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Abstract: We prove that every positive-(p,p) integral cycle in an ar-
bitrary almost complex manifold possesses at every point a unique tangent
cone. The argument relies on an algebraic blow up perturbed in order to face
the analysis issues of this problem in the almost complex setting.
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1 Introduction

The notion of calibration appeared in the foundational paper [13]in 1982,
after that key features of calibrations had been observed in some particular
cases in the previous decades (see [19] for a historical overview).

An immediate impact of calibrated currents was in connection with Pla-
teu’s problem, since these objects are mass-minimizers in their homology
class and thus provide plenty of interesting and explicit examples of volume-
minimizers. In the last fifteen years, however, calibrations have appeared
surprisingly in many other geometric or physical problems, for example (see
[9], [26], [27], [28], [29]) theory of invariants, Yang-Mills fields, String theory,
etc. Typically an essential issue in these studies is to understand regularity
properties of calibrated currents.

Already raised in [13], one of the long-standing regularity questions is
whether calibrated integral currents admit unique tangent cones. The issue
is still open, except for currents of dimension 2. Let us recall a few notions
and the state of the art, before passing to the results of the present work.

Given a m-form ¢ on a Riemannian manifold (M, g), the comass of ¢ is
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defined to be
[|61" == sup{{¢s, &) : x € M, &, is a unit simple m-vector at z}.

A form ¢ of comass one is called a calibration if it is closed (d¢ = 0). We will
be dealing also with non-closed forms of unit comass, which will be referred
to as semi-calibrations, following the terminology in [20].

Let ¢ be a (semi-)calibration; among the oriented m-dimensional planes
of the Grassmannians G(m, T, M), we pick those on which ¢ agrees with the
m-dimensional volume form. Representing oriented m-dimensional planes as
unit simple m-vectors, we are thus selecting the subfamily of the so-called
m-planes calibrated by ¢:

g(¢) = UwEM{fa: € G(m7Ta¢M) : (qsmfw) = 1}-

An integral current C' of dimension m is said to be ¢-(semi)calibrated
if, H™-almost everywhere, its (oriented) approximate tangent planes belong
to G. Equivalently this means that the m-volume agrees with ¢ on C, i.e.
we recover the mass of C by testing the current on the (semi)calibration,
C(¢) = M(C). A simple argument (see [13]) then shows that calibrated
currents are homologically mass-minimizing, while semi-calibrated ones are
almost minimizers (or A-minimizers, using the terminology of [10]).

The interest in allowing for semi-calibrations rather than only calibra-
tions is for instance related, as described in section 6 of [28], to the possibility
of using non-closed forms to define anti self-dual instantons and compactify
the corresponding moduli spaces to define new geometric invariants. More-
over, a regularity theory for semi-calibrated integral cycles can be expected
to be considerably nicer than that for general almost-minimizers (see e.g.
the case of Special Legendrians in [2], [3]).

Examples of well-known calibrations are the symplectic form w in an
almost Kéhler manifold, its normalized powers I%wp, the Special Lagrangian
calibration in Calabi-Yau m-folds, the Associative calibration, and many
others.

If we drop the closedness assumption on w in the definition of almost
Ké&hler manifold, we get what is called an almost Hermitian manifold, and w
and ]%wp are then semi-calibrations. We will refer to these as almost-complex
semi-calibrations.

When dealing with a boundaryless integral current C', also called inte-
gral cycle, or simply when we localize the current to an open set in which
the boundary is zero, it turns out that calibrated currents satisfy an im-
portant monotonicity formula for the mass ratio: for any xg, the quantity
W is a weakly increasing function of r. This is a classical result
for mass-minimizers (see [11], [23] or [19]), proved for constant calibrations

in [13].



When we turn our attention to almost-minimizers, what we get is an
almost-monotonicity formula, see [10] and [23]. Almost-monotonicity was

proved for C'! semi-calibrations in [20]: it states that the mass ratio at scale

M(CL B, (z
r, i.e. the quantity w, is given by a weakly increasing function
of r plus a perturbation term, that is infinitesimal of r. The perturbation

term is bounded in modulus independently of zq.

Immediate consequences of (almost) monotonicity are:

(i) the density of the current is well-defined for every point ¢ as the limit

o) = lim ZLEEPr(20))

r—0 Q7™ ’

where «a,y, is the m-dimensional volume' of the unit ball B™.
(ii) the density is an upper semi-continuous function.

(iii) the density of a semi-calibrated integral cycle is, everywhere on the
support?, bounded by 1 from below 3.

Monotonicity further yields the existence of tangent cones: this is a first
step in the study of regularity of calibrated currents. The notion of tangent
cone to a current C at a point zy is defined by the following procedure, called
the blow up limit, whose idea goes back to De Giorgi [8]. Dilate C' around

zg by a factor r; in normal coordinates around z( this amounts to pushing
r — T

forward C' via the map

Coart B0 = | (22 €] i) =€ (e (Z20) ).
The fact that g

gives that, for r < ry (for a small enough ), we are dealing with a family of

M(CLB
w is monotonically almost-decreasing as r | 0

'Recall that an arbitrary integral current C is defined by assigning on an oriented
m-rectifiable set C an integer-valued multiplicity function § € L*(C,N). For an arbitrary
integral current, the density v is well-defined #™-a.e. and agrees H™-a.e. with §. What
we get for semi-calibrated cycles is that the density v is well-defined everywhere, and we
can take v as the “precise representative” for the multiplicity 6.

2The support of a current C is the complement of the largest open set in which the
action of the current is zero.

3This fails for arbitrary integral currents, as the example of the current of integration
on a cone (counted with multiplicity 1) shows: the density at the vertex, although well-
defined, depends on the opening angle of the cone (the narrower the cone is, the lower the
density is). If we take, instead of a cone, a surface with a cusp point, the density there is
0.



cycles {Cy, LBy} in By that are equibounded in mass. Therefore Federer-
Fleming’s compactness theorem (see e.g. [12] page 141) gives that there exist
weak limits of Cy, » as 7 — 0. Every such limit C, is an integer multiplicity
rectifiable boundaryless current which turns out to be a cone? calibrated by
wy, and is called a tangent cone to C' at z¢. The density of each tangent
cone at the vertex is the same as the density of C' at zg (see [13]).

The natural first question, raised already in [13], is whether Federer-
Fleming’s compactness theorem can yield different sequences of radii with
different cones as limits, i.e. whether the tangent cone at an arbitrary point
is unique or not. The answer is positive for semi-calibrated integral cycles
of dimension 2, as proved in [20]. The uniqueness is also known for mass-
minimizing integral currents of dimension 2, thanks to [30]. In some other
cases, which also follow from either of the aforementioned [30] or [20], the
proof has been achieved using techniques of positive intersection, namely for
integral pseudo-holomorphic cycles in dimension 4 (|27], [21]) and for integral
Special Legendrian cycles in dimension 5 ([2], [3]). In [22] the uniqueness
for pseudo holomorphic integral 2-dimensional cycles is achieved in arbitrary
codimension. In [24] it is proved that if a tangent cone to a minimal integral
current has multiplicity one and has an isolated singularity, then it is unique.

In dimensions higher than two the uniqueness of tangent cones is an
open question. In this work we give a positive answer in the case of pseudo-
holomorphic integral currents (i.e. semi-calibrated by the almost complex
semi-calibration Z%!wp) of arbitrary dimension and codimension.

The uniqueness cannot be obtained merely as a consequence of the mono-
tonicity of the mass ratio. Indeed, the notion of being calibrated by w can
be extended from integral currents to normal ones (then it is usually called
w-positiveness, as in [13]). Normal w-positive cycles still fulfil the same mono-
tonicity formula, but it was proved in [17] that they might have non-unique
tangent cones.

The approach presented in this work relies on an algebraic blow up tech-
nique, adapted to the almost complex setting, that shows how, for almost-
complex semi-calibration, uniqueness of tangent cones can indeed be ob-
tained for integral semi-calibrated cycles just as a consequence of almost
monotonicity and of the fact that the density is bounded by 1 from below.

An interesting aspect of this proof is that it does not require the study
of the rate of convergence of W to the density v(zg). The under-
standing of this “rate of decay” was instead essential in [20], [24], [30].

The technique of a “pseudo holomorphic blow up” that we present is used
in [4] for pseudo-holomorphic non-rectifiable currents of dimension 2. Here
we extend that technique to higher dimensional pseudo holomorphic currents.

1A current is said to be a cone with vertex p if it is invariant under homotheties centered
at p.



These are also referred to as positive-(p, p) currents, as we will see in the next
section, where we describe more closely the setting and the result.

2 The main result

Let (M, J) be an almost complex manifold of dimension 2n+2, where J is
an almost complex structure. We will be interested in integral cycles of even
dimension (say 2p) with the property that almost all approximate tangents
are positively oriented J-invariant 2p-planes. Recall that the orientation on
M is induced by J (see e.g. [18]). Such currents are called positive-(p,p)
integral cycles. The cycle condition (absence of boundary) for a current C
means that it holds, for any compactly supported (2p—1)-form «, (0C)(«) :=
C(da) = 0.

In the case of an integrable J a complete picture of the positive-(p,p)
integral cycles is known, [16]. In fact, positivity can be dropped, [15], [1].
In these works it is shown that such cycles are a sum of holomorphic sub-
varieties, each one counted with an integer multiplicity (a positive integer
multiplicity if we keep the positivity assumption).

Although such a complete picture might be unattainable for a non-
integrable J, the goal is to first formulate (not always easy) and the prove to
the extent possible results which generalize the integrable case. The unique-
ness of tangent cones is a first and difficult step (where the formulation is
easy). Remark that, at the moment, even in the integrable case there is no
direct proof of the uniqueness of tangent cones: such a result can only be
deduced starting from the more difficult characterization obtained in [16],
[15], [1]. The proof given in the present work can be considerably shortened
and simplified to provide a direct and new proof of the uniqueness of tangent
cones in the integrable case.

There are geometric motivations for the extension of the aforementioned
regularity results from the complex to the almost complex setting: an exam-
ple, as explained in [21], is the understanding of the regularity properties of
pseudo-holomorphic maps between almost complex manifolds. As described
in [22], the conjectured bound on the size of the singular set of such maps
would lead to the characterization of stable-bundle, almost complex struc-
tures over almost Kéhler manifolds.

Positive-(p, p) integral cycles also appear as blow-up sets for some se-
quences of stationary harmonic maps or Yang-Mills fields (see examples in
[28], [29]) and their regularity is essential for the compactification of the
corresponding moduli spaces.

A further and considerably more difficult problem related to these geo-
metric issues would be understanding the structure of the set of points of
strictly positive density for a positive-(p,p) normal cycle (see examples in
[29], [4], [5])- It is conjectured that a result analogous to the one obtained



for the integrable case in [25] should hold in the non-integrable case. Con-
centrating on integral cycles seems to be a reasonable step before addressing
the generic case of normal cycles.

The generalizations from the integrable to the non-integrable case turn
out to extremely difficult and require to a large extent new ideas and tech-
niques (as it is the case in [27], [21], [22] or in the present work); indeed,
in the integrable case complex analysis can be directly brought to bear, but
such tools are no longer avaliable in the non-integrable case.

Let us now analyze how the notion of being positive-(p, p) is intimately
related to semi-calibrations. Given an almost complex manifold (M, J), it is
locally always possible to find a non-degenerate differential form w of degree 2
compatible with J. The compatibility relies in the fact that g(-,) := w(-, J*)
defines a Riemannian metric on M. The tensor h = g — iw is called a
Hermitian metric on (M, J). If dw = 0 then we have a symplectic form,
but in general closedness cannot be expected in dimension higher than 4:
an example was exhibited on S® in [7]. The triple (M, .J, g) is an almost
Hermitian manifold; when the associated form w is closed, we get an almost
Kaéhler manifold. The word “almost” refers to the fact that J can be non-
integrable.

The form w on (M, J) has pointwise unit comass for the associated metric
g(+,+) == w(-, J-). The same holds for the differential form Q := iwp, where
p is any fixed integer p € {1,2,...n}. This is nothing else but Wirtinger’s
inequality, [31]. We have therefore that € is a semi-calibration on (M, g).
If w is closed, then so is 2 and we get a calibration. Recall that the family
G(Q) of 2p-planes calibrated by ) is

g(Q) = Uzem Gz = Uzem {fm € G2p($aTm M) : <Q$a£$> = 1}-

By Wirtinger’s theorem [31] G, is made exactly of the 2p-dimensional
Jz-complex subspaces of T, M. For this reason the 2p-planes in G(Q2) are
exactly the positive-(p, p) vectors and thus a positive-(p, p) integral cycle is
semi-calibrated by €.

Remark 2.1. 1t is worthwile stressing the fact that the property of being a
complex subspace of (T, M, J;) is not affected by choosing different couples
(gz,ws) and (gl,w!) compatible with J, in T, M. Therefore a positive-
(p, p) integral cycle is semi-calibrated by € := %wp in (M, g) for any choice
of hermitian metric h = g — 4w compatible with J. This flexibility in the

choice of (w, g) on M will be of key importance for our proof.

The issues we will be dealing with, namely tangent cones, are local:
we will be only interested in the asymptotic behaviour of currents around
a point, so we can assume to work in a chart rather than on a manifold.
-positive normal cycles in R?"*2 satisfy the following important almost
monotonicity property for the mass-ratio at any point zg.



Proposition 1 (Almost-monotonicity of the mass ratio, e.g. [20]).
Let R?"*2 pe endowed with a Riemannian metric g and a non-degenerate
two-form w of unit comass. Denote by ) the semi-calibration iwp, Let the
2p-dimensional normal cycle T be Q-positive and let xg be an arbitrary point.
Denote by B, (xg) the geodesic ball around zq of radius r.

For an arbitrarily chosen point xy, the mass ratio W s an
M(TLB
almost-increasing function in r, i.e. w = R(r) + O(r) for a
r

function R which is monotonically non-increasing as r | 0 and a function
O(r) which is infinitesimal.

This is proved in [20], Proposition 1. It is important to notice that the
same proof works if we assume the semi-calibration to be just Lipschitz con-
tinuous rather than C', see the appendix of [4]. The perturbation term
O(r) is bounded, independently of xg, by C'- L -r, where C' is a dimensional
constant and L is the Lipschitz constant of the semi-calibration. As men-
tioned in the introduction, such an almost-monotonicity formula guarantees
the existence of tangent cones, but not the uniqueness.

In this work we prove:

Theorem 2.1. Suppose that T' is a positive-(p, p) integral cycle in an almost
complexr manifold. Then for any point xo the tangent cone to T at xg is
UNIquUe.

Recall once again Remark 2.1: there is freedom on the choice of hermitian
metric compatible with J. From the discussion in this section the theorem
can be equivalently formulated in the following way:

Theorem 2.2. Let (M,g,J) be a (2n + 2)-dimensional almost Hermitian
manifold and let w be the associated semi-calibration, i.e. w(-,-) = g(J-,-).
Denote by ) the semi-calibration € := iwp, for a fized p € {1,2,...,n}. Let
T be a an integral 2p-cycle semi-calibrated by §2.

Then for any xq the tangent cone to T at xg is unique.

At first sight the statements just given might seem very special, in that
they are conditioned to the fact that we are in an almost complex mani-
fold. This turns out however to be a wrong impression, as we are about to
describe. In [6] we show that, roughly speaking, given any semi-calibrated 2-
current in a Riemannian manifold, we can locally cook up an almost complex
structure that makes the current pseudo holomorphic. This allows, among
other applications, to give a way more general setting in which the argument
for the uniqueness of tangent cones that we give in the present paper can be
carried out. For the sake of clarity we now proceed, borrowing from [6], to
explain the geometric ideas behind this generalization: this will lead us to
Theorem 2.3 below.



Let w be a two-form on a (2n + 2)-dimensional Riemannian manifold
(M, g), where g denotes the metric, and assume that w has unit comass and
that it is non-degenerate (i.e. w™*! # 0 everywhere).

A standard construction (see e.g. [18]) provides the existence of an almost
complex structure J compatible with w and consequently of a Riemannian
metric g7 that is uniquely defined by w and by the almost complex structure.
The construction is done pointwise on M and we briefly recall it here. We
will be working in the tangent space to M at an arbitrary point z. Define
an endomorphism A : T, M — T, M by setting

w(v,w) = g(Av,w) for any v,w € T, M.

Then A is skew-adjoint with respect to g, i.e. g(Av,w) = —g(v, Aw).
The g-positive definite endomorphism —A? = A*A = P is diagonalizable
and there exists a square root, i.e. a positive definite @ : T, M — T, M
such that Q% = P. Tt follows that (Q '4)? = —Id. Doing this for any

point  we thus obtain that J := Q7 'A is an almost complex structure
on M compatible with w in the sense that we can define the Riemannian
metric g;(-,-) := w(-,J-) on M. Remark that w is a semi-calibration also

with respect to the metric gz, since we are now in the situation of an almost
Hermitian manifold.

We have not yet used the fact that w has unit comass with respect to the
metric g. By exploiting this we will draw, in the next proposition, a very
important piece of information on the relation between the two metrics g
and g.

Proposition 2. (i) Let v,w € Ty M be such thal the 2-plane v A w is
calibrated by w(x) in (Ty M, g). Then g agrees with the metric gy constructed
above when they are restricted to the 2-plane vAw. In particular vAw belongs
to the family of w(x)-calibrated planes also in (Ty M, g7).

(1) g5 < g, i.e. the bilinear form g — gy is positive semi-definite.

proof of Proposition 2. (i) The first important observation is the following.
Let t € T, M be g-orthogonal to the 2-plane vAw; then w(v,t) = w(w,t) = 0.
This can be seen by noticing that, as t varies among all possible vectors
orthogonal to v Aw, the 2-planes of the form v At and w At span the tangent
space to the Grassmannian G(2,T, M) at the point v A w. From the fact
that w restricted to G(2, T, M) realizes its maximum at v A w we have that
w(v,t) = w(w,t) = 0, as desired. This fact is known as the “first cousin
principle”, see e.g. [14].

With this in mind it follows, by the definition of A, that g(Av,t) =
g(Aw,t) = 0 for any ¢t € T, M that is g-orthogonal to v A w, therefore A
restricts to an endomorphism of the 2-plane v A w. Now from the fact that
v A Aw is calibrated we will infer that g and g agree on this 2-plane. Indeed,



the fact that v A Av is calibrated by w in (T M, g) can be expressed by the
equality

g(v,v)g(Av, Av) — g(v, Av)? = w(v, Av)?

and by construction ¢g(v, Av) = w(v,v) = 0. Recalling that (see above for
the construction of g;) the g-adjoint of A is —A we rewrite the calibrating
condition as

g(v,v) = g(—AQ’U,’U).

It follows that the only possible eigenvalue for the endomorphism —A?
restricted to the 2-plane v A w is 1. Therefore A2 = —Id (the Q constructed
above is the identity on the 2-plane v Aw) and J = A on v Aw. In particular
g = gy on this 2-plane.

(#i) The fact that the comass of w with respect to g is 1 yields that for
any vector v

g(’l),’l])g(A’U,A’U) - g(’l),A’l))Q Z w(’l),A’U)Q,

so arguing as in part (i) we obtain that any eigenvalue of Q? (and thus
of @) must belong to the interval ]0,1]. Remark that if v is an eigenvector
of Q? then Aw is an eigenvector for the same eigenvalue. Since g(v, Av) = 0
we can choose a g-orthogonal eigenbasis of Q2 (and thus of Q) of the form
{v1, Avi, ..., V41, Avpy1 }. For any egenvector v of @ it holds

g7(Av, Av) = w(Av, Q1 A%) = w(Av, —Qu) =
= w(Qv, Av) < w(v, Av) = g(Av, Av).

By letting v vary in the set of vectors forming the chosen eigenbasis we
obtain the result. O

In view of this proposition, given a non-degenerate semi-calibration w
on a (2n + 2)-dimensional Riemannian manifold (M, g), we can change the
metric in a coherent way, in the sense that any cycle 7" that is semi-calibrated
by win (M, g) will be also semi-calibrated by w in (M, gs). The advantage of
the new metric relies in the fact that there exists an almost complex structure
J that satisfies the compatibility conditions with w and g;. The classical
Wirtinger’s inequality tells us that Q := iwp (forafixed p € {1,2,...,n}) isa
semi-calibration in (M, ¢gs). More precisely, using our Proposition 2 together
with Theorem 6.11 of [13] we can see that, given a non-degenerate semi-
calibration w on a (2n + 2)-dimensional Riemannian manifold (M, g), the
2p-form € := Z%!wp is a semi-calibration both in (M, g) and in (M, g,) and
the set of calibrated 2p-planes in (M, g) is contained in the set of calibrated
2p-planes in (M, gy). We thus get, from Theorem 2.2, the following



Theorem 2.3. Let (M, g) be a (2n+2)-dimensional Riemannian manifold,
endowed with a non-degenerate two-form w of comass 1. Denote by € the
semi-calibration € ;= iwp, for a fizedp € {1,2,....n}. Let T be a an integral
2p-cycle semi-calibrated by €.

Then for any xq the tangent cone to T at xg is unique.

When® p = 1 then Theorem 2.3 is the special case of [20] in the case when
the semi-calibration is non-degenerate. Always for p = 1, if we moreover
assume dw = 0, then the result follows from [30].

In the rest of this work we will prove the uniqueness of tangent cones in
the situation described in Theorem 2.2, where we have the three structures
w, J and g. With a suitable choice of coordinates we can identify the tangent
space Ty, M, endowed with the complex structure Jy,, with C**1: then every
tangent cone T, to T at xg is a positive-(p, p) cone in C™*!: such a cone is
uniquely defined by a holomorphic (p — 1,p — 1) integral cycle Lo, in CP".

Using the regularity theory for holomorphic integral cycles ([16], [15], [1])
we can deduce that L. is in fact the sum of a finite number of holomorphic
algebraic varieties®, each one taken with a constant integer multiplicity, but
we will not need this result.

We will prove first the following

Lemma 2.1. Let (M,g,J) be a (2n + 2)-dimensional almost Hermitian
manifold and let w be the associated semi-calibration, i.e. w(-,-) = g(J-,-).
Denote by Q the semi-calibration Q = I%wp, for a fized p € {1,2,....n}. Let
T be a Q-semi-calibrated integral cycle and xg an arbitrary point. Then all
tangent cones to T at xq have a uniquely determined support.

Once this lemma is achieved, the uniqueness of tangent cones (i.e. The-
orem 2.2) follows with a few extra considerations (without making use of
the results in [16], [15], [1]) developed in Section 4, namely: (i) the space of
tangent cones to T" at xg is closed and connected in the space of 2p-integral
cycles, (ii) the density is continuous under convergence of calibrated integral
cycles sharing the same support.

As for Lemma 2.1, the key idea for its proof is the analysis implementa-
tion, in the almost complex setting in which we are working, of the classical
algebraic blow up. This was already used in [4] for positive-(1,1) normal
cycles and is here generalized to higher dimensional pseudo-holomorphic cur-
rents. The technique clearly shows that the uniqueness in Theorem 2.2 holds

’Remark that the generalization obtained in [6] is even wider in applicability, in that
we can actually drop the assumptions of even dimensionality of the ambient manifold
and of non-degeneracy of the semi-calibration. We stick however here to Theorem 2.3 so
that we can keep the digression short, but still effective in order to show the flexibility of
Theorems 2.1 and 2.2.

5We are slighlty abusing language here: these are algebraic varieties that are holomor-
phic away from their possible singular set.
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just for “density reasons” (recall that the uniqueness can fail when we look
at non-rectifiable currents, where the density is allowed to take any values
> 0, see [17], [4] and [5]).

3 Strategy and tools for the proof of the theorem

The first important remarks are contained in the following

Lemma 3.1. Let T be as in Theorem 2.2 and be T the support of T. Assume
that there exists a sequence of points x.,, € T with z,, — xo and T, # T
such that |§Z:£8 — y € S Then there exists a tangent cone to T at g,
say T, such that the point y belongs to the support of Te.

On the other hand, if y € S?™1 belongs to the support of a tangent cone
Ty to T al g, then there exists a sequence Ty, — xo (With T, # xo) of

points x., in the support of T such that E2—20 — y.

|Zm —ol

Remark 3.1. Let () — ('« be a sequence of ¢g-semi-calibrated integral
cycles (kK € NU {oo}), where ¢, are semi-calibrations with respect to the
metrics gg, and assume that the ¢ converge uniformly to ¢, gx converge
uniformly to g« and the Cy’s have equibounded masses. Then M (CyL B) —
M (Cx L B) for any open set B. This follows since computing the mass
for a semicalibrated current amounts to testing the current on the semi-
calibration, so the convergence of the masses follows from the definition of
weak*-convergence of currents.

Remark 3.2. Recall that, as a consequence of monotonicity, a point belongs
to the support of a semi-calibrated integral cycle if and only if its density is
> 1.

proof of Lemma 3.1. The first statement follows by choosing the sequence
of radii ry, := |zm — zo| and by looking at the sequence T, ... Up to a
subsequence we may assume that Ty, r,, — T. Each z,, is of density > 1

for T' by assumption and, for any m, the point éz:ia is of density > 1 for

Tm—20
|#m —zo]

Ty Since — y, analogously to Remark 3.1 we can get

Im — X0

M (Txo,rmLBR ( )) s M(Twl Ba(y))

|Tm — o
for any R > 0. By the almost monotonicity formula M (Te L Bgr(y)) >
angQP and so y is a point of density > 1 for T.

Let now y € 8?1 If there exists no sequence z, # xo such that
Tm € T, Tm — xo and ‘izz:ig‘ — vy, then we can assume to have a
ball B2l(y) C S?"*! such that the cone 0fB2"*l(y) is disjoint from
TNBZ2(0), for some small R > 0. But then, for any dilation T}, , with

r < R we have M(Ty, L B2""2(y)) = 0. Since the mass passes to the limit

11



for convergence of semi-calibrated cycles (Remark 3.1), we deduce that y is a
point of density 0 for any limit of the family 7% ,, therefore it cannot appear
as a point in the support of any tangent cone. O

In order to achieve Lemma 2.1, it suffices, thanks to Lemma 3.1, to
|§Z:§8\ — y for z,, € T, T — 9. More precisely, recalling
that each tangent cone is a holomorphic (p,p)-cone, if y € S?"*! belongs
to the support of a tangent cone Ty, then every point in the Hopf fiber

{ewy}ge[o’%) is also a point whose density for T equals that of y. In other

analyze limits of

words, if y is in the support of Ty, s0 is the whole fiber {eiay}9€[0727r). Denote
by H : §?"*1 — CP" the standard Hopf projection. Then, in order to prove
Lemma 2.1, we actually need to show the following

Proposition 3. Let T be a positive-(p, p) integral cycle. Let {xy,} be a se-

quence of points such that x,, € T with £, = To, T 7# To and H (é::ﬁ‘) —

y € CP™. Then the support of any tangent cone to T at xo must contain the
Hopf circle H™'(y).

This proposition will be proved by employing a “pseudo holomorphic blow
up” of the semi-calibrated current 1" at xg, i.e. a procedure inspired by the
classical algebraic blow up and adapted to the almost complex setting. We
now shortly recall the notations and the construction, which is developed in
more detail in [4].

Since tangent cones to T at a point zg are a local issue, we can assume
straight from the beginning to work in the unit geodesic ball, in normal
coordinates centered at zg; for this purpose it is enough to start with the
current T" already dilated enough around zy. Always up to a dilation, without
loss of generality we can actually start with the following situation.

T is a Q-positive normal cycle in the ball B2"2(0), the coordinates are
normal with respect to the origin, J is the standard complex structure Jy
at the origin, w is the standard symplectic form wy at the origin, ||w —
wg\\cg,u(35”+2), lJ — JOHCQ,V(BS"”) and ||Q — QOHCQ,U(BS"”) are small
enough, where Q = Z%!wp and Qp = iwg.

How to blow up the origin. We shall be using standard coordinates
205 21y s 2n) In BE2(0) ¢ €T = R2F2 gnd the following notations as
’ ’ ’ 2 g
in [4]:
S :={(20, 21, ...2n) € B2 C T 1 |(21, 0, 20)| < |20|},
V C CP", V:={[z20, 21, 2n) : |(Z1, -y 20)| < |20]}-

Using homogeneous coordinates on CP", for X = [Z1, ..., Zp41] € V
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DX is the “straight” 2-plane made of all points{¢(Z1,...Z,+1) : ¢ € C}.

As shown in Section 3 of [4], by constructing (via a fixed point theorem)
a pseudo-holomorphic polar foliation we can produce an appropriate C2-
diffeomorphism

TS W(S) xS, 2)

which is close to the identity on S, and which (by pulling-back” the
problem via ¥) allows us to make an extra assumption on the almost complex
structure J: namely the “straight 2-planes” DX are J-pseudo holomorphic
for all X € V. Figure 1 in [4] visually explains the behaviour of W.

With this extra assumption on J, we can proceed to blow up the origin
of C"*1 as follows.

Reminder: algebraic blow up (from symplectic geometry and algebraic
geometry, see e.g. [18]). Define €™ to be the submanifold of CP" x Cn+!
made of the pairs (4, (2o, ...z,)) such that (zg,...z,) € £.

Denote by Iy the complex structure that €L inherits from CP" x C™+.
Let ® : C" — C"*! be the projection map (4, (20, ...zn)) — (20, -..2). This
map is holomorphic for the standard complex structures Jy on C**! and I
on C"! and is a diffeomorphism between C* 1\ (CP" x {0}) and C*+1\ {0}.
Moreover the inverse image of {0} is CP" x {0}.

We will endow C"! with other almost complex structures, different
from Iy, so C"*! should be thought of just as an oriented manifold and
the structure on it will be specified in every instance. The transformation
&' (called proper transform) sends the point 0 # (2q,...z,) € C*! to the
point ([2q, ...zn], (20, ...25)) € Crtl c CPm x CrHl,

We will keep using the same letters ® and ®~! to denote the same maps
restricted to the sets

S B2 c R2 > ¢! and A =37 1(S) c T,

(i.e. A is the inverse image of S via the projection @) also when we look
at these spaces just as oriented manifolds (not complex ones). We will make
use of the notation

8P = 8SNBM 2 C R 2 ¢l and AP = @ 7H(SP) C T,

"The idea is to consider the pull-backs via the map ¥ of the current T'L_¥(S), of the
almost complex structure J and of the metric g and then work on those new objects in
S as if they were the ones we started from. The fact that ¥ is by construction pseudo
holomorphic w.r.t. the structures ¥*.J and J yields that the pull-back current in S is
also positive-(p,p) w.r.t. ¥*J. Moreover the “straight 2-planes” D¥ in S are pseudo
holomorphic w.r.t. ¥*.J. In [4] it is shown that everything is well-defined.

13



i.e. AP is the inverse image of S” via the projection ®.

Let gg denote the standard metric® on A as a subset of Crtl ¢ CP™ x
C"t! and 9 be the standard symplectic form on A, uniquely defined by

Do(:,-) == go(-, —Io).
Define on A \ (CP" x {0}):

e the almost complex structure I := ®*J, i.e. I(-) := (®71) J (),
e the metric g(7 ) = % (90('7 ) + gO(I'7 I))7
e the non-degenerate two-form 9(-,-) := g(-, —1-).

The triple (I,g,9) makes A\ (CP" x {0}) an almost Hermitian manifold
and from [4] we have

Lemma 3.2. The triple (I,g,9), extended to A by setting it to be equal to
(Lo, go,Y0) on V x{0}, is Lipschitz continuous on A and fulfils

[~ Io|() < edisty, (-, CB" x {0}),

|8 — 90l (-) < edisty, (-, CP" x {0}),

|9 —Do|(-) < cdisty, (-, CP"™ x {0}),
for some constant ¢ > 0, which is o(1) of |J — Jo|.

Remark 3.3. The choice of the J-pseudo holomorphic polar foliation as build-
ing block needed to implement the “pseudo holomorphic blow up” aimed ex-
actly to obtain the Lipschitz extension across CP" x {0}, which could fail on
the vertical vectors (see the proof in [4]) if we were working with an arbitrary
polar foliation (for example if we used the one made with flat Jy-holomorphic
2-planes).

Set © = %ﬁp on A. The aim is now to translate our original problem to
the new space (A, I,g,9). For any p > 0 we can take the proper transform
of TL(S\ 8), since (®71) is a diffeomorphism away from the origin:

Py= (@71 (TL(S\8).

The current P, is clearly positive-(p,p) in (A,I,g,9). What happens
when p — 0 7 Here is the answer.

8The standard metric on CP" x C"*! is the product of the Fubini-Study metric on CP"
and the flat metric on C"T1.

14



Lemma 3.3. (i) The current P := lim, o P, = lim,, (®7') (TL(S\ &)
1s well-defined as the limit of currents of equibounded mass. The mass of P
(both with respect to g and to go) is bounded by a dimensional constant C
times the mass of T.

(it) P it is an integral cycle in A and it is semi-calibrated by ©.

The proof is analog to the one in [4], but we need to take care of the fact
that the dimension of the current is higher. With the same notations as in
[4], for any p consider the dilation A\,(-) := 5, sending B, to By, and the
map

Ap: A 5 A, Ayi=@ Lo, 00, (3)
which in the coordinates of CP" x C™*! (the ambient space in which A

is embedded) reads A, (4, z) = (E, %)
proof of Lemma 3.8 (i). 1st step: it is enough to uniformly bound the
masses of P,. Bach P, = (®7!)_(TL(S\ 8)) is ©-positive by construction,
so M (P,) = P,(0©), where the mass is computed here with respect to g. The
currents P, and P, for p > p' coincide on A\ A?. Therefore, in order to
study the limit as p — 0, it is enough to have a sequence p; — 0 and a
current P such that P, — P: this guarantees that actually P, — P as
p — 0. Therefore we only need to prove a uniform bound (independent of p)
for the masses M(P,): then the compactness theorem and the remark just
made will guarantee the existence of a unique limit for P, as p — 0.

2nd step: uniform bound on the masses. We use in A standard coordi-
nates inherited from CP" x C"*! i.e. we have 2n horizontal variables (from
CIP") and 2n + 2 vertical variables. We want to estimate M (P,) = P,(0) =
P,(©9) + P,(© — ©g), where ©g := ]%1978 on A. From Lemma 3.2 we get
that [© — ©¢|(p) < ¢ distg,(p, CP™ x {0}) (we keep denoting the constant
by ¢, although it is generally different that the one in Lemma 3.2; what is
important is that it is still controlled by |J — Jo|).

Recall that ©g := 1%1978. The domain & is a submanifold of CP™ x C**1.
Therefore, using coordinates from CP" x C"*!, the standard form 9 is
Jdopr + Jen+1: here depn is the standard symplectic form on CP” extended
to CP" x C**! (so independent of the 2n+2 “vertical variables”) and J¢nt1 is
the symplectic two-form on C"*!| extended to CP™ x C"*! (so independent
of the 2n “horizontal variables”).

Taking the p-th wedge power we get

p
O 519 = 19@}»71 Py Z p m 'm' ﬁ@pn)p_m(ﬁ@n+1)m. (4)

m=1

15



Let us begin with the first term on the right-hand side of (4). It is
proved in [4] (proof of Lemma 4.2) that the two-form (<I>*1)*0@pn on S
(wo)t

‘2‘2 Y
C"H! restricted to S and the tangential part of wg is by definition (wp); :=
8%4 (dr N wp). As a consequence we have the equality

Lo/ 1y P 1 ((wo)e)”
—((@ "o ) = ZNWoje) 5
P! (( ) CP ol [z (5)

Using the decomposition wy = (wp): + dr A (wp), into its tangential and
normal parts (see [12]) we can see that

coincides with the two-form

where wq is the standard Kéahler form of

dr AQo =dr A ((wo)g + dr A (wo)n)? = dr A ((wo)e)?

which readily gives

() _ 1 ((wo)e)”
2P pl |27

(6)

In® the same way w; := 8%4 (dr A w) so similarly as above the decompo-
sition into tangential and normal parts w = w; + dr A wy, yields
dr ANQ =dr A (wp +dr Awp)? =dr A (w)?,
so that

|9 — (Q0)¢](2) < Clz|, where C = C(p,n,|Vw|w). (7)

Recall now the almost monotonicity formula (see [13], [20]) for the Q-
semicalibrated cycle T

L)@ - v0) - [ <T ‘Q,> 4T ®

In view of the fact that the integrand on the right hand side is everywhere
non-negative, we have the finiteness of the integrand on the right hand side
also when we restrict to a sector, i.e.

“Thanks to equalities (5) and (6) we get that the two-form l' ((<I>71) ) GC]pn)p is exactly

the one appearing on the right hand side of the monotonicity formula in the case that T’
is a Qg-calibrated cycle ([13]):

@l B @) -0 = [ (7,500 ) i

The finiteness of the (improper) integral on the right-hand side readily gives that the
action of P, on 1% (6cpn )P is finite independently of p. In order to face the case under
study, where T is semi-calibrated by €2, we need a perturbation of this argument.
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T, 2t N 9
Lumm< i )l ©)

is the integration of a non-negative quantity and the integral is bounded
from above independently of p. Split this last integral as

/ <ffm?>ﬂwﬂ+/' <ff”‘§“”>wTw (10)
S\B,(0) |2|?P S\B,(0) |2|2P

We will now show that

/ ‘<f, QO — (QO)t>‘dHTH
S\B,(0)

|22

is bounded from above by a constant independent of p. For this purpose
use a dyadic decomposition § = U2y A;, where 4; =S8N <BL \ Bi). It

1
27 27+

1
holds (by the almost monotonicity formula for T') M(TLA;) < K%. On

(7,2 - (0):)
the other hand, in the same annulus A;, the integrand is

|2]2P
bounded, thanks to (7), by C2P=)U+1) and therefore

‘ T, — (): ‘ > 4
/ < o > d|T|| < C K271y 5 = 2*¥C K.
S\B,(0) || j=0

This last bound, recalling that (9) stays finite as p — 0 proves that the

first term Q
/ <ff‘?>ﬂwu
S\B,(0) |22

in (10) is also bounded in modulus from above independently of p.
Therefore we get that

P, (;(19@1}””)]’)‘ _ ‘(TL(S\B,))) (;, ((‘D_l)* 9@”")1))‘

is bounded independently of p, as desired.

We pass now to estimating the action of P, on the other wedge products

& 1
> m(ﬁwn)p*m(%nﬂ)m

m=1
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%

left from (4); the key observation is that (®7!)"(9¢e+1) has unit comass,
and therefore the forms (@*1)* (Igpnt1)P ™ (Dcn+1)™) for m € {1,...,p}

all have comasses bounded by where |z| is the distance from the

|2[2p=2"
origin and K is a universal constant. We then argue again using a dyadic
decomposition for the estimate on |P,(© — ©y)|, as follows.

Break up § = U2 A, where 4; = &N (BL_ \ B ) It holds by
27

27 +1

1
——. On the other hand, in the
92pjg
p
same annulus A;, the comass of the form (@*1)* (Z (ﬁ@Pn)pm(ﬁ@nH)m)
m=1

is < K(p,n) 22—+ for a constant K (p,n) which only depends on the
dimensions involved.

Therefore summing on all 3’s we can bound

P, (Z <79@Pn>p—mw@n+l>m> ‘ =

almost monotonicity that M(TLA;) < K

m=1
(2
Jre (i (e i)
m=1
0 o 1 © o
< K(p,n) 2222(7’ DUt = K(p.n) .2022p 272 < oo,
j= j=

therefore is also equibounded indepen-

P, (Z ﬁ@Pn)p_m(ﬁ@nﬂ)m)
m=1

dently of p.

So far we have thus shown that |P,(0©y)| is bounded independently p. To
conclude the proof of part (i) of Lemma 3.3 (see the beginning of step 2),
we must still prove that |P,(© — ©y)| stays finite as p — 0. Thanks to the
Lipschitz control on ¢ — @y, which also yields |© — Og|(-) < edistg, (-, CP™ x

{0}), the form (@71)*(6 — ©p) in S has comass < |Z|2T7

the distance from the origin. Arguing with a dyadic decomposition as done
above, we find that also |P,(© — ©g)| is bounded independently of p.

where |z| is

We have thus obtained that M (F,) are uniformly bounded as p — 0 and
therefore there exists a current P in A such that P, — P.
O

proof of Lemma 3.3 (1i). 1st step: choice of the sequence. Since P, — P
for a well-defined current P, independently of the sequence py — 0, we will
now choose a particular {p} to prove that 9P, — 0. This will thus show
that P has zero boundary.
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Denote by (T, |z| = r) the slice of T' with the sphere dB,. Choose pj so
to ensure

o (i) T,, — Ts in & for a certain cone Ty,

o (ii) M({T},,|2| = 1)) are equibounded by 4K,
or, equivalently, M ((T,|z| = py)) < 4KpP~".

This is just like step 1 of Lemma 4.3 in [4].
2nd step. Let us think of the currents P and P, := (@) (TL(S\S"))

as currents in the open set A in the manifold Cr+l. Given the sequence
pr — 0, we want to observe the boundaries 9F,,. By step 1 we assume that
To,p, — Too for a certain cone. Then the boundaries 0P, satisfy, as k — oo,
by the definition (3) of A, :

(Ap)s(0Py) = = (®71) (Tops 2l = 1) = —(@71) (Tho, 2] = 1), (11)

Recall that we are viewing P,, as currents in the open set A, so also
TL(S\ S8?) should be thought of as a current in the open set S: this is why
the only boundary comes from the slice of T with |z| = p.

Moreover, always by the choice of the sequence py made in the 1st step, we
have that (A, )«(0P,,) have equibounded masses, since so do the 9(Tp ,,)’s
and &~ is a diffeomorphism on 05;.

The current Ty has a special form: it is a positive-(p, p)-cone, so the
(2p — 1)-current (T, |2z| = 1) has an associated (2p — 1)-vector field that
always contains the direction tangent to the Hopf fibers'® of §27+1.

3rd step. We want to show that P is a cycle in A, i.e. that 0P, — 0 as
k — oo. The boundary in the limit could possibly appear on CP™ x {0} and
we can exclude that as follows.

Let a be a (2p — 1)-form of comass one with compact support in A and
let us prove that dP,, (o) — 0. Since A is a submanifold in CP* x C"*"1,
we can extend « to be a form in CP" x C"*!. Let us write, using horizontal
coordinates {¢; 321 on CP™ and vertical ones {Sj}ii'f2 for C™H1,

a=op+ ay1 + o2 + = Oy (2p—1)>

where «, is a form only in the dt;’s, and each v (for £ = 1,2, ..., (2p—1))
contains wedge products of (2p—1—¢) of the dt;’s and £ of the ds;’s. Rewrite,
viewing P,, as currents in CP" x C"*1,

Y0Recall that the Hopf fibration is defined by the projection H : S**** ¢ C"*! — CP",
H(z0,...,2n) = [20,..., zn]. The Hopf fibers H™'(p) for p € CP" are maximal circles in
52"+ namely the links of complex lines of C"*! with the sphere.
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aPpk(a) = [(Apk)*(applc)] (A;kl)*a) .
The map A;kl is expressed in our coordinates by (¢1, ..., top, S1, .-.S2n42) —
(tl, caey tgn, PEkS1, ---pk32n+2)7 therefore

— 1y ko k k k
(Ap, ) o= + o + iy + -y 1)

where the decomposition is as above and with ||af|* =~ [|ay|* and
ok, 1* < (p)’llow||*. The signs ~ and < mean respectively equality and
inequality of the comasses up to a dimensional constant, so independently
of the index k of the sequence.

As k — oo it holds o — af° in some Cf-norm, where ||af°||* < 1 and
a%® is a form in the dt;’s ''. We can write

1)« (0P )] ()| < [[(A) 4 (0P )] (0 = 05| + [[(Ap ) (OPp)] (05)

and both terms on the r.h.s. go to 0. The first, since M((Ap,)«(0F,,))
are equibounded and ||04,]§ — a;°lcc — 0; the second because we can use
(11) and (®7') 0(Tw) has zero action on a form that only has the di;’s
components, as remarked in step 1.

Moreover

[(4,)-(0P,,)) (k)| = 0

for any ¢ € {1,2,...(2p — 1)}, because the currents (A, )«(0P,,) =
—(®71),(To,py» 12| = 1) have equibounded masses by the choice of py, while
the comasses ||af,[|* < (pg)?llew ||* go to 0.

Therefore no boundary appears in the limit and P is an integral cycle in

A. The fact that it is semi-calibrated by © follows easily by the fact that so
are the currents P,, as remarked just before Lemma 3.3.

O

Summarizing, Lemmas 3.2 and 3.3 provide the analytic tools for the
implementation of the pseudo holomorphic blow up. Thus we are now able
to take the proper transform of an integral cycle T' semi-calibrated by € in
S C B%”H and get an integral cycle P in A that is semi-calibrated by ©,
where the semicalibration © is Lipschitz (and actually smooth away from
CP™ x {0}). Therefore the almost monotonicity formula holds true for P in

A.

"'More precisely af° coincides with the restriction of aj to CP™ x {0}, extended to
CP" x C"*! independently of the s;-variables.

20



4 Proof of the result

With the assumptions in Proposition 3 we have to observe a sequence
(Arp)«T as rp — 0. Recall that we have assumed, see (2), that the “straight”
2-planes DX are pseudo-holomorphic for .J.

Take any converging sequence Tp,, = (A, )+ — Too for rp, — 0. Take
the proper transform of each Ty, and denote it by P,. Remark that Py is a
©-semi-calibrated cycle, for a semicalibration @ that is smooth away from
CIP" x {0} and Lipschitz-continuous, with |0} — O¢| < cgdisty, (-, CP" x {0})
and the constants ¢ go to 0 as k¥ — oo (lemma 3.2).

From Lemma 3.3, the masses of P, are uniformly bounded in &, since so
are the masses of Tp,, (by almost monotonicity).

So by compactness, up to a subsequence that we do not relabel, we can
assume P, — P, for a normal cycle P.

Lemma 4.1. Py, is a Og-semi-calibrated cycle; more precisely it is the proper
transform of Teo.

proof of Lemma 4.1. Og-positiveness follows straight from the O-positiveness
of Py and |0 — ©g| < deistgo(~,CPn x {0}), e — 0.
The proper transform is a diffeomorphism away from the origin, thus

PolL(A\A") = lim (@71, Tor LS\ S?) = (€71), T L(S\ S7),

so in order to conclude that P, is the proper transform of (‘Ifl)*Too we
only need to show Py, = lim, 0 Poo L(A\ A?), i.e. that M(Px L A”) = 0
as p — 0.

Recall that 99 = dcpn + Fcn+1; we want to estimate M (P L AP) =
(Poo LAP)(G()) = limkﬁoo(Pk L.Ap)(@()). Write

(oL AP)(Og) = pl!(Pkl_Ap)((ﬁ@pn)p)—i—

The second term on the r.h.s. is bounded as follows:

p
(P AP) (Z(ﬁm)pm(ﬂ@n+l)m> -

m=1

= (A (P L) ((A#)* (Z(ﬁcpnwmw@mm)) .

m=1
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The current (A,)«(PyLA?) is the proper transform of Tp .., , therefore
M ((Ap)«(PrLA?)) < K independently of k; the form in brackets has comass
bounded by p?. Altogether

P
(Py L A”) (Z(ﬁ@n)p_m(ﬂ@nﬂ)m) < C(p,n)p*.
m=1
To bound the first term on the r.h.s. of (12), let P be the proper trans-
form of T'; using (A,)*(Jcpn )P = (Jcprn )P we can write

(PeL A?) (9 )P)) = (PLAT) (B )P < M (PLA™) < M (PLAP)

so it goes to 0 as p — 0 (uniformly in k). Summarizing we get that
(P L AP)(Oyg) is o(1) of p — 0 uniformly in k; therefore so is M (P L AP) =
limy s o0 (P - A?)(©p) and we can write Py, = lim,_,o Poo L(A\ A?).

O]

For a positive-(p,p) integral cycle in R?"™2 as we have already men-
tioned, each tangent cone is determined by a (p — 1,p — 1) integral cycle Lo

in CP" that is calibrated by %, the normalized power of the Kéhler
form.

The previous lemma tells us that, for a sequence ry — 0 such that Ty, —
T, the proper transforms Py, := (@‘1)*T07rk converge to (@‘1)*Too, i.e. to
the current Lo x [D?]. Indeed, the fact that a cone Ty, is radially invariant
translates into the fact that its proper transform is invariant under the action

of A, for any p > 0.

proof of Proposition 3. Let Ty, — Tu, a possible tangent cone. Let Lo
be the holomorphic (p — 1,p — 1)-integral cycle in CP" that identifies Ti.
If yg is a point in the support of L., then there exists a sequence of

points 0 # y; — 0 such that I (@—”) — yo (where H is the Hopf projection)
J

and radii d; such that each ball By, (y;) contains a set C; of strictly positive
H?P-measure, C; is contained in the support of Ty, and the balls By, (yj)
are disjoint.

If we take a different sequence Ty g, — Too, we still find a sequence of

points as before, since \z% is not changed under radial dilations. Take the
J

proper transforms P, of To,r,- The density is preserved almost everywhere
under the push-forward via a diffeomorphism. For each P we find that, by
upper semi-continuity of the density, yo is a point of density > 1 for Py (for
all k). Therefore yo is of density > 1 for the limit of the currents pk, ie.
for Py, = (@’1)*110: this follows from the monotonicity formula, with an
argument as in Remark 3.1.
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This proves that any point in the support of L, is also in the support of
Lo, the holomorphic (p — 1,p — 1)-integral cycle in CP™ that identifies The.
Since Tio is an arbitrary tangent cone this concludes the proposition and
therefore Lemma 2.1 is proved, i.e. all tangent cones must have the same
support. O

Now that the support of any tangent cone is uniquely determined,
we have to make sure that any two links L, and Lo (obtained by a blow
up with different sequences 7, and Ry ) have multiplicities that agree a.e.

The following lemma should be known, but we recall it for sake of com-
pleteness.

Lemma 4.2. Let C be a semicalibrated cycle of dimension m in R™ (or in
an arbitrary Riemannian manifold). For any xo the set of tangent cones to
C at g is a closed and connected subset (for the flat distance, which metrizes
the weak*-topology on currents of equibounded mass and boundary mass, see

[12]).

proof of Lemma 4.2. Let T be the set of all possible tangent cones at xg.
Given a sequence {T}}7°, in Y assume that T, — T". We want to show that
T € Y. The assumption T € T means that there exists a sequence 7“;‘? -0
such that as j — oo we have Ca:w]’? — Ty.. With a diagonal argument we get
TeT.

Now, to prove connectedness, assume by contradiction that T = T U5,
where YT; and Yo are closed and disjoint. Then there exist (in the space of
currents) A; and A, open disjoint neighbourhoods respectively of T; and
T,. The family of currents Cy, , (r > 0) is continuous and should therefore
accumulate (as r — 0) also somewhere outside A; and Ay, contradiction. [J

The following lemma will be applied to a sequence of possible tangent
cones at a chosen point.

Lemma 4.3. Let C,, and C be integral cycles of dimension k calibrated by a

k-form w (in an arbitrary Riemannin manifold). Assume that Cp,, — C and

that the support C is the same for all Cy, and C' and it is compact. Let vy (x)

denote the density at x for C, and v(x) analogously the density at x for C

(dealing with calibrated cycles, each vy, or v is well-defined everywhere).
Then for every x € C it holds v(x) = limy,_o vp ().

proof of Lemma 4.3. We will achieve the proof in three steps.
Claim (i) for every z € C it holds v(z) > limsup,,_, ., vn(z).

This follows from the monotonicity formula. Indeed, let B, (z) be the ball
around z with radius r. By Remark 3.1, the weak convergence C,, — C' yields
M(Cn,LB,(z)) - M(CL B,(x)). By monotonicity we have M (C, L B,(z)) >
v (x)rk, thus it must hold, for all r > 0,
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M(CL B,(z)) > ag(limsup v, (z))r*.

n—oo

M(CL_ By (x))

Since v(z) = lim,_,o T

we can conclude claim (i).
Claim (ii) There exists L > 0 such that v,,v < L everywhere on C.

For each fixed C), (resp. C), the density v, (resp. v) is a bounded func-
tion: this follows from the facts that the mass is locally finite, the mono-
tonicity formula holds and the density is upper semi-continuous. So, in order
to prove claim (ii), assume by contradiction that here exist points p, € C
such that v,(pn) T +00 as n — oo. Up to a subsequence that we do not
relabel we can assume p, — p for a point p in ¢. Choose a ball Bg(p) and
let m > 0 be chosen so that M(CL Bgr(p)) = ay - m - R%. Choose ng large
enough so that for all n > ng it holds (i) 0, (p,) > 3m and (ii) |p, — p| < %.
Then consider the balls Bor (py): they are contained in Bg(p).

By the monotonicity folf)mula applied at p, for C),, we get

92 R?

M(CyLBox (pn)) > ak(3m)W

1

and therefore

By Remark 3.1 we must have M(C,L Br(p)) = M(CL Bg(p)), so we
can write

92 R?
102 °

Since % > 1 we contradicted the assumption that M(C'L_ Bg(p)) =
2
armR-.

M(CLBg(p)) > ax(3m)

Claim (iii) for every x € C it holds v(z) = lim, 00 p ().
It suffices to show, for an arbitrary z, that

v(z) = limsup v, (). (13)

n—oo

Once this is achieved, choose a subsequence ny such that lim inf,,_, oo 1, ()
limy,, 00 Vn,, () and apply (13) to the sequence of currents Cy,, to show that
v(z) = limy, o0 Uy, () = liminf,,_, vp ().

Again the main ingredient for (13) is the monotonicity formula, which
for an arbitrary x € C states
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1 Gy A O, 2
R¥ (Cn 7(@)) = va(a) /BR(I) |?/—33|k

1 1C, A D)2
— M(CLBg(z)) =v(iz —i—/ =
gM(CLBra) =vl@) + | =

vn(y)dH* (y)LC
(14)
v(y)dH* (y)Lc,

where the unit simple k-vector C_"y represents the approximate tangent

to C at y with the orientation given on C), and 4, is the radial unit vector
|Gy N0, |2
ly—al*
of n (since the underlying C is always the same and £C,, both yield the same
value for |C, A ;).

(with respect to the point z). Therefore the function

is independent

2
Let p be the finite measure Gy NG H*(y)L(C NBg(z)). By claim
Y

(ii) we can apply Fatou’s lemma to L — v, and L — v to get

/limsup vn(y)du(y) > limnsup/l/n(y)d/ﬁ(y),

n

which together with claim (i) yields

[ vwdut) = timsup [ v )duto).

We can now use this last inequality together with claim (i) and the fact
that M (C, L Br(z)) - M(CL Bg(x)) to pass to the limit in (14) as n — oo:
we get that necessarily we have the equality v(z) = limsup,,_, ., Vn(x).

0

proof of Theorem 2.2. Let T be the family of possible tangent cones to

T at xy. The elements of T are integral (p — 1,p — 1)-cycles (in CP", the
21

projective space of C"*! = T;, M) calibrated by % and by Lemma 2.1

they all have the same support.

First we are going to prove that there exists a subset T4 C T that is
countable and dense in Y, i.e. T is separable. This is achieved as follows.

All currents in T are supported on the same rectifiable set C and they
can only differ by the choice of the density function. We can represent C \ C,
where C is a H?P-null set, as the image of a Borel subset K of R? via a
Lipschitz map taking values in CP" and with Lipschitz constant % <L<L2
To obtain this representation, recall (see [19]) that C\ C is a countable union
of disjoint pieces, each piece being the image, via a Lipschitz map with
constant close to 1, of a compact subset of R??. We can freely change by
translation the position of these countably many compact subset of R?? and
make them disjoint, so by denoting their union with K we get the desired
representation for C \ C.
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For each current in Y the density on the rectifiable set C is an L' function
on (C,HZP). Using the previous representation of ¢, we can record these
densities as L' functions on R?? that are zero outside of K. The family T
therefore yields a family {g,}eer of such L'(R?P) functions. Every such L!
function on R?? is associated to a current supported on C.

The family {g,} is compact in L!: indeed the L!-convergence for a se-
quence in {g,} yields the (weak*) convergence for the corresponding cur-
rents. So {g,} is closed with respect to the L!'-norm, because T is closed
with respect to the weak*-topology. Moreover {g,} is bounded in L' because
fRQP gadL?P is comparable (up to a factor 2, recall the condition on L) to the
mass of the corresponding current which is fixed for all elements of T.

We conclude that, as a compact subspace of the separable normed space
L'(R?P), {g,} is also separable. The corresponding countable set of currents
is the desired Y.

Except on a H?P-null set €', all points of C \ C’ have integer densities for
all currents in 1.

Let now z € C \ C' and observe the function F from Y4 to R assigning
to every current P € Y, the value F/(P) := vp(x), where vp is the density
of P. By Lemma 4.3 the function F' is continuous on the metric space Yy,
but since it is also integer-valued it must be locally constant on Y.

T4 is dense in Y, so for every current P’ € Y the value vp/(z) is also
locally constant by Lemma 4.3. Since T is connected, vp/(x) must then be
globally constant for P’ € Y. The point z € C '\ C! was arbitrary, therefore
all currents in T have a fixed density at all points except on the null set !
and this makes them equal as currents. A posteriori also the density on c!
is fixed.

We have therefore obtained that Y is made of one single element and we
can conlcude the uniqueness Theorem 2.2 for tangent cones. O
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