Roq, ¢ Dge(W2)) (4.44)

If we write Ky for the common kernel of (g4)., to prove that we have the SOD
84+ = (R_y,...,Ry) it is now enough to prove that K = (7K ¢)®. Indeed, if we have
K = (7K )®, then Theorem 4.1.3 and (4.44) imply

81 = 1% Nker(q-). = “Kyp N (¢ Dae(W_))* = (R, R,

as we wanted.

o~

We now prove that Ky = (7K )9 Take K € Do (W), then K € (7*X)? if and
only if
K € <:R—n7 s 7IR—17p*—DqC<W—)>J_a

which in turn is equivalent to
P K € (0 ..., 0_1,p" Do (X)) =K.

However, 0 = (p+).7 K = (r+)«(q+)«K if and only if (¢4).K = 0 because r_ and r, are
closed embeddings, and we get K = (7K ¢)®, as we wanted. O]

Given Lemma 4.4.14, we are now in the position to prove

Lemma 4.4.15. The SODs obtained by applying Theorem 4.1.3 to the setup of Mukai
flops induce SODs of ~K N Db(ﬁ/\), and thus the category 8% has an SOD

8 = (R>,,...,R”))
and the quotient functor m: ch(W) — ch(/W)/fK induces an equivalence 7: 8% =
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ker(g_), C DP(W)/%P.

Proof. This lemma is actually just an easy consequence of the following observation: as X
is smooth, the projection functors of the SOD (4.43) have finite cohomological amplitude,
see [Kuz11] for the definition of this notion, and therefore we can also use [I[<uz11, Theorem

5.6] to base change the SOD
DP(X) = (K%, 0p,...,0_1,p" D*(X_))
of Remark 4.4.3 to the SOD

D*(W) = (X N DP(W), R> R, ¢* DP(W_)), (4.45)

niycc

—

and we get the desired induced SOD of XK NDP(W). Similarly, one shows that also the
other three SODs of Theorem 4.1.3 induce SODs of Db(/W).

As a consequence of (4.45), we get

8" =8, ND° (W) = (R",,...,R"),

ny e _

as we wanted.

Now that we proved that the SODs obtained by applying Theorem 4.1.3 to the setup
of Mukai flops induce SODs of LCKW\ ﬂDb(W), the proof that the quotient functor induces
an equivalence 7: 8% = ker(g_), C Db(W)/be is the same as in Proposition 4.4.5. [

Summing up, thanks to Lemma 4.4.14 and Lemma 4.4.15 we know that we have the
SODs
8+ =(R_p,...,R_1) and 8% =(R>,,....R")).

Thus, to prove the existence the SODs (4.40) and (4.41) it is enough to prove
R_j ~ D(k[e]/e®) and RP; ~ DP(k[e]/e?)
for j =1,...,n. We do this in the following
Lemma 4.4.16. For any j = 1,...,n, we have equivalences
(i) R—j ~ D(k[e]/<?)
fii) R = D ([e]f22)

Proof of (i). By definition the category R_; is generated by the compact object #*O_;.
Therefore, to prove that R_; ~ D(k[e]/£?) it is enough to prove that the derived endo-
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morphism algebra of #*O_; is isomorphic to k[e]/e*. Namely, we want to prove
RHomg; (#*O_;, #*O_;) ~ k[e] /&°. (4.46)
Recall that, by construction, we have isomorphisms

RHom¢(0_;,0_;) RHom g (Opnxpn (0, —j), Opnxpn (0, —3))

T~z = (4.47)

RHom ¢ (O_;, Opnypn (0, —5))

given by postcomposition and precomposition, respectively, with the canonical morphism
O_; = Opnypn (0, —j) coming from the definition of right mutation. Notice that all the
hom spaces in (4.47) carry an action of HY(A', Oy1) via g, and that the isomorphisms
in (4.47) are H°(A!, Oy1)-linear. This means that we can rewrite the diagram (4.47) as

follows

G.RHom(0_;,0_;) G RHom g (Opnypn (0, =37), Opnypn (0, —5))

X) / (4.48)

G- RHom ¢ (Opnypn (0, —7),0_;)

It is easy to show that g.RHomg(Opnypn(0,—7), Opnyen(0,—7)) =~ (i0)«Ofoy, where
io: {0} <= A!, and therefore (4.48) tells us that we have an isomorphism

g:-RHom 5 (0—;,0-;) =~ (in)«Ooy-
Applying flat base change along (4.42) to this isomorphism, we obtain the isomorphism®
RHomg; (F*O_;, 7*O_;) ~ igg.RHom 5 (0_;, O_;) ~ i (i) Otoy ~ k[e] />,

which is exactly (4.46), as we wanted.
Given the isomorphism (4.46), by e.g. [LS16, Proposition B.1], we conclude that
R_; ~ D(k[e]/€?), concluding the proof. O

Proof of (ii). To prove the equivalence R”; ~ DP(k[e]/e?), we have to study the equiv-
alence R_; ~ D(k[e]/e*) more carefully and answer the following question: under the

equivalence R_; ~ D(k[e]/£?) to what subcategory does Db(/W) correspond? The equiv-

8Notice that we are doing three steps at once: by flat base change we obtain that the underlying
graded algebra of the RHom in (4.46) is k @ k[1]. However, there is only one structure of graded algebra
on this graded vector space, which is given by k[e]/e2. Finally, for degree reasons, the dg-algebra k[e]/c?
is intrinsically formal, see also [KS22, Lemma 2.1], which means that any dg-algebra with the same
cohomology is already quasi-isomorphic to it. Thus, we can conclude that (4.46) holds.
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alence R_; ~ D(k[e]/£?) is given by
v_j(=) = = @z 7°Oj: D(kle] /e*) = Dge(W).

What we want to show is that v_;(D"(k[e]/e%)) = R".

Notice that as #*O_; € D(W)°, it follows formally that v_;(D(k[e]/e*)) = R ;. How-
ever, we cannot formally deduce anything about v_;(DP(k[g]/£?)) because this subcategory
is controlled by the action of v_; on k, which in general can be recovered by the action of

v_j on kle]/? only as an homotopy colimit.

We begin by showing that if v_;(A) € R";, then A € D"(k[e]/e®). Take A € D(kle]/e?)
and assume that A’ = v_;(A) € R®,. As v_; is fully-faithful, we have

A~viy ;(A) ~ RHomg (7 O_;, A') ~ RHomg(O_;, 7, A').

As A’ is bounded, so is 7, A’, and thus, as O_; € Db()A( ) is set-theoretically supported
on P" x P" the rightmost term above has bounded and finite dimensional cohomology.
Therefore, by Remark 4.4.12; we get A € DP(k[e]/&?).

Conversely, we now prove v_;(DP(k[e]/2)) C D*(W). By definition of D?(k[e]/g2), it

o~

is enough to prove that v_;(k) € D*(W), and this is what we show.

Let us write mo_, for the projection functor to the subcategory generated by O_; for
the SOD (4.43), and 7g_, for the projection functor to the subcategory R_; for the SOD
(4.44). Here 1 < j <mn.

[[Kuzl1, Proposition 4.2, Theorem 5.6] tell us that mo_, and 7x_, are compatible.

Namely, they tell us that for any 1 < j < n we have an isomorphism of functors
PuTiR_, 2 TO_ Ty (4.49)

We will use this isomorphism of functors to prove that v_;(k) € Db(W).
Notice that

7 Oprspn (0, —7) € (O_j11, ..., O_1,p* Dge(X ) = (K5,0_p,...,0_). (4.50)
Therefore, we have”

To_; (f*OJP’”xJP’” (Oa _j)) = RHOIH)? (O—j7 7 Oprn xpr (07 _j)) Sk O—j = O—j>

9Recall that by Remark 2.3.3 the projection functor to the rightmost subcategory in an SOD is the
right adjoint to the inclusion of that subcategory. In this case, the inclusion of the category generated
by O_j; is the given by the functor — @3 O_;, and its right adjoint is RHomg; (O, —).
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and thus
. Ny (4.49) . )
Pomr_; (Opnxpn (0, 7)) = mo_; (7Opnypn (0, —7)) ~ O_; (4.51)

Now notice that (4.50) implies
O]P’”XIP’”(Ov _j) € <R—j+17 s 7R—17 q*—])qC(VI/—)>L = <J<:/1/I77 R—n» s 7:R—j>

and therefore

Wﬂz_j(OanPn (0, —74)) ~ RHomW\(f*O_j, Opnypn (0, —7)) Qkle]/e2 7O_;
~k ®k[5]/52 72*0_]‘ = V_j(k‘).

Plugging this isomorphism into (4.51), we obtain 7,v_;(k) ~ O_;. As 7 is a closed
embedding, 7, reflects boundedness and coherence, and therefore v_;(k) € Db(W), as we
wanted. O

Having proved Lemma 4.4.14, Lemma 4.4.15, and Lemma 4.4.16, we know that we
have SODs

S. = (D(k[e]/e?),...,D(k[e]/e*)) and 8% = (D°(k[e]/e?),..., D"(k[e]/e?)),

and to conclude the proof of Theorem 4.4.13 we have to prove that the functor ¥,

restricted to the i-th copy of D(k[e]/e?) (counting right to left) is identified with Bo,., (-4,

and that for any 1 < i < j < n the functor ﬁgﬂm(f N Bopn (—i[1] is the right gluing functor

for the couple formed by the j-th and i-th copy of D(k[e]/e?) (counting right to left).
We begin by proving

Lemma 4.4.17. With the notation of Lemma 4.4.16, we have an isomorphism of functors

Viv_;j >~ Bow(—j forany j=1,...,n.

Proof. Recall that in Remark 4.4.10 we explained that the functor Sp,,(—;) is defined by
performing some choices. However, in the same remark we also noticed that the resulting
functor does not depend on the choices made, and therefore proving the isomorphism
V. v_j >~ Bo(—j amounts to prove the following: write A for the Fourier-Mukai ker-
nel defining W, v_;, then A has the structure of a k[e]/e?-dg-module and we have an
isomorphism

A ~ cone(Opn(—7) = Opn(—7)[2])

under which the two actions of & correspond (the action of k[e]/e* on the right hand side
was defined in Remark 4.4.10).
We now prove that the Fourier-Mukai kernel of U v_; does indeed satisfy these prop-

erties. Let us write I_; for an h-injective resolution of #*O_;. Then, we can lift the k[¢] /-
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dg-module structure on #*O_; to a k[e]/e*-dg-module structure on I —; in such a way that

the isomorphism I_; ~ #*O_; becomes an isomorphism in Dg(Spec(k[e]/e2) x /W)

Having made this choice of an h-injective resolution, we get that v_; is the functor
associated to the Fourier-Mukai kernel I_; € Dyc(Spec(k[g]/2) x W), and that W, v_; is

the functor associated to the Fourier—Mukai kernel

(id xqy)«(I-;) € Dye(Spec(kle]/e%) x W),

Now notice that the underlying Oy, -module of (id xq).(I_;) is

(+):(I-5) 2 (g4 )7 O—j =2 1. Opn(—j). (4.52)
We claim that we have an isomorphism
7% Opn(—7) ~ cone(Opn(—j) = Opn(—7)[2]) (4.53)

and that the isomorphism obtained by composing (4.52) and (4.53) is an isomorphism in
the category Dyc(Spec(kle]/e?) x W,).

We begin by proving the isomorphism (4.53). First, notice that Op» € D”(X ) can be
resolved using a Koszul resolution. Namely, P" C X is the zero locus of a regular section
s € Ox, (—1)®"! and the Koszul complex associated to s is a resolution of Opn. Then,
if we use (the twist by Ox, (—j) of) this complex to compute 7§ Opn(—7), we obtain the
(twist by Ow, (—7)) of the Koszul complex associated to the restriction of s to W,. The
latter complex is not exact because because P has codimension n in W, , while s|yy, is a
section a vector bundle of rank n + 1. However, the dimension is off only by one, which
means that the Koszul complex associated to s|w, has cohomology only in degree 0 and
—1. In degree zero the cohomology is Opn, while in degree —1 it is given by the kernel of
the map

Opn (1) >~ Oy, (1) pn — Npnjwr, = ()",

which is Opr. Therefore, we have a distinguished triangle
Opn (—5)[1] = 71 0pn (=) = Opn(—J),

which proves the isomorphism (4.53).

To prove that the isomorphism obtained by composing (4.52) and (4.53) respects the
k[e] /e*-dg-module structure on both sides, we notice that by our choice of the k[e]/e?-

dg-module structure on f,]- and the diagram (4.47), we have the following commutative
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diagram
————— 7*O_; ———— 7 Opnypn (0, —7)
I, [-1] === #*0_j[~1] —— #*Opnypn (0, —j)[~1]
Applying (¢4 )« to the above diagram, and using the isomorphism (4.53), we see that the

isomorphism (g ).(I_;) — cone(Opn(—75) — Opn(—7)[2]) is an isomorphism of k[e] />-dg-

modules. Therefore, we proved ¥, v_; ~ Bo.,(—j), as required. n

Finally, we are in the position to complete the proof of Theorem 4.4.13 by proving the
statement about the right gluing functors of the SOD (4.40).

Lemma 4.4.18. With the notation of Lemma 4.4.16, we have an isomorphism of functors

Vv =BG, (—jyBoen (- for any 1 < i< j <.

Proof. We proved in Lemma 4.4.17 that we have an isomorphism ¥V, v_; ~ Bo,.(—j),

therefore we only have to prove
VR v~ (W )M,

Notice that we have a natural transformation

ijy_i — V}_%j\llfllhru_i = (Vv ), v, (4.54)

and that all the functors appearing are cocontinuous. Thus, to prove that the natural
transformation is an isomorphism it is enough to prove that it is an isomorphism on

kle]/e* € D(k[e]/?). We have
Fv_i(k[e]/e*) = RHomg: (#*O_;,#*0_;) ~ ig.RHomg(0—;,0_,)

and
(Vv )"0y vi(k[e]/e) = RHomw ((q4).(1-5), (q+).(1-))
~ RHomypy_ (1. Opn(—j), 77 Opn(—1i))
~ i5(g4)«RHomx, (Opn(—j), Opn(—i)).

Under this identification the natural transformation (4.54) becomes the image via i of

the morphism

9:RHomg(0—;,0-;) = (9+)«(p+)-RHomz(0—;, 0—;) —
— (94)«RHomx, (Opn(—j), Opn(—1)).
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However, in Lemma 4.4.7 we proved that this last morphism is an isomorphism, and

therefore the natural transformation v,v_; — (¥ v_;)®W v_; is an isomorphism when

evaluated at k[e]/e?, as we wanted.

The proof of the lemma, and thus of Theorem 4.4.13, is now complete. O]

Remark 4.4.19. Notice that by Koszul duality we have DP(k[e]/e?) ~ D(k[q])¢, thus we
also recover the other construction of [Segl8]. The thick generators of the copies of
D(k[q])¢ are the objects

k @gjeje2 T'R_j11Opnypn (0, —7),

which in the terminology of [KX522] are P*°[2]-objects.

4.4.3 Other examples

Let us walk through a few more examples where we can apply the theory of § 4 but where
an explicit description of the category 8. eludes our understanding.

Grassmannian flops

Let V and S be two vector spaces of dimension n and r, respectively, with r < n. Consider

the quotient stack
X"" = [Hom(S,V) ® Hom(V, S) /GL(S)]

where the action is given by M - (a,b) = (aM~*, Mb). The GIT quotient associated to
the linearisations O(1) := det S¥ and O(—1) are, respectively,

X7 /GL(S) = {(a,b) : b is surjective} /GL(S) = Tot (Hom(S,V) — Gr(V,r)) =: X4,

which is the total space of a vector bundle over the grassmannian of r dimensional quo-

tients in V, and
X% JGL(S) = {(a,b) : a is injective} /GL(S) = Tot (Hom(V,S) — Gr(r,V)) =: X_,

where Gr(r, V') is the grassmannian of r dimensional subspaces of V.
The two varieties X_ and X are birational and derived equivalent, see [DS14], [HL15].

The fibre product over the common singularity is given by
X = Tot (Hom(Q, S) — Gr(r,V) x Gr(V, 7))

where () is the tautological quotient bundle and S is the tautological subbundle.
In [BCF19] it was proved that X gives a derived equivalence between D*(X_) and
DP(X,). As everything is smooth, by [[XL.15, Lemma 2.12] we obtain an equivalence
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Dye(X-) >~ Dge(X4), and we can apply Theorem 4.1.3. In [BCE"19] it is also (implicitly)
proved that the flop-flop functor is given by a composition of n —r window shifts, see [ibi-
dem, Corollary 5.2.9, Corollary 5.2.10]. Moreover, by [DS14] we know that every window
shift is realised as the spherical twist around a spherical functor whose source category is
given by Dy (X"1"). Therefore, as in all the examples we considered, one would expect
8. to have an SOD reflecting this factorisation of the flop-flop autoequivalence. However,
the picture is more complicated, and we are not able to match up the construction of § 3

with the spherical functor constructed via Theorem 4.1.3.

Abuaf flop

Consider V' a symplectic vector space of dimension 4. Then, define
X_ =Tot(L* /L ® L* -+ PV) and X, = Tot(S(—1) — LGr(2,V))

where L is the tautological subbundle on PV, S is the tautological subbundle on LGr(2, V),
and O (—1) = /\25 . The varieties X_ and X, are birational and derived equivalent
[Seg16], and furthermore they resolve the same singularity ¥ = Spec H(X.,Ox.). In
[Harl7], Hara proves that the structure sheaf of the fibre product X_ xy X, gives an
equivalence from DP(X_) to DP(X, ). He proves this statement identifying the flop functor
with the equivalence constructed by Segal, who used tilting bundles to prove DP(X_) ~
DP(X ). Furthermore, Hara constructs another family of tilting bundles, and one can
show that (one of) the equivalence(s) produced by this new family is identified with the
flop functor DP(X,) — DP(X_). Thus, the diagram X_ < X_ xy X, — X induces a
flop-flop diagram, and we can apply Theorem 4.1.3 and Theorem 4.2.2.

Studying the families of tilting bundles in further detail, one can show that the flop-flop
autoequivalence is given by

75T oven -0 Tinsn Do s (4.55)

where j : LGr(2,V) < X is the inclusion of the zero section. Given this decomposition of
the flop-flop functor, we might expect the category 8, to have a full exceptional collection
of length five, so to match the spherical functor of Theorem 4.1.3 with the glued spherical
functor of Theorem 3.1.4, as it happened for standard flops.

However, there is a fundamental difference between this example and standard flops:
the objects 7.5, 1.0pc:(—1), j.S(—1), ixOrar(—2), and j,S(—2) are not “independent”

in the derived category: we have the following short exact sequence on LGr(2,V)
S(—=1) = V*® Opa(—1) — S. (4.56)
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Hence, the functor obtained by gluing the twists in (4.55) using the construction of
Theorem 3.1.4 is not conservative, while the spherical functor ¥, is. We can guess
what 8§, should look like as follows; the fibre product X is the gluing of Blyg, X and
PV x LGr(2,V) along P(S(—1)), which is embedded in the latter via the exact sequence
(4.56). We can prove that 8, is generated by the objects i, Opgr(—1), i.Onar(—2), 1.5(—1)
where i : PV x LGr(2,V) — X is the closed embedding, and therefore one might conjec-
ture that & is the quotient of the source category obtained by gluing the spherical twists
in (4.55) by the kernel of the associated glued spherical functor. However, at the moment

we do not know how to prove whether this is right or wrong.
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Chapter 5

Concluding remarks and further

directions

We want to conclude this thesis by presenting some possible future applications of the
novel mathematics we developed in the previous chapters. The author does not know
whether the suggestions that he is about to make will turn into precise theorems, but he

hopes that others will share his interest in the approach proposed.

5.1 Glued spherical functors

We have spent the entire § 3 to understand how to glue spherical functors, and then we
spent a big part of § 4 to find geometric examples of such construction. However, the
reader might wonder why should they be interested in such construction. What are the
new information we can access that we could not grasp without glued spherical functors?

Theorem 3.1.4 has already found applications in the joint work of the author with
Dr. Jongmeyong Kim [BIKX21] to compute the categorical entropy of the composition of
two spherical twists around spherical objects. However, here we want to present another
possible application of Theorem 3.1.4.

In § 1, we said that sometimes having different presentations of a fixed autoequiva-
lence as a spherical twist around a spherical functor can be an advantage, rather than
a disadvantage. Glued spherical functors are able to harness this opportunity and shed
light on some relations that might result a priori unexpected.

Let us consider the following example. Let E' € € be a d-spherical object in a proper
triangulated category with a Serre functor Se. By Theorem 3.1.4, we know that the
autoequivalence T3 € Aut(C) can be realised as the spherical twist around the spherical

functor
L
U(-)=—-®gr(F®FE): D(R)—C
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where R is the path dg-algebra of the quiver
2 1 deg(a) = 0,deg(b) =d

Here, the vertex labelled 2 corresponds to the left copy of E in E® E, the vertex labelled 1
corresponds to the right copy of F/, and a and b correspond to the identity and the unique
extension of F by itself, respectively. Notice that instead of the dg-algebra constructed
in § 3.4 we consider its associated graded algebra, which in this case we can do because
there are no relations among the morphisms and therefore the algebra (3.41) is formal,

i.€., isomorphic to its cohomology.

What we want to point to the attention of the reader is that the functor ¥ defined
above is not conservative. Namely, if we consider the SOD D(R) = (D(k),D(k)) con-
structed in Proposition 2.4.25 and explained in Example 2.4.30, then we see that

U(cone(a: k ®y R — k®; R)) ~ cone(id: E — E) ~0.
Therefore, ker U # 0, and actually ker U = (cone(a: k ®2 R — k ®; R)).

Thus, we can consider another spherical functor whose twist is isomorphic to Tz,
namely, the functor
U: D(R)/ker ¥ — C.

The question now is: can we say something about D(R)/ker U and this new functor?

To answer this question we will proceed pictorially, but the we reassure the reader
that every step can be formalised. In passing from D(R) to D(R)/ker U we are imposing
that the morphism a should become an isomorphism. Therefore, what we are saying is
that the two vertices in the path-algebra presentation of R should become isomorphic.

Namely, the process of taking the quotient acts as follows
2 1 s 1 )

The algebra corresponding to the quiver on the right is the algebra k[b], where deg(b) = d.

For compactness reasons, this answer is not quite right, and we have to pass the algebra
k[b] through Koszul duality. Thus, we obtain

D(R)/ker U ~ D(k[e]/e?) deg(e) =1—d
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and the spherical functor ¥ is identified with the spherical functor
L
U (=) = — ®pfe)/e2 cone(E — Eld]): D(k[e]/e?) — €.

Hence, we proved that T2 = Ty..

The spherical functor U, has already appeared in [Seg 18] as the spherical functor whose
twist gives the P-twist around a P-object. The claim we make here and the statement of
1bidem tie up once we recall that the square of the spherical twist around a 1-spherical
object is isomorphic to the P-twist around the same object considered as a P'-object, see
[H'T06], and more generally that the square of the spherical twist around a d-spherical
object is isomorphic to the P-twist around E considered as a P![d]-object, see [[<r118] for
this notion.

However, the point we want to stress is that even if we did not know the result of
[HT06], we could use the formula T2 = Ty, to prove that the square of the spherical twist
around a spherical object is the P-twist around the same object.

This is the insight we want to provide to the reader: the gluing construction of The-
orem 3.1.4 gives us many new spherical functors with the same twist because the glued
spherical functor is not necessarily conservative. The question the author has in mind is:
can we harness the failure of conservativity to find new, interesting relations among (a
priori) different autoequivalences? For example, along the same lines of what we showed
above, one can recover the well known fact that an A,-configuration of spherical objects

gives rise to an action of the braid group, see [STO01].

5.2 Four periodic SODs

Throughout the thesis we motivated the research that led to the mathematics presented
in § 4 by a search for geometric examples of glued spherical functors as constructed in
§ 3. We want to use this concluding section to show that the mathematics of § 4 has also
the potential to be used to prove new, interesting statements.

In § 4 we started from what we called a flop-flop diagram, see Definition 4.1.1,
B AL B,

and we showed that left orthogonal to the category K = ker a_ N ker oy admits a four
periodic SOD whose induced spherical functors have twists whose inverses are isomorphic
to the flop-flop autoequivalences.

What we want to point out is that it is easy to prove that, under the assumption

that o and ai are fully faithful, the existence of the four periodic SOD described in
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Theorem 4.1.3 is equivalent to the flop functors being equivalences.

This observation can be used, for example, to prove that if the pull-push functors via
X for the standard flops are equivalences, then so are the pull-push functors via W for
the Mukai flops. See § 4.4.1 and § 4.4.2 for the notation we are employing.

Indeed, once we know that the flop functors for the standard flops are equivalences,

we can use Theorem 4.1.3 to claim the existence of four SODs

Dye(X) = (K g, 87, " Dye (X)) = (K g, p" Dge( X, 8X) =
= (K3, 8%, pi Doe(X1)) = (K g, P31 De(X+4), 83)

where K¢ = ker(p_), Nker(ps).. Then, using the theory of base change for SODs as
developed in [IKuz11], we obtain four SODs

- <g</w7,8‘j/,qich(W+)> = <J</V[77qi:DqC(W+>»SK/>

Dye(W) = (K, 8%, 4" De(W-)) = (K, ¢" Dge(W-), 8%) = .

Here we are implicitly using a series of facts that we either proved in § 4.4.2, or that are

easy to prove. Namely, that
(7K5)® = K and (§"pLDqc(X))® = ¢Dge(We).

Given the four SODs (5.1), we obtain a four periodic SOD of +X, and using the fully
faithfulness of ¢* and ¢% (which implicitly we already used because we wrote ¢* Dgc(W_)
and ¢ Do (W) rather than (¢* Dyo(W-))® and (¢* Dyc(W-))?), we conclude that the flop
functors for the Mukai flops are equivalences.

What the author wonders is: can we use this strategy to construct new examples in

support of the Bondal-Orlov-Kawamata conjecture?
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