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Abstract

We prove that for any given compact Riemannian manifold N of dimensionn +1 > 3
and any non-negative Lipschitz function g on IV, there exists a quasi-embedded, bound-
aryless hypersurface M C N, of class C*“ for any a € (0,1), such that M is the image of
a two-sided immersion whose mean curvature is given by gv for an appropriate choice of
continuous unit normal v to the immersion; and moreover, the singular set ¥ = M \ M
is empty if 2 < n < 6, finite if n = 7 and satisfies H"~"T7(X) = 0 for every v > 0 if
n > 8. Here quasi-embedded means that near every non-embedded point, M is the union
of two embedded C** disks intersecting tangentially with each disk lying on one side of
the other. If g > 0 then M is the closure of the reduced boundary of a Caccioppoli set.

Our proof of this theorem is PDE theoretic, and considers first the case that g is
a positive function of class C**. The theorem for non-negative Lipschitz g follows by
approximation, based on the estimates we establish. In the case of positive g of class C*'*,
the argument is based on: (i) a construction, using a simple mountain pass lemma, of a
min-max solution u. to the inhomogeneous Allen-Cahn equation —eAwu + e~ "W’ (u) =
og satisfying appropriate bounds independent of €, where £ > 0 is small, o is a fixed
normalising constant and W is a fixed double-well potential; and (ii) a proof of regularity
of any limit-varifold V' that arises, in the limit &; — 0T, from a sequence (ue;) of such
solutions—in fact from any sequence of bounded solutions u.; with uniform Morse-index
and energy upper bounds. Parts of V' may be minimal (i.e. have zero mean curvature),
but regularity of V ensures that minimal portions, if there are any, can be smoothly
excised. The remaining part of V is a mean-curvature g hypersurface M as desired,
unless V' is entirely supported on a minimal hypersurface, a possibility we do not rule
out. If this possibility arises and V is a minimal hypersurface My (with multiplicity,
necessarily, even integer valued and locally constant), we appeal to PDE techniques
again. Working at the level of the Allen—Cahn approximation, we use a semi-linear
gradient flow (the Allen—Cahn flow) with carefully chosen initial data constructed from
Mo to produce, for each j, a stable solution v; to the above Allen—Cahn equation (with
€ = ¢;) in such a way that the sequence (v.,) leads to a non-trivial limit-varifold that
is not entirely supported on a minimal hypersurface. This new limit-varifold is regular
by (ii), and after excision of its minimal portions we again obtain a mean-curvature g
hypersurface M as desired.
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1 Introduction

Our main purpose here is to establish the following theorem:

Theorem 1.1. Let N be a compact Riemannian manifold of dimension n + 1
with n > 2, and let g : N — [0,00) be a (non-negative) Lipschitz function. There
exists a quasi-embedded hypersurface M C N of class C*® for any o € (0,1),
with dimy, (M \ M) <n—74ifn>8, M\ M finite if n =7 and M\ M =0
if 2 < n <6, such that M is the image of a two-sided immersion with mean
curvature Hyy given by Hy = gv for some choice of continuous unit normal v to
the immersion.

Remark 1.1. Here a quasi-embedded hypersurface is the image of a special type
of immersion that is natural in the context of non-minimal prescribed-mean-
curvature hypersurfaces. Specifically, in the case of M as in Theorem [I.1] quasi-
embedded means that M = ¢(S) for some n-dimensional C*% manifold S and a
C?* immersion ¢ : S — N, and for every y € M there exists a neighbourhood of y
(in N) in which M is either an embedded C? disk, or the union of two embedded
C? disks intersecting tangentially along a set containing y with each disk lying
on one side of the other and each disk equal to the image under ¢ of a disk in S
(see Deﬁnition@. The precise meaning of the assertion in the theorem concerning
the mean curvature is that ¢ can be chosen to be a two-sided immersion with a



choice of continuous (in fact C1*) unit normal v such that the mean curvature of
¢ is g(t(z))v(z) for each = € S.

Remark 1.2. Theorem remains valid if the prescribing function for mean cur-
vature is a non-positive Lipschitz function rather than a non-negative one. For if
g : N — (—00,0] is Lipschitz, we may apply Theorem 1.1 with ¢ = —g. Reversing
the choice of unit normal on the resulting quasi-embedded hypersurface provides
the resolution of the existence question for g.

Remark 1.3. Once C? regularity is obtained for a two-sided immersion with mean
curvature gv, higher regularity follows by standard elliptic theory, depending on
the regularity assumed on g. In particular, if g € C%® with k > 1 and a € (0, 1),
then the immersion is of class C*+2«,

Remark 1.4. We shall first prove the theorem assuming g € CHY(N) and g >
0. The theorem for non-negative Lipschitz g will follow (in Section from a
straightforward approximation argument using the estimates we establish. In the
case g > 0, we have the additional fact that |[M| = |0*E| for a Caccioppoli
set £ C N (where |T| denotes the multiplicity 1 varifold associated with an n-
rectifiable set T') and that at every non-embedded point y € M, the two disks (as
in Remark whose union is M in a neighborhood of y intersect (only tangentially)
along a closed set containing y and contained in an (n — 1)-dimensional embedded
C! submanifold (see [BelWic-1, Remark 2.6] and [BelWic-2, Remark 3.3]).

In view of Remark[I.4), from now on until the end of Section[f] we shall assume
that g € CYY(N) and g > 0 unless stated otherwise explicitly.

1.1 The role of PDE in the proof of the main theorem

Our approach to Theorem is by means of an inhomogeneous Allen— Cahn
approximation scheme. The case g = 0 of the theorem corresponds to the cele-
brated, long known existence theory for minimal hypersurfaces in compact Rie-
mannian manifolds. In this case, by employing a homogeneous Allen—Cahn ap-
proximation process, a strikingly simple new proof of existence of minimal hy-
persurfaces has been obtained in the recent work of Guaraco ([Gual8]). The
original proof of existence of minimal hypersurfaces was based on a Geometric
Measure Theory construction, due to Almgren ([Alm65]) and Pitts ([Pit77]), that
produces a min-max critical point of the area functional. (See [ColDeL03|] and
[DeLTas13] for a nicer implementation of this construction with some technical
simplifications). For regularity conclusions this method relied on several fun-
damental GMT results of independent interest: the Federer—Fleming existence
theory for solutions to the oriented Plateau problem ([FedFle60]), the interior
regularity theory for codimension 1 locally area minimizing rectifiable currents
(due to the combined work of De Giorgi ([DeG61]), Federer ([Fed70]), Fleming
([F1e62]) and Simons ([Sims68])) and the Schoen—Simon compactness theory for
area-bounded stable minimal hypersurfaces with small singular sets ([SchSim&1]).
In the new approach Guaraco employs an elementary PDE mountain-pass lemma,
as a replacement for the Almgren—Pitts varifold construction, to produce min-max
solutions to the Allen—Cahn equation satisfying appropriate bounds independent
of the parameter ¢ in the equation. Producing the desired minimal hypersurface
from these solutions requires proving stationarity and regularity of the limit vari-
fold along which the Allen—Cahn energy of the solutions concentrates as ¢ — 0T
sequentially. Both of these follow fairly directly from prior work: stationarity (to-
gether with integrality) from the work of Hutchinson—-Tonegawa ([HutTon00]), and
regularity from an advance in the regularity theory for stable stationary varifolds
([WicI4]) and its application to the limit varifolds arising from stable Allen—Cahn
solutions ([TonWic12]).



For the case g > 0, our starting point is still a classical PDE min-max construc-
tion (given in Section [5)) of solutions of the relevant inhomogeneous Allen—Cahn
equation, together with the refinements of [HutTon00] provided by the work of
Roger—-Tonegawa ([RogTon08|) and Tonegawa ([Ton05-2]). In subsequent steps
of the proof however, in contrast to the case g = 0, key difficulties arise from
two new phenomena. One is the possibility that the corresponding limit varifold
may now have regular pieces intersecting tangentially on a set as large as having
codimension 1, such as in the case of two touching unit cylinders in a Euclidean
space (leading to the quasi-embeddedness conclusion in Theorem as opposed
to embeddededness). Therefore, a more comprehensive theory than [Wicl4], with
hypotheses that allow this possibility, is needed to prove regularity of the limit
varifold. The second new aspect is that the inhomogeneous Allen-Cahn approx-
imation process may lead to a loss of mean curvature information in the limit.
The proof of the theorem has to account for the difficulties arising from this lat-
ter phenomenon, including the possibility that the min-max process may fail to
produce the desired prescribed-mean-curvature hypersurface and may instead just
produce a minimal hypersurface.

Despite these two issues, the spirit of simplicity afforded by the PDE tech-
niques, already seen in the minimal hypersurface case, continues in our proof of
Theorem with PDE arguments featuring heavily in overcoming both difficul-
ties.

First we obtain optimal regularity of the limit varifolds arising from min-max
(or more generally, Morse index bounded) Allen—Cahn solutions. This regularity
result says that up to a lower dimensional “genuine” singular set, the limit varifold
is the image of a two-sided C? immersion without transverse self-intersections, and
it allows: (i) for sheets to touch without coinciding, and (ii) for the mean curva-
ture of each connected component of the immersion either to be prescribed by ¢
or to vanish identically. This is proved (in Section |4)) by an inductive argument
(inducting on the multiplicity of the limit varifold) that makes key use of certain
quasilinear elliptic PDE arguments that adapt and extend ideas from [BelWic-1],
in conjunction with the C1® varifold theory of [BelWic-2] (reproduced in Sec-
tion . The proof is also aided by a simple slicing argument to rule out, subject
to a Morse index bound, singularity formation on a codimension 1 set, and Alm-
gren’s generalised stratification of singular sets ([AIm00])—an elementary, stan-
dard Geometric Measure Theory fact used to further reduce the dimension of the
singular set.

The second difficulty, arising from the fact that the mean curvature may con-
ceivably vanish everywhere on the limit varifold, is handled (in Section |§| below)
by employing PDE principles again, this time from semilinear parabolic theory.
More precisely, if the initial min-max Allen—Cahn solutions end up producing
just a (non-empty) minimal hypersurface My, we are able to use that knowledge
in conjunction with standard long-time existence and convergence results for the
parabolic Allen—Cahn equation to obtain the desired mean-curvature-g hypersur-
face from a different sequence of Allen—Cahn solutions. The initial conditions for
the Allen—Cahn flow are constructed out of My, capitalising on the lower dimen-
sionality of its singular set.

In summary, once a general GMT regularity framework ([BelWic-1], [BelWic-
2]) is in place, our proof of Theorem [1.1]| proceeds essentially entirely via PDE
arguments. In the remainder of this introduction and in Section 2, we shall provide
a more detailed outline of the proof including the intermediate results and key
technical aspects of the proof. For the readers’ convenience we have also collected,
in Section [3] the main GMT ingredients needed, including those from [BelWic-2],
[RogTon08], [Ton05-2]; the rest of the article consists mainly of PDE theoretic
arguments which we have endeavoured to make self-contained.



1.2 An outline of the proof

In more concrete terms, our proof of Theorem can be described as follows.
Let N be a compact Riemannian manifold (without boundary) as in the theorem.
We consider, for small positive €, the functional (energy) F. ,4 : WH23(N) — R

defined by
Vul? w
= [ [
N N N

where g : N — R is a positive Cb! function and W : R — [0,00) is a “double-
well” potential, i.e. a non-negative function of class C? having precisely two non-
degenerate minima at +1 with values W (+£1) = 0 and appropriate growth outside
[—2,2]; we shall in fact require that ¢ < W”(¢) < C for some constant C,c > 0
and all ¢ € R\ [-2,2]. Given such W, ¢ is a fixed positive normalising constant
depending only on W. The first two terms of 7. ,, add up to give the usual

Allen—Cahn energy
2
gs(u):/5M+/ Wiu)
N 2 N €

The (relatively straighforward) starting point is to choose a sequence e; — 0T
and construct, in W12(N), a sequence of 1-parameter min-max critical points Ue,
of F., sg With supy |uc,| uniformly bounded independently of j, and the Allen—
Cahn energies &, (u.,) uniformly bounded from above and below by positive num-
bers independently of j. This is done by applying a mountain pass lemma based
on the fact that 7, ,, satisfies a Palais—Smale condition. The Morse index of u;
will then automatically be < 1. By general principles, the energy bounds imply
the existence of a non-zero Radon measure g on N and a function u. € BV(N)
with us () = £1 for a.e. € N such that after passing to a subsequence without
relabeling,

(20)_1 (%'VUE]“2 + 5;1W(Ug]~)> dvoly — i

weakly and u., — uoo in L'. Set E = {us = 1} and note that E is a Caccioppoli
set in N with its reduced boundary 0*FE C spt p.

By the combined results and ideas in the work of Ilmanen ([[Im93]), Schatzle
([Sch04)]), Hutchinson-Tonegawa ([HutTon00] ), Roger—-Tonegawa ([RogTon08]) and
Tonegawa ([Ton05-2]) (see Theorem below), for any sequence (ue,) of critical
points of F¢, 54 subject only to uniform upper bounds on supy [ue,| and & (ue,),
we have the following results: with no sign condition (and less regularity than
CH1) on g, the limit measure p is the weight measure ||V|| of a (possibly zero)
integral n-varifold V on N with first variation § V = —Hy ||V|| where Hy, the
generalized mean curvature vector of V' is locally bounded; if g > 0 then E # N
unless V' = 0; and moreover:

(a) if V is of multiplicity 1, then E is non-empty, V = |0*FE| (the multiplicity
1 varifold associated with the reduced boundary 0*F), and Hy = gv for
H™ a.e. point of 9*E where v is the unit normal to 0*F pointing into F;
in other words, in this case, V' is a critical point of the functional A — Vol,
where A is the area functional A(V) = |V||(N) (= H"(0*E)) and Vol is
the enclosed g volume Voly (V) = [, gdH™ .

(b) if g = 0 then regardless of whether V is of multiplicity 1, Hy = 0, i.e. V is
a critical point of A.

Putting aside for the moment the obvious regularity questions, in the absence
of the multiplicity 1 assumption on V as in (a), a combination of the conclusions
in (a) and (b) may conceivably occur (even if g > 0); that is to say, V' may consist
of a higher multiplicity part Vy on which Hy = 0 a.e. and the multiplicity 1 part
Vy = |0* E| on which Hy = gv a.e. The two parts ;) and V, may merge together



in a potentially very complicated manner on not too small a set (see Figure 1] in
Section . This would prevent their separation from each other as critical points,
in N, of A and A — Vol, respectively.

In light of this, to prove Theorem one approach would be to first rule
out higher multiplicity in V' when g > 0 and u.; are min-max critical points.
If this succeeds we would be in case (a). As regards regularity in this case, the
central difficulty would be that eventhough V' is of multiplicity 1, a priori V may
still have a large (but H™-null) set of singularities with higher multiplicity planar
tangent cones. However this possibility can be ruled out by a direct application of
[BelWic-2, Theorem 5.1], [BelWic-2, Theorem 9.1] and [BelWic-2, Theorem 6.4].
From there, it is in fact a few easy steps to the full regularity conclusion claimed
in Theorem [[1]

In the generality in which we work here though, showing that no part of V'
can develop higher multiplicity appears to be difficult. In the absence of Morse
index control in the limiting process higher multiplicity can in fact occur (see
the example in [HutTon00, Section 6.3]; see also [Sch01] for a related example,
which according to [Sch01] has originally appeared in [Gro98|, where a sequence
of CMC hypersurfaces of Euclidean space with fixed mean curvature converges as
varifolds to a multiplicity 2 plane). In any case we here follow a strategy that
avoids altogether the need to rule out higher multiplicity.

At the core of this strategy is establishing regularity of V' allowing multiplicity.
For this we employ key results (Theorem and Theorem below) from the
regularity theory in our recent work ([BelWic-1], [BelWic-2]), as well as extensions
of ideas therein, which are in particular sufficiently general to account for the non-
variational nature of V', i.e. the presence of both a region with Hy = 0 and a region
with Hy = gv. This first step is perhaps of interest independently of Theorem [I.1]
and produces the following general result concerning Allen—Cahn limit varifolds
V arsing from Morse index bounded critical points, which says that V5 and V; are
indeed critical points, in IV, of A and A — Vol, respectively; moreover, they are
embedded and quasi-embedded respectively up to a codimension 7 singular set.
(See Figure [2| for a depiction of the possible local structure of V' at a point away
from the singular set.) Completeness of N is not necessary for this result.

Theorem 1.2 (Theorem below). Let g € CY1(N) with g > 0 and N not
assumed complete. Let p be a non-zero Radon measure on N such that

1 (& B
pi = (20) ! (5J|Vusj|2 +ej 1W(usj)) dvoly —

where o = f_ll \/ WZ(S) ds, g5 — 01 and u., is a critical point of Fe, o4 for each j,
with limsup;_, . |ue;| < co. Suppose further that for any open subset U C N with
compact closure, the Morse index of uc, on U is bounded independently of j. Then

= H"L M, + qH" L M,

where:

(a) My is a (possibly empty) immersed, quasi-embedded hypersurface bounding
a Caccioppoli set E C N such that its mean curvature Hyy, = gv where v is
the unit normal pointing into E, and such that its singular set ﬁg\ My is
empty if 2 < n <6, discrete if n =7 and has Hausdorff dimension <n —7
if n > 7 in fact E = {us = 1} where uo is the L, limit of u.,, with

Uoo(x) = £1 for a.e. x € N and E # N (since p # 0). Moreover, the
multiplicity 1 varifold V = |Mgy| has first variation 6 V = —Hp, ||V|| in N.

(b) My is a (possibly empty) embedded minimal hypersurface of N with its sin-
gular set Mo\ My empty if 2 < n < 6, discrete if n = 7 and having Hausdorff



dimension < n—"7 if n > 7; the multiplicity function q is equal to a constant
positive even integer on each connected component of My, and the multiplic-
ity 1 varifold |My| is stationary in N;

Additionally, we also have that MoN My = (Mo N Mg)U((Mo \ Mo) N (M, \ My)),
i.e. My and that M, intersect only at common regular (quasi-embedded) points or
common singular points; moreover, My and Mgy can only have tangential inter-
section, with My N My locally contained in the union of at most two embedded
(n — 1)-dimensional C* submanifolds.

The crucial advantage Theorem affords is the following: it says that in
order to prove Theorem one only has to address the possibility that the limit
varifold arising from (u.,) is entirely a minimal hypersurface with a small singular
set and multiplicity > 2, i.e. the possibility that u = gH"™L My, where ¢ > 2 and
My is a minimal hypersurface embedded away from a closed set of codimension
> 7. For if this is not the case, then we will have produced the desired hypersurface
M in Theorem by taking M = M, with M, as in Theorem

In the final step of our proof of Theorem 1.1, we show not that the possibility
1= qH™ L My cannot arise, but that if it does then we can produce the desired
hypersurface M in Theorem by a different method: rather than insisting on
obtaining it from saddle-type critical points of F¢, 54, we will obtain it from stable
critical points v, (as in Proposition below). The construction of these stable
critical points uses a negative gradient flow of F., ;4 with a well-chosen initial
condition built from Mj,. For this construction embeddedness of My away from
a small set is important, and it is carried out in such way that there is a fixed
non-empty open set Q@ C {v.; > 3/4} for each j, ensuring that Q@ C {vee = 1}
and hence {vo, = 1} # 0. We may then apply Theorem again, this time
to the sequence (v, ). The fact that the original functions u.; leading to M are
min-max critical points guarantees that the limit measure corresponding to (ve;)
is non zero. Thus 0* {v,, = 1} # ), so by the regularity and separation property
guaranteed by Theorem for the limit varifold corresponding to (v,), we can
take the regular (i.e. quasi-embedded) part of |0* {voe = 1}| to be the desired
hypersurface M in Theorem

In summary, our proof of Theorem [I.1] consists of the following three main
steps:

STEP (1) a proof of Theorem [1.2) above (Theorem [4.1] below).

STEP (II) a min-max construction of a critical point u. of F. 54 for each sufficiently
small e, with the property that 0 < L < & (u.) < K < oo for constants L,
K, independent of € and g. (Proposition Lemma and Lemma .
This step is based on standard PDE tools: an application of a mountain pass
lemma based on the fact that F. ;4 satisfies the Palais-Smale condition. It
is then automatically true that the Morse index of u. is at most 1. Taking
e = ¢; in this construction for a sequence £; — 0T, the uniform upper
bound on & (u.;) implies that along a subsequence p; — p (notation as in
Theorem [1.2)) for some Radon measure p on N, with p # 0 in view of the
positive lower bound on & (uc,). If E = int {use = 1} # (), Theorem [1.1
holds in view of Theorem by just setting M to be the quasi-embedded
part of OF.

STEP (111) a proof of the following result (Proposition [6.1] below) which leads to the
conclusion of Theorem [1.1]if in STEP (11) we have that {us, = 1} = 0.

Proposition 1.1. Let (u.,) be the sequence as STEP (I1), constructed as described
in Section @ Let p be the (non-zero) limit Radon measure corresponding to (a
subsequence of ) (uc;), and suppose that p = qH" L Mo where My and q are as in
Theorem (b) Then there exist ve; : N — R satisfying F'c, 54(ve;) = 0 and



F'e, og(ve;) >0 (i.e. stable critical points of Fe, o4) with liminf. o & (ve;) > 0
and limsup, o &, (ve;) < 00; moreover, there exists a (fived) non-empty open set
contained in {ve, > 2} for all €;.

In certain cases, for instance if g is constant and N has positive Ricci curvature,
it follows from STEP (I1I) of our proof that the possibility V; = 0 cannot happen
for the sequence of min-max critical points (u.,) constructed in STEP (II) (see
Remark below). It is also conceivable that this possibility does not occur
for more general metrics, for instance for n < 6 and for metrics on N for which
all minimal hypersurfaces are non-generate (a dense subset of the set of smooth
metrics by a theorem of White ([Whi9l])). We emphasize that here we bypass
this question altogether by proceeding as in STEP (I1I).

We end this introduction with remarks on some recent and old work related
to the present work.

Remark 1.5. By techniques very different from those used here—specifically, by an
Almgren—Pitts min-max construction—the existence of hypersurfaces with mean
curvature prescribed by an ambient function g (# 0) on a compact manifold N™+!
has recently been addressed in the following cases: for 2 < n < 6 when g is any
non-zero constant by Zhou-Zhu ([ZhoZhul9)); for 2 < n < 6 when g : N — R
is smooth and satisfies certain conditions on its nodal set {g = 0} (the resulting
collection of functions being generic in a Baire sense) by Zhou—Zhu ([ZhoZhu20]);
for n > 7 and g any non-zero constant by Dey ([Dey]).

For n < 6, the compactness theorem needed in these works to prove regularity
of the minmax varifolds is a straighforward consequence of the pointwise curvature
estimates due to Schoen—-Simon—Yau ([SSY75]) (for n < 5) and Schoen—Simon
([SchSim81]) (for n = 6). For general dimensions such estimates do not hold
and the corresponding compactness theorems have to be obtained by different
methods. The results of [BelWic-1], [BelWic-2] and [SchSim81] provide a complete
(regularity and) compactness theory in general dimensions needed for both the
Almgren—Pitts approach as in [Dey] as well as our approach in the present work.

We point out some methodological differences between the Almgren—Pitts min-
max construction and the Allen—-Cahn method pursued here. Just like in the
original Almgren—Pitts method used to construct minimal hypersurfaces, the ar-
guments in [ZhoZhul9], [ZhoZhu20], [Dey] seem to require a “pull-tight” proce-
dure (to make up for the lack of a Palais-Smale condition), the fulfilment of an
“almost-minimizing” condition (as a substitute for uniform Morse index control),
and the use of “stable replacements” (to obtain the regularity conclusions). None
of these steps are required in the Allen—Cahn approach, which instead capitalises
on elementary, general PDE principles and a sharp varifold regularity theory of
independent interest.

We further point out that our regularity results (specifically, Theorem and
Theorem 4.3 below) allow us to extend the existence theorem in a straightforward
manner from the case of positive g € C11(IV) to the case of arbitrary non-negative
Lipschitz g by means of an approximation argument (see Section . This argu-
ment uses in particular the local uniform C?® estimates of Theorem which
assumes that g € C™! but yields constants in its conclusion that depend on g
only through an upper bound on the C' norm of g. The applicability of these
estimates relies crucially on the fact that the Allen—-Cahn min-max solutions sat-
isfy a uniform Morse index bound, which implies stability of the approximating
hypersurfaces in fixed-sized balls.

Remark 1.6. Historically the use of the Allen—Cahn energy to approximate the area
functional goes back to an idea of De Giorgi and to the work of Modica—Mortola
[ModMor77], which considered the case of minimizers. In particular minimizers of
Fe; 09 cOnverge in L' to a BV limit taking values &1, and whose +1 phase F is a



minimizer of the functional Per(E)— [, g. Higher multiplicity issues (including the
precense of a “touching set”) that need to be addressed here do not arise in the case
of minimizers, and regularity of the limit in the form of embeddedness away from
a codimension 7 singular set follows from the work of Gonzalez—Massari—Tamanini
(IGMTS8Q], [GMTS83]).

2 The case g = 0, new difficulties when ¢ > 0 and
technical aspects of their resolution

In this section we provide a brief description of the Allen—-Cahn approach to
the case g = 0 of Theorem (i-e. the existence of minimal hypersurfaces), and
a more detailed overview of STEP(I), STEP (1I) and STEP (I1I) above in the case
g>0.

For the case g = 0 of Theorem the analogue of STEP (I1) is carried out in
the work of Guaraco [Gual§|] which shows, via a classical mountain pass lemma,
the existence of a critical point w. of & for small ¢ € (0,1), with Morse in-
dex at most 1 and with uniform upper and lower energy bounds. Choosing
next ¢; — 07 and applying a theorem of Hutchinson-Tonegawa ([HutTon00]),
one obtains a sequence of n-varifolds (V7) associated with the measures u; =
(20)7 (F|Vue,|* + ;"W (ue,)) dvoly such that along a subsequence, V7 con-
verges in the first instance to a non-trivial area-stationary integral n-varifold V' on
N, with its weight measure ||V|| = p = lim;_, p;. The proof is completed by de-
ducing regularity of u as follows: the uniform Morse index bound on (u.,) implies
that for each point p € N there is a number r > 0 such that for each § € (0,r), a
subsequence of (u.,) is stable (i.e. has index zero) in the annulus N, (p) \ Ns(p).
Hence by a theorem of Tonegawa ([Ton05-1]), locally near every point of spt p the
embedded part of spt u is stable with respect to the area functional for compactly
supported normal variations (of the embedded part). Regularity of p (i.e. that
= qH" L My where My is a minimal hypersurface smoothly embedded away from
a closed singular set (= My \ My) of Hausdorff dimension < n— 7, and ¢, the mul-
tiplicity function, is positive integer valued and locally constant on M) follows by
using local stability of the sequence (u.;) to rule out a certain very specific type of
singularities of p (classical singularities, where at least one tangent cone is made
up of three or more half-hyperplanes meeting along a common axis) ([TonWic12]),
and applying the regularity theory for stable codimension 1 stationary varifolds
([Wicld]). Note that whether the set E = {us, = 1} is empty or not is irrelevant
in the case of minimal hypersurfaces, and hence an additional step like STEP (111)
above is not necessary in this case. (We remark that in dimension n = 2, more
recent work of Chodosh-Mantoulidis ([ChoMan20]) provides an alternative proof
of the regularity of the limit surface by establishing strong convergence of the level
sets of the Allen—Cahn solutions.)

For the case g > 0, STEP (II) is again, in essence, an application of a standard
PDE mountain pass lemma. For each small ¢ € (0,1), this step produces two
functions a.,b. € WH2(NV) close to the constant functions —1 and 1 respectively,
and a critical point u. of F. 54 in WH2(N) such that F. ,4(uc) is the min-max
width of F. 5, over all continuous paths in W'2(N) joining a. to be, i.e.

Feog(ue) = min max Feoq(v(1))
where T'. = {continuous v : [-1,1] = WH2(N) with v(=1) = a.,v(1) = b.}.
We shall now provide a discussion of the key new aspects of STEP (1) in the
case g > 0, followed by an overview of STEP (III).
The starting point of STEP (1) is the work of Roger—Tonegawa ([RogTon08])
and Tonegawa ([Ton05-2]) (Theorem below). These works, which extend



[HutTon00], imply that the limit varifold V is an integral n-varifold having locally
bounded generalized mean curvature Hy in N, that the (possibly empty) set F
(= {uc = 1}) is a Caccioppoli set in N with reduced boundary 0* E C spt p, that
Hy(x) =0 for p-a.e. x € N\ E and Hy(z) = g(x)v(z) for 4 a.e. z € 9* E where
v is the unit normal to * E pointing into E, and that the density © (u,x) = 1 for
1 a.e. x € 0* E; moreover, in the case of positive g as considered here, we have
that sptu C N\ E and © (u,z) is an even integer for u a.e. x € sptu \ E.

As regards regularity of i, the first important difference between the case g = 0
and the case g > 0 is that as mentioned above, a limit varifold V in the latter
case may not in its entirety be a solution to a variational problem (whereas in
the former case it is, namely a critical point of n-dimensional area). As the next
best option we would like to say that the part of V' corresponding to the reduced
boundary (i.e. the multiplicity 1 varifold |0* E|, called the phase boundary) and
the complementary part (i.e. VL. N\ E, called the hidden boundary) are separately
critical points, in N, of the functionals A — Vol, and A respectively, where A is the
n-dimensional area functional and Vol, is the enclosed g-volume. However even
under a uniform Morse index bound on wu.; this does not follow apriori from the
results of [RogTon0§|, [Ton05-2]. In addition to the lack of regularity at this stage,
a serious difficulty impeding such a decomposition is the topologically complicated
ways in which the two parts |[0* E| and V(N \ E) may merge together on a set
of points y of positive (n — 1)-dimensional Hausdorff measure where V' has planar
tangent cones of mutiplicity > 1, e.g. as depicted schematically in Figure

Figure 1: Potential topological complexity (“neck accumulation”) at points of a limit
varifold where pieces of zero and non-zero mean curvature meet. The picture on the
right is the “top” view, i.e. the projection of the surface onto the tangent plane. The
disk in the middle has multiplicity 2 and zero mean curvature. The picture on the left
represents a slice along a half-plane (represented by the line segment in the picture
on the right) perpendicular to the tangent plane. The numbers +1 indicate the two
phases {us = 1} and {us = —1}.

In an inductive argument to resolve this regularity question, we first apply a key
varifold regularity result (Theorem below) from our recent work ([BelWic-1],
[BelWic-2]) to show (in Theorem |4.2) that subject to a uniform bound on the
Morse index of u;, such topologically complicated behavior indeed does not occur;
in fact an ordered C*® graph structure for V must hold near such a point y. Once
this is achieved, we combine (in Theorem local stability with an adaptation
of a PDE argument from [BelWic-1] to prove C? (and hence C3®) regularity of
these graphs near y (Theorem 4.2} part (ii)). The difficulty in this higher regularity
question is that the union of the graphs need not be embedded; indeed, two graphs
can touch a priori on a large (but H™-null) set, and the size of this coincidence set
is only shown to be lower dimensional (in fact to be locally contained in an (n—1)-
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dimensional C'! submanifold) after C? regularity of the graphs is established.

Once C? regularity is established in a neighbourhood of a point y where V has
a planar tangent cone, it follows that spt |0* E| and spt ul_(N\ E) must merge at v,
if at all, smoothly (i.e. as C%“ graphs each of which is entirely minimal or entirely
PMC with mean curvature ¢g) and tangentially; moreover, this can happen only in
one of the two possible ways described in Definition [§ parts (iv), (v) and Figure
This result, together with the absence of classical singularities in V' (Theorem
part (i)), leads to the global decomposition and regularity conclusion for u as in
Theorem

There is also a key difference between the case ¢ = 0 and the case g > 0 in the
way in which local stability of u., (implied by the uniform Morse index bound on
ue;) is used in the analysis of the limit varifolds V' described above. In either case,
by [Ton05-1], stability of (a subsequence of) u., in a ball implies that the limit
varifold V' in that ball admits a generalized second fundamental form satisfying an
“ambient” stability inequality, namely, inequality ; this inequality has the form
of the usual “intrinsic” stability inequality for embedded stable hypersurfaces, but
with one important difference: it is valid only for ambient C' compactly supported
test functions with the ambient gradient (of the test function) appearing where
the intrinsic (hypersurface) gradient appears in the intrinsic stability inequality.
The ambient and intrinsic stability inequalities are equivalent on the embedded
part of a hypersurface (any C! test function ¢ supported on the embedded part
has a C' compactly supported extension @ to the ambient space such that on
the hypersurface the ambient gradient of ¢ agrees with the intrinsic gradient of
¢). For this reason, and also since the regularity theory of [Wicl4] only requires
stability of the embedded part of the varifold, ambient stability inequality for limit
varifolds is sufficient in the case g = 0.

This is not so in the case g > 0. In this case, unlike in the case g = 0, two C?
pieces of the limit n-varifold may intersect tangentially along a set (the coincidence
set) of finite, positive (n — 1)-dimensional measure (consider for instance two
touching unit cylinders in Euclidean space). Because of this possibility stability
of the embedded part alone cannot be expected to yield any useful regularity
estimates for the C? quasi-embedded part. (A coincidence set of positive (n — 1)-
dimensional measure, or even infinite (n — 2)-dimensional measure for that matter,
is too large to be removable for the (intrinsic) stability inequality on the embedded
part.) Stability of the quasi-embedded part as an immersion, which would imply
the intrinsic stability inequality on the quasi-embedded part, would suffice in the
present context, but this does not follow from the ambient stability inequality
(i.e. inequality below, which is implied by stability of (u.,)) eventhough the
latter holds on the quasi-embedded part. (A C' function on a quasi-embedded
hypersurface is not necessarily the restriction to the hypersurface of an ambient
C! function.) The question then is which alternative stability condition, valid
across the coincidence set, would suffice.

As we identify in the present work, of crucial significance is the fact that it suf-
fices to have an “ambient Schoen inequality” on the quasi-embedded part. This is
of course fully consistent with the case g = 0. In that case the quasi-embedded part
is the embedded part, and the (stronger) intrinsic Schoen inequality ([SchSim81]
Lemma 1]) on the embedded part is valid and is implied by the intrinsic stability
inequality. This implication is the extent to which the intrinsic stability plays a
role in the proof of the main estimate in [SchSim81 Theorem 1], and the applica-
tion of [SchSim&1, Theorem 1] is primarily the way the stability condition enters
the proof in [Wicl4]. In the present case of ¢ > 0 we do not have an intrinsic
Schoen inequality on the quasi-embedded part, but instead we obtain its ambient
analogue where any ambient test function and its ambient gradient take the place
of the intrinsic test function and its intrinsic gradient. This ambient Schoen in-
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equality is obtained directly from the stability of the Allen—Cahn critical points u..
For the Euclidean ambient space (and for g = 0), the derivation of this inequality
was carried out by Tonegawa in [Ton05-1]. We here (in Lemma [4.3| below) gener-
alise this to Riemannian manifolds (and to g #Z 0). (This generalisation turns out
to be somewhat subtle and require a careful choice of coordinates; we provide a
full account of it in Lemma [4.3])

In [BelWic-2] a “non-variational” version of our regularity theory (namely,
[BelWic-2, Theorem 9.1 and Theorem 5.1], also recalled in Section below) is
established taking this Schoen—Tonegawa inequality as the stability assumption
on the quasi-embedded region. With these results from [BelWic-2] in hand, as
well as extensions of some of the arguments in [BelWic-1l, Section 7] to account
for the presence of both minimal and PMC parts, in Sections and below
we complete the proof of Theorem [1.2

Finally we briefly describe STEP (111). This is the way our argument produces
a hypersurface with mean curvature g even in the event that the limit measure
arising from the min-max critical points u.; constructed in STEP (11) ends up being
supported entirely on a minimal hypersurface M. This step is in part inspired by
the ideas in the recent work of the first author ([Bel]), where it is shown that if
the ambient manifold has positive Ricci curvature, then any minimal hypersurface
arising from a sequence of 1-paramater min-max critical points of the homogeneous
Allen—Cahn equation must have multiplicity 1. Our argument here requires the
construction, for each sufficiently small €, of a function h = h®. The construction
takes My (and its regularity) as starting point; h is smooth for n < 6, while for
n > T it is Lipschitz. The function h (after an appropriate smoothing in case
n > 7) is then used as initial data for a negative F. ,4-gradient flow. This flow
is then proved to converge to a stable solution v, satisfying the properties given
in Proposition [I.1} Special care has to be taken to ensure that A meets certain
conditions, namely:

(I) a mean convexity condition, namely, —F’; ,4(h) > 0 (where the first varia-
tion —F'c 5q(h) = € Ah — Wy g should be understood distributionally:

£
when n > 7, =F'; 54(h) is in fact a Radon measure, while for n < 6 it is a

smooth function);

(IT) the existence (for all sufficiently small €) of a continuous path in W12(N)
that joins ae (the valley point close to —1 identified in STEP (11)) to h, such
that all along the path we have (20) ™' F; 54 < 2H" (M) — /2, where ¢ > 0
depends only on the geometric data My C N.

The construction of h is based on a certain deformation of the minimal im-
mersion ¢ of the oriented double cover of My into N, that covers My twice. This
deformation is schematically depicted in Figure in (i), two disks Dy and D9 are
removed from My, leaving a double cover of My \ (D; U D3) (an immersion with
boundary); in (ii), one of the disks, say Dy, is pasted back in (with multiplicity 2);
in (iii) the double disk 2| D, | is deformed as an immersion: since My has vanishing
mean curvature, and is therefore not stationary for the functional Area — Volg,
this deformation decreases the value of Area— Voly; in (iv) and (v) the same type
of operations are performed on Ds;. The deformation represented in Figure (3] is
constructed in order to ensure that the value of Area — Vol, as we go from (i) to
(v) stays strictly below 2H™(My), by an amount ¢ > 0 that only depends on the
geometric properties of My in V. Note that, for ¢, Vol, vanishes and therefore
Area — Vol is just 2H™(Mp).

For any ¢ sufficiently small, we exhibit a continuous path in W2(N) using
functions that replicate, in a suitable sense, the geometric behaviour identified by
the deformations represented in Figure These functions are identically —1 or
identically +1 on certain regions and the transitions between the values +1 happen
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in a small neighborhood of the hypersurfaces depicted in Figure |3 Moreover, the
energy (20) ' F. ,, of these functions is a very close approximation of the value
attained by evaluating Area — Vol, + % 1} n 9 on the hypersurfaces depicted in
Figure with an error of size O(e |loge|). An extremely effective feature of the
Allen—Cahn framework is that the transitions from (i) to (ii) and from (iv) to (v)
can be replicated continuously, while the corresponding geometric deformations
present discontinuities (with the sudden appearance of a portion). In similar
spirit, we can find a continuous path that joins a. to the function corresponding
to the immersion with boundary in (i). (The geometric counterpart is the sudden
appearance of the hypersurface My \ (D1 U Dy) with multiplicity 2.) The path
“from a. to (i)” is produced so that F. 4 is almost increasing, i.e. it is equal to
an increasing function plus a function bounded in modulus by O(e |loge|). The
function h mentioned above corresponds to the immersion represented in (v) and
it is close to +1 in the two domains obtained by deforming the double disks D
and Dy and close to —1 in their complement. Moreover, the construction ensures
the mean convexity condition in (I). The mean convexity implies that the negative
Fe,og-gradient flow starting at h evolves towards a stable solution v, of .7-'/5,09 =0,
that has to be > h. The assumption that the min-max solutions give rise to u
supported entirely on My with multiplicity > 2 implies that v, cannot be the
second valley point b.. Indeed, if v. = b., we would have found a continuous path
in WH2(N) that connects a- to b. such that along this path, (20)'F. ,, stays
below the minmax value (20) "' F. ,4(u:) by a fixed amount ¢/2 (recall that we
have assumed (20) ' F. og(uc) = |u|(N) 4+ % [ 9); this contradicts the min-max
characterisation. Very crucially, the fact that v. # b, leads to a uniform positive
lower bound on & (v.) independent of e, while the energy decreasing property of
the flow implies a uniform upper bound on & (v.). Moreover, the condition v > h
guarantees the presence of a fixed open set (corresponding to the two domains
obtained by deforming the double disks Dy and Ds) on which v, > 3/4 for all ¢,
as claimed in Proposition Then we can consider the varifold associated to v,
and apply Theorem (with ve, in place of ue, for a sequence ¢; — 07") to obtain
the desired hypersurface with mean curvature g.

We remark that the arguments given in Section |§| for STEP (111) become con-
siderably shorter if n < 6, since in that case My has no singularities. In general
dimensions, while the basic geometric idea remains the same, a finer analysis of
the distance function to Mj is necessary to handle the presence of a small singular
set in My (as well as some extra technical asides).

3 Preliminaries: Allen—Cahn solutions, limit (g, 0)-
varifolds and GMT regularity results

In this section and in Section [ the ambient Riemannian manifold N need not
be complete. We shall continue to assume that dim N = n + 1 with n > 2, and
use notation as in the preceding sections.

3.1 Allen—Cahn solutions and limit (g, 0)-varifolds
For ¢ € (0,1) let uc : N — R satisfy supy |ue| + E-(us) < K, for K >
0 independent of €. Let w. = ®(uc) for (s) =[5/ WE g5, and let 0 =

2

fil \/ Wés) ds. The BV-norm of w, is bounded from above by K (see [HutTon00]
(and [ModMor77]). This allows to obtain a subsequential BV-limit we, of we, as

e — 0. We also denote s, = @1 (ws), and we have u. — u in L (see section
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[5). We define, as in [HutTon00], the n-varifold V" associated to u. by

ey = [ Jwe = i

where |[{we = t}| is the multiplicity-1 varifold associated to the level set {w. = t}.

We recall the main results of [RogTon08], and of [Ton05-2] (which rely on
[HutTon00]), concerning V' in the case g > 0.

Theorem 3.1. ([RogTon08, Theorem 3.2] and [Ton05-2, Theorem 2.2]) Let g €
CYY(N), gj € CHY(N) with gj — g locally in CY* and let ¢; — 0F. Let u., €
Wlif(N) be a critical point of Fe, o4, for each j, and suppose that lim;_,o, Vi =
V' for some n-varifold V on N, where V"5i is the n-varifold on N associated with

ue,; as described above. Let use € BVioe(N;{—1,1}) be such that u., — us locally
in L', and note that such u.. exists possibly after passing to a subsequence of (;).
Let E={x € N : ux(z) =1}. We have the following:

(i) 071V is an integral n-varifold, with V having locally bounded generalised
mean curvature Hy and first variation §V = —Hy||V|| in N; the set E is a
Caccioppoli set in N with reduced boundary 0*E C spt ||V|| C N\ int E;

if additionally g > 0 and V # 0 then:
(i) E# N;
(iii) o710 (|V|,x) = 1 and Hy (z) - v(x) = g(x) for H"-a.e. x € O*E where v is
the inward pointing unit normal to O*E (i.e. if v = |z>>§§|)"
(iv) Hy(z) =0 for H"-a.e. x € spt||V| \ O*E;
(v) o7tO(|V|l,x) is an even integer > 2 for H"-a.e. x € spt ||V \ O*E.

Remark 3.1. In [RogTon08] and [Ton05-2], these conclusions are established in
the case of Euclidean ambient space. Adaptation of the arguments to the case of
Riemannian ambient space is routine.

Under the hypotheses of Theorem [3.I] no regularity result for the limit var-
ifold V' is known beyond the fact that the regular set (i.e. the C*® embedded
part of spt ||V||) is dense in spt ||V|| (which follows from Allard’s regularity theo-
rem). Theorem says that the minimal portions (also referred to as “hiddden
boundary”), if there are any, always appear with even multiplicity and lie in the
{ue = —1}-phase whenever g > 0. In principle, minimal and non-minimal por-
tions may come together in irregular fashion (e.g. as depicted in Figure . More
threatening to the success of the min-max approach to Theorem is the possi-
bility that the limit interface ends up being completely minimal, i.e. the possibility
that ue = —1 a.e. on N and spt |V]| all consists of hidden boundary. This possi-
bility can in fact arise under the hypotheses of Theorem [3.I] even when g = 1 and
N = R"; see [HutTon00) Section 6.3].

Throughout the rest of the article, it will be convenient to use the terminology
defined as follows:

Definition 1 (LIMIT (g, 0)-VARIFOLDS AND STABLE LIMIT (g, 0)-VARIFOLDS). Let
g € CHY(N). We say that an n-varifold V on N is a limit (g, 0)-varifold on N if
there are a sequence of numbers e; — 0% and for each j, a function g; € CLL(N)
and a critical point u.; € I/Vlif(]\/') of Fe; 0q; such that g; — g locally in ot
and V = lim;_, Vi, where Vi is the n-varifold on N associated with Ug; S
described above. We say that V is a stable limit (g, 0)-varifold on N if V' is a limit

(9,0)-varifold on N and the associated critical points uc; of Fe, o4, are stable in

N, i.e. satisfy % - Fe; o9, (e, +8p) >0 for each ¢ € Ci(N).
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This terminology is motivated by Theorem [3.1] according to which a varifold
V which is the limit of a sequence of varifolds V“*i as described above admits
generalised mean curvature, and consists of an oriented portion on which the
generalized scalar mean curvature is equal to g a.e., and a complementary portion
where the generalized mean curvature is 0.

3.2 A non-variational varifold regularity theory

The central ingredient of our proof of regularity of limit (g, 0)-varifolds asso-
ciated with Morse index bounded Allen—Cahn solutions (Theorem and Theo-
rem below) is the general varifold regularity theory comprising Theorem
and Theorem [3.3] below. Both these theorems have non-variational hypotheses;
that is to say, the varifolds to which the theorems are applicable are not assumed
to be critical points of a functional. This is important for the present application
since limit (g, 0)-varifolds may consist of both stationary (i.e. zero mean-curvature)
and prescribed-mean-curvature parts merging together.

Theorem which we state next, is a Riemannian counterpart of [BelWic-2|
Theorem 9.1] and it follows directly from the latter (see Remark below). In
this theorem, an important role is played by a very specific type of singularities
defined as follows:

Definition 2 (CLASSICAL SINGULARITY). Let V' be an n-varifold on a Riemannian
manifold N of dimension n+1. A pointY € spt ||V is a classical singularity of V'
if there exists p > 0 such that, for some o € (0,1], we have that spt||[V||NN,(Y) =
U?Zle where: k € N, k > 3; each M; is an embedded C™* hypersurface-with-
boundary in N,(Y); there is an (n — 1)-dimensional embedded C** submanifold
v of Npy(Y) with Y € ~ such that OM; = ~ for j = 1,2,...,k; the M;’s meet
pairwise only along v with at least one pair meeting transversely everywhere along
y.

In the statement of Theorem it is convenient to use the following termi-
nology associated with any integral n-varifold V' on N such that V" has generalised
mean curvature Hy € LY (||V]]) for some p > n and first variation § V= —Hy ||V ||

loc
in some open subset Uy C N.

Definition 3 ((g, 5)-SEPARATION PROPERTY). Let ¢ € N, and § € (0,1). Let
V be as above. We say that V has the (q,3)-separation property provided the
following tmplication holds: if

(i) X € Uy; p € (0,min{1,injy N, dist (X,0Uy)}]; Q : Tx N =~ R" ™! — Tx N
is an orthogonal rotation;
(i) the varifold V = (Qo exp)_(l)# VL (WNinj N (X)NUy) satisfies
wy o, VIBITH(0) < g+ 1/2,

Wn -1 7 n n
0=1/2< (52) Imop#VI((BL(0) x B) N B (0) < g +1/2,

and

/ "2 dlg V|
(By,(0)xB)N B+ (0)

1/p
sl [ Hr(exox (@ V)P dlm, 4 V1Y) ) +0 <5
(B}, (0)xR)NBY 1 (0)

(iii) Y € B, (0) x {0} C R+ € (0,p/2;
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(iv) ©([IV[,€) < q for each { € expx (BF(Y) x R);
(v) the varifold W = ny r » V satisfies

(wn) HIW[(BYHH(0) < g+ 1/4,

Wn

a—1/4< (52) T IWI(BLL0) < B) 1 B (0) < g +1/4,

and

/ 22 d |
(B7,,(0)xR)NB}+(0)

172
1/p
+p (/ Hv(expx(Q1(TZ))pd|WII(Z)> <B/2;
(B}, (0)xR)NBy 1 (0)

then we have that WL((BY,,(0) x R) N BH0)) = ;{’:1 |graphu;| for some
uj € CQ(B?M(O)), J=12,...,q, withu <wug <...<uy.
Theorem 3.2. ([BelWic-2, Theorem 9.1]) Let N be an (n + 1)-dimensional Rie-

mannian manifold, q be a positive integer, 5 € (0,1) and p > n. Let V be a class
of integral n-varifolds V- on N satisfying the following properties (a)-(c):
(a) corresponding to each V. € V there is an open set Uy C N such that V

has generalised mean curvature Hy € LY, (||V]]) and first variation 6V =

—Hy ||V with respect to Uy, i.e. V satisfies

SV (¥) = —/N < Hy,y >d|V]|

for some Hy € LY (|V]]) and any compactly supported C* vector field 1 :
Uy — TN;

(b) if V€V then no point Y € spt |V| N Uy with © (||V|,Y) = ¢ is a classical
singularity of V;
(¢) if V€V then V satisfies the (q, B)-separation property;
Conclusion : there exists € = e(n,p,q, N,3,V) € (0,1) such that if V€ V, Xy €
Uy, V= (Q o exp)_((l))# V0L (ManON(XO) N UV) for some orthogonal rotation
Q : Tx, N =R"" = Tx, N, and if p € (0, min{1, injy N, dist (Xo,0Uv)}],

wyy Hnop 2 VIIBET(0) < g +1/2,

wn\ 1 ~ n
0=1/2< (55) Imop#VI((BL(0) x B) N BI(0) < g +1/2,
and
£,= | [ dl e
(B}, (0)xR)NBI* (0)

1/p
+p (/ IHv(expx(Q‘l(pY))lpdllno,p#Vll(Y)> +p<e,
(B}, (0)xR)NBT(0)

then .
0,04V L((BY4(0) x R) N BI1(0)) = ) |graph u]
j=1
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for some u; € Cl"x(B?M(O)), J=12,...,q withur <wug < ... < ugy, where
a=a(n,p) € (0,1). Furthermore, we have that

lullone s 20 < CV/E,

for each j € {1,2,...,q}, where C = C(N,n,p,q).

Remark 3.2. The content of the preceding theorem (for a given varifold) can
roughly be described as follows: fix a positive integer ¢q. In the absence of classical
singularities (as in hypothesis (b)), if an integral n-varifold with generalized mean
curvature locally in L? for some p > n has the property that its flat regions where
density is < ¢ — 1 are “well-behaved” (as in hypothesis (c)), then the varifold is
well-behaved also near any point where there is a tangent plane of multiplicity
q. Note the difference in the meaning of “well-behaved” in the hypotheses and in
the conclusion: in the hypotheses (i.e. in hypothesis (¢)) it means separation into
ordered C? graphs, whereas in the conclusion it means separation into ordered
C1@ graphs. If Hy = 0 (the case handled in [Wic14]) the Hopf boundary point
lemma ensures C*® = (C?, but simple examples show that in general C?
conclusion need not hold, even if |[Hy| =1 (see e.g. [BelWic-1, Remark 2.14]). In
the present application (i.e. in Theorem however, where V is a limit (g,0)-
varifold arising from index bounded Allen—Cahn solutions, C? conclusion does
hold (as we show in Section below) because of the additional constraints on V'
imposed by Theorem including the fact that the set E = {us, = 1} (notation
as in Theorem is a Caccioppoli set.

Remark 3.3 ([BelWic-2, Theorem 9.1] = Theorem|3.4). The preceding theorem
indeed follows very directly from [BelWic-2 Theorem 9.1], taken with V therein
to be the collection of varifolds V consisting of all varifolds YN/I_B{LH(O)7 where
(for Xy € N fixed as in the conclusion of the present theorem),

V= (0,0 Qoexpy!) , VLN, x(Xo)

for some V € V (with V as in the present theorem), X € ManON(XO) NUy, Q :
R — R"! an orthogonal rotation, and p € (0, min{injy N, dist (X, 0 Uy )}).
For the class V, hypothesis (a) of [BelWic-2, Theorem 9.1] (with ﬂ‘; = pHyoexpx

for V as above, and for fixed constants x, k1 depending only on N, and for “change-
of-base-point” diffeomorphisms ¢y : BF(0) — BIT(0), YV € BY)5(0), defined
by appropriate composition of scalings, rotations, exponential maps and their in-
verses as in [BelWic-2, Remark 3.1]) follows from hypothesis (a) of the present
theorem, as pointed out in [BelWic-2l Remark 9.1]; hypothesis (b) of [BelWic-2
Theorem 9.1] follows directly from hypothesis (b) of the present theorem; and hy-
pothesis (c¢) of [BelWic-2, Theorem 9.1] follows from hypothesis (c) of the present
theorem, taking into account the following additional observation: let u; be as
in hypothesis (c) of the present theorem. Then the requirement of hypothesis (c)
of [BelWic-2, Theorem 9.1] that the C*** norm of u; are bounded (in the spec-
ified manner therein) for some fixed a; € (0,1) holds automatically. Indeed,
we have (by assumption) that u; € C?(By,4(0)) for each j and therefore that
M; = expx oQ tong ,-1(graph(u;)) is a C? hypersurface of N; hence, by the dis-
cussion in [BelWic-2, Section 3.1], inequality (A) in [BelWic-2 Section 5.1] (taken
with pg = 1 and for x, x; fixed depending only on N) holds with 7 1 /4 4 |graphu;|
in place of V' for each j separately. On the other hand, it is easy to see that the
argument of Allard’s regularity theorem (for the simpler case of C? graphs) car-
ries over with inequality (A) in place of the first variation hypothesis of Allard’s
theorem (requiring an LP bound on the mean curvature), leading to the estimate

lusllcre sy ) < C\ Ep
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for each j, where o = a(n,p) € (0,1) and C = (N, n,p).

We next state Theorem which will serve to verify hypothesis (c¢) of Theo-
rem when applying Theorem to certain limit (g, 0)-varifolds (in the proofs
of Theorem and Theorem This result can be viewed as a Riemannian
formulation of [BelWic-2 Theorem 5.1] and it follows directly from the latter—see
Remark [3.4] below; [BelWic-2, Theorem 5.1] in turn is a non-variational version of
[SchSim81l, Theorem 1], whose proof follows closely the argument of [SchSim81]
Theorem 1].

In Theorem and subsequently, we shall use the terminology below (in Def-
initions associated with any integral n-varifold V' of a Riemannian manifold
N of dimemsion n + 1:

Definition 4 (QUASI-EMBEDDED POINT). A point Y € spt ||V is said to be a
quasi-embedded point of V' if there exist k € N; p > 0; a hyperplane L C R* ! =
Ty N with unit normal vector vy; C* functions u; : L 0 BytH(0) — L+ for
Jj€{1,... k} satisfying, whenever k > 2, u;-vy < ujp1-vg forje{1,...,k—1},
such that

k
VLN, (Y) = (expy)# | D lgraph(u;) 0 By (0)

j=1

Definition 5 (GENERALISED REGULAR SET gen-reg V). The generalised regular
set of V', denoted gen-reqg V', is the set of quasi-embedded points of V.

Definition 6 (SINGULAR SET sing V). The singular set of V, denoted singV', is
defined by sing V= spt ||V|| \ gen-reg V.

Definition 7 (REGULAR SET regV'). The regular set of V, denoted regV, is the
set of C? embedded points of spt ||V||. More precisely, Y € regV if Y € spt ||V
and there exist p > 0 such that spt||V|| NN, (Y) is an embedded, connected C?
submanifold M of N,(Y).

Theorem 3.3. [BelWic-2, Theorem 5.1] Let A, X € [0,00), p>mn, A € [0,00), q €
N and py € (0,00). There exist a constant K = K(n, \,\, A, N, pg) € (0,00) de-
pending only onn, X\, \, A, N and py, and a constant ¢ = e(n, \, \, A, p,q,n, N, py) €
(0, Kpo/2) depending only onn, \, \, A, p, g, n, N and py, such that the following
holds. Suppose that Xo € N, injx, N > po, V is an integral n-varifold on N, (Xo)
and that:

(a) V has first variation V. = —Hy||V|| in N,,(Xo), i.e.

V(W) = — / Hy - d|V

for every vector field ¢ € CH(N,,(Xo); TN), where the generalised mean
1/p
curvature Hy € LP(|V||) with (pg_" In, (xo) |Hv|pd||V||) < A;
PO

additionally, suppose that X € N, /2(Xo), p € (0, K~'¢) and that:

(b) dimyg (sing VLN,(X)) <n—7ifn>7 andsingVLN,(X) =0 if n <6;

(¢) (Schoen—Tonegawa inequality) for every y € spt|V|| N N,(X) and every
smooth, embedded n-dimensional disk D C N containing y, the following
holds: if for some 6 € (0, 15 dist(y, ON,(X))) and r = dist(y, ON,(X)) — 6,
@y = BM0) x (=6,0) = N,(X) is a coordinate chart induced by a choice of
Fermi coordinates around D with ¢, (0) =y and with the pull back metric on
B x (=6,0) coinciding at 0, to first order, with the Euclidean metric, then

/ APV < A / (1= (7 ensr)?)|VCd| V] + X / ¢d|7|
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for every ¢ € C} ((B;‘(O) X (—0,0)) \ go;l(sing V)) ; here V= (cp;l)#V, v
is the gradient in B (0) x (=6,0), A is the second fundamental form of V and
7 is the unit normal to spt||V|| (all quantities with respect to the pull-back
metric), and note that it suffices for U to be defined up to sign and for all
said quantities to be defined in the complement of <p;1(sing V);

finally, suppose that with px equal to a chart as in (c) corresponding to y = X,
and with V = (px" ) V:

(wn) Mmoo VIBIHH(0) < g+ 1/2;

Wn -1 T n n
a=1/2< (52)  lmops VI ((Bia(0) x R)NBIH(0)) < g+ 1/2
and
= [ @ dle, V]
(B},(0)xR)NBI(0)
2/p
0’ ( / 1 |Hvosoxo<Y>|pd||no,p#V||<Y>> <e.
(B}, (0)xR)NB}* (0)
Then

q
0,04V L((B}4(0) x R) N BY*1(0)) = > |graph ;|
j=1
for some u; € 02(Bf/4(0)), J=1,2,...,q, withu; <wug <...<uy; moreover,

lujllore (s, 40y < CVE

for each j € {1,2,...,q}, where « = a(n,p) € (0,1) and C = C(p,q,N) € (0,00).

Remark 3.4 (|BelWic-2, Theorem 5.1] = Theorem[3.5). Assumption (a) in Theo-
rem [3.3]implies condition (A) of [BelWic-2, Theorem 5.1], as explained in [BelWic-2,
Section 5.2]. Assumption (c) in Theorem[3.3]implies the condition (C) of [BelWic-2,
Theorem 5.1] by an elementary computation (see the next remark). The rest of the
assumptions of Theoremare the remaining assumptions of [BelWic-2, Theorem
5.1].

Remark 3.5. One needs to check that the inequality in (c), which is expressed in
terms of Riemannian quantities, implies the validity of the same inequality, with an
additional multiplicative constant on the right-hand-side that depends only on the
metric, and with A, 7, V and - replaced by their Euclidean counterparts. Indeed,
by virtue of the fact that the coordinates are Fermi, we have that everywhere in
BI'(0) x (—0,9), the vector 0,41 is unit both with respect to both the Euclidean
metric and the Riemannian metric, and moreover, 0,1 is the metric gradient,
with respect to either metric, of the (coordinate) function 2" 1. Denote the metric
gradients associated with the Euclidean and Riemannian metrics respectively by
VEul and V, and let M = reg V. For any smooth function f, define VFuLM f and
VM f at a point on X € M as orthogonal projections of V! f and V f onto the
tangent space to T'x M, where orthogonality is with respect to the corresponding
metric (i.e. the Euclidean metric and the Riemannian metric respectively). Then
we have (i) 1 — (v:e,41)% = |[VEUEM pn+12 "where v is the Euclidean unit normal
to M, : is the Euclidean scalar product and the norm on the right-hand-side is
Euclidean, and (ii) 1 — (7 - e,41)%)? = |[VM2" 1|2 where ¥ is the Riemannian
unit normal to M, - is the Riemannian scalar product and the norm on the right-
hand-side is Riemannian. On the other hand, %|VM1'”+1|2 < |VEBuehMgntl2 <

C |[VMzn+1)2 for a fixed positive constant C depending only on the Riemannian
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metric. To this end we observe that VLM f agrees with the gradient of f| M With
respect to the Riemannian metric on M induced by the ambient Euclidean metric.
Similarly, VM f is the gradient of f|,, with respect to the metric on M induced by
the ambient Riemannian metric. In other words, |VMz"+1|2 and |VFuclM gn+1|2
can be computed pointwise on M in intrinsic fashion (from the two metrics on

M). The inequalities then follow, and equivalently we have % (1 — (V;enﬂ)z) <

1— (7 eps1)? < C (1= (v-ens1)?). To complete the verification of the Schoen-
Tonegawa inequality with Euclidean quantities, it suffices to observe the pointwise
inequalities |A|> > C~Agya|? — 7 and |V¢|? < C|VE! |2 where Eucl denotes
the Euclidean quantities, and C > 1 and 7 > 0 are fixed constants that depend
only on the Riemannian metric. (C can be made arbitrarily close to 1 and 7
arbitrarily close to zero by making the geodesic ball N, (X() in Theorem
sufficiently small).

3.3 Further GMT preliminaries

For an m-dimensional stationary integral cone C on R"*! let S(C) = {Y €
R O (||C|,Y) = O (||C||,0)}. It is well-known that © (||C|,Y) < © (|C||,0)
for every Y € R"*!, §(C) is a vector subspace of R"*! of some dimension < m
and that C is invariant under translation by any element in S(C).

We shall need the case m = n of the following result:

Lemma 3.1. [Generalised stratification of singular sets] Let V' be an integral
m-varifold on N with generalised mean curvature Hy € LY (|[V]) for some
p > m and first variation 6V = —Hy||V| in N. For k € {0,1,2,...,m}, let
Sk ={Y €spt||V] : dimS(C) <k for every tangent cone C to 'V at Y}. Then

This result is due to Almgren; see [Alm00, Remark 2.28], where it is proved
assuming p = co and N is a Euclidean space. In view of [All72] Remark 4.4] and
the validity of the monotonicity formula when p > m (see [All72] Theorem 8.5] or
[Sim83], Section 4]), the same argument establishes the above L? version (although
for our purposes here the case p = oo suffices). See [Sim96, Chapter 4] for a nice,
concise exposition of the argument in the context of energy minimizing maps.

We shall employ Lemma together with the following result to deduce (in
Theorem the dimension bound on the singular set of limit (g,0)-varifolds
arising from index bounded Allen—Cahn solutions.

Theorem 3.4. [Classification of stable, stationary hypercones] Let C be a sta-
tionary integral hypercone on R™"*! such that C has no classical singularities and
reg C (i.e. the embedded part of spt||C||) is stable in the sense that the stability
inequality [ |Bg|?¢? dH™ < [ |V C @|2dH™ holds for all p € Cl(regC), where
B is the second fundamental form of reg C and V'8 € is the gradient operator
on reg C. We then have the following:

(i) if 1 <n <6, then C = q|P| for some positive integer q and a hyperplane P
Of R"'H;
(ii) if n > 7, then either C = q|P| for some positive integer q and a hyperplane
P of R"1 or dim S(C) <n-—T;
(iii) if n > 7 then dimy (singC) <n — 7.
Proof. The case n = 1 is trivial, so assume n > 2. In case sing C C {0}, part (i)
is a well-known theorem of Simons ([Sims68]). The general case follows from this
and the results of [Wicl4] as follows: let k be the smallest integer > 2 for which

there is a k-dimensional hypercone C such that the hypotheses of the theorem are
satisfied with C = C but the conclusion in part (i) fails, i.e. C is not supported

20



on a hyperplane. If Y € spt ||C|| \ {0} is arbitrary, then by [Wicl4, Theorem 3.3]
and [Wicl4, Theorem 3.4], any tangent cone C; to C at Y has stable regular
part and no classical singularities. Also, being invariant under translation along
{tY : t € R}, C; has the form Cgo) x R after a rotation. Thus the “cross-section”
Cgo) is a hypercone in R* with stable regular part and no classical singularities,

and so by the definition of k, the cone Cgo) is supported on a k — 1 dimensional
plane and consequently C; is supported on a k dimensional plane. Hence by
[Wicl4l Theorem 3.3] Y is a regular point of C. Thus sing C C {0} and hence by
Simons’ theorem, we must have that & > 7. Part (ii) follows directly from part
(i) by considering the cross-section of C. Since (by [Wicl4, Theorem 3.3] and
[Wicl4l Theorem 3.4]) every tangent cone to C has stable regular part and no
classical singularities, part (iii) follows from part (ii), [Wicl4l Theorem 3.3] and
Lemma [3.11 O

4 Regularity of limit (g, 0)-varifolds

In this section we use the O varifold regularity theory described in the pre-
ceding section (namely, Theorem and Theorem , together with an adap-
tation of a PDE argument from [BelWic-1] (described fully in Section below),
and Lemma and Theorem to completely analyse the limit (g, 0)-varifolds
arising from Morse index bounded sequences of Allen—Cahn solutions. Results in
this section may be of interest in contexts other than that of Theorem [I.]

4.1 Main theorems: smooth excision of hidden boundary

Our main regularity theorem concerning limit varifolds (Theorem below)
says that if g € C1(N) is positive, then a limit (g, 0)-varifold V for which the
associated sequence (ue, ) is such that u.; has uniformly bounded Morse index with
respect to F., o4, is regular (i.e. has quasi-embedded PMC (g,0) structure as in
Definition |8 below) away from a closed set of codimension > 7, and moreover, that
the hidden boundary VL (N \ E) (on which Hy = 0) and the phase boundary
|0 E| (where Hy = gv, with v denoting the inward pointing unit normal to 0*E)
can be separated smoothly globally, i.e. neither the hidden boundary nor the phase
boundary has singular first variation in N (and each is separately regular away
from a closed set of codimension > 7).

Definition 8 (QUASI-EMBEDDED PMC (g,0) STRUCTURE). Let g: N — R be a
positive continuous function and let V' be an integral n-varifold on N. We say that
V' has quasi-embedded PMC(g, 0) structure at Y € spt |V if one of the following
(depicted in ﬁgure@ holds:

(i) V in a neighborhood of Y is equal to the multiplicity 1 varifold |D| for some
C? embedded disk D with a choice of continuous unit normal with respect to
which the scalar mean curvature of D is equal to g everywhere;

(ii) V in a neighborhood of Y is equal to q|D’| for some even integer q and a C*
embedded minimal disk D';

(iii) © (|VI,Y) = 2 and V in a neighborhood of Y is equal to |D1| + |Ds| for
two distinct C? embedded disks Dy, Dy having only tangential intersection,
with each disk lying on one side of the other, having mean curvature vector
pointing away from the other and having scalar mean curvature (with respect
to the unit normal in the direction of the mean curvature vector) equal to g
everywhere;

iv) ©(|V|,Y) = q and V in a neighborhood of Y is equal to |D| + (¢ — 1)|D’|
for some odd integer ¢ > 3 and two distinct C? embedded disks D, D' having
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only tangential intersection, with each disk lying on one side of the other,
D having mean curvature vector pointing away from D' and scalar mean
curvature (with respect to the unit normal in the direction of the the mean
curvature vector) equal to g everywhere, and with D' being minimal;

(v) ©(|VI,Y) =q and V in a neighborhood of Y is equal to |Dy| + |D2| + (g —
2)|D’| for some even integer ¢ > 4 and three distinct C* embedded disks D1,
Do, D’ with each pair of disks having only tangential intersection, and where

Dy, Dy are precisely as in (iil) and D' is minimal and lies between Dy and
Ds.

Definition 9 (QUASI-EMBEDDED HYPERSURFACE). The image M = 1(S) of a C?
immersion ¢ : S — N of an n dimensional C? manifold is said to be a quasi-
embedded hypersurface of N if every point Y € spt ||t |S||| is a quasi-embedded
point of the varifold vy |S| (see Deﬁnition and we may choose, in the notation
of Definition |4, O and u; for j € {1,...,k} so that graphu; = «(D;) for some
n-dimensional open disk D; C S.

+1

(iv)

+1
(v)

Figure 2: Quasi-embedded PMC(g,0) structure of a varifold V. In each case, V
corresponds to a certain number of disks, depicted by curves. The disks depicted by
thin curves have multiplicity 1 and mean curvature gv for a choice of unit normal
v, and those depicted by thick curves are minimal and have even multiplicity. The
numbers +1 and —1 indicate the phase values, i.e. the values of us,, when V is the
limit varifold arising from a sequence of Allen-Cahn critical points u.; with g > 0. In
this case v always points into the +1 phase.

Theorem 4.1. Let g € CH1(N) be positive, and let V # 0 be a limit (g,0)-varifold
on N with associated sequences e; — 07, g; € C*'(N) and u., € Wlif(N) where
g; — g locally in C1 and ue; 18 a critical point of F., o4, for each j. Suppose
further that the sequence (uc,) converges to s € BVioe(N;{—1,1}) locally in L',
noting that such u. ewists possibly after passing to a subsequence of (uc,). Let
E ={z € N : ux(z) = 1} and note, by Theorem[3.1] that E is a Caccioppoli
set with E # N. Finally suppose that that the Morse index of u., with respect to
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Fe;.0q; 18 bounded from above independently of j. Then we have oW =V + Vg,
where:

(i) Vo is a (possibly zero) stationary integral n-varifold on N with sing Vo = ()
if 2 <n <6, sing Vy discrete if n =7 and dimy (singVp) <n—7 if n > 8;
moreover, Vo has locally constant even multiplicity on reg Vo(= gen-reg Vp)
and spt [|Vp|| € N \ int (E).

(ii) if E =0, then Vy = 0; if E # () then Vy = |0* E| # 0 and we have that
singV, =0 if 2 < n < 6, singVy is discrete if n = 7 and dimy (sing V) <
n — 7 if n > 8; moreover, the (classical) mean-curvature of the immersed
hypersurface gen-reg Vy is given by Hy, = gv where v is the unit normal
vector to gen-reg Vy pointing inward (i.e. towards E); Hy, is also the gen-
eralized mean curvature of Vy in N, and the first variation of Vy is given by
0Vy = —Hy,||Vy4|| on N.

Additionally, o=V has quasi-embedded PMC(g,0) structure near each point y €
gen-reg V (see Figure @ below), and gen-reg Vy is a quasi-embedded hypersurface
of N.

For the proof of Theorem [{.] it will be convenient to first establish Theo-
rem below which collects several key facts concerning varifolds V' satisfying
the hypotheses of Theorem Theorem will be a direct consequence of
Theorem [£.2] and Theorem [3.1] above.

Theorem 4.2. Let g € CY1(N), g > 0, and let V be a limit (g,0)-varifold on N
with associated sequences e; — 0%, g; € CHY(N) and u., € WL2(N) where gj — g
locally in C*' and ue; 18 a critical point of Fe, 54, for each j. Suppose that the
Morse index of u.; with respect to Fe, 54, is bounded from above independently of
j. Noting by Theorem that o=V is integral and that V admits locally bounded
generalized mean curvature, we have the following:

(i) V has no classical singularities;

(ii) if C is a tangent cone to o=V, then C is a stationary integral hypercone
with no classical singularities and stable reqular part;

(iii) if Y € spt||V|| and if one tangent cone to o=V at'Y is supported on a
hyperplane, then o~V has quasi-embedded PMC(g,0) structure atY ;

(iv) singV =0 if2 <n <6, singV is discrete if n = 7 and dimyg (sing V) < n—7
ifn>8.

When V is a stable limit (g, 0)-varifold, we have quantitative versions of parts
(i) and (iii) of the preceding theorem, given by the uniform estimates in Theo-
rem [£.3] below. These estimates will only be needed for the approximation argu-
ment we use in Sectionto extend Theorem from the case of positive g € C1:!
to the case of non-negative Lipschitz g.

Theorem 4.3. Let q be a positive integer, I' > 0 and p € (0,00). Let C be a sta-
tionary integral cone in R™1 supported on a union of three or more n-dimensional
half-hyperplanes meeting along a common (n — 1)-dimensional subspace. There
are constants g = no(n,C, N,T',p) € (0,1), €9 = eo(n,q,N,T,p) € (0,1) and
pu = u(n, N,T,p) such that whenever g € CY1(N) is a positive function with
supy (lg| +1Vyg]) < T, V is a stable limit (g,0)-varifold on N, y € N with
inj, N > p and V= (Qoexpgl)# o 'WLN,(y) for some p € (0,inj, N) and
some orthogonal rotation Q : T, N ~ R"*!1 — T, N (so that V is a varifold on
BytH(0) C R™), we have the following conclusions:
(i) if AZEZOD < g (| C)f,0) + 1/4 then

pp + p~Hdisty (spt [|Cl| N B2H(0),spt [|V]] N BEF(0)) > no;
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= ntl o n nt1
(ii) af TUE ) < g 1 1y2, - 1/2 < "V"((Bp/zii)(xgﬂfl,”BP ©) < 4 41/2 and

Ep=up+p " /( 12|V < <o

”,5(0) xR)NBJT1(0)

then

q
VI (B,4(0) x R) N BZ“(O) = Z |graph u;|
j=1

where u; € C2’Q(BZ/4(O)) for any a € (0,1), us <wup < ... <y and

sup (p~uj| + [Duj| + p|D?u;l)

32/4(0

D2u,(x) — D,
ot DO D)
z,y€BY, ,(0), 2y |z -yl

for some constant C = C(n,q,,T) and each j € {1,2,...,q}.

We shall give the proofs of Theorem [4.2] and Theorem [.3]in Section [£.4] below
after establishing some further necessary preliminary results. We point out next
how Theorem (1] follows from Theorem £.2

Proof of Theorem assuming Theorem[[.3 By Thoorem part (iv) we have
that spt ||[V]| \ gen-reg V =0 1if 2 < n <6, spt ||V] \ gen-reg V is discrete if n =7
and

dimy; (spt ||V \ gen-reg V) <n —7

if n > 8. By the definition of gen-reg V' and Theorem we have that for each
z € gen-reg V, there is a ball Bs_(2) C N such that o~V L Bs_(z) = VO(Z) + Vg(z)
where VO(Z) is a possibly zero stationary (i.e. zero-mean curvature) n-varifold on
Bs.(z) with no singularities and constant even integer multiplicity and Vi =

|0* (E N Bs_(z)) | with (Spt V7] \ gen-reg Vg(z))ﬂB(;z (z) = 0 and mean curvature

H of the immersion gen-reg Vg(z) satisfying H = gv where v is the inward pointing
unit normal to 0* E.

Now define varifolds Vp, V, on N \ (spt ||V \ gen-reg V) as follows: pick
any ¢ € C?((N\ (spt||[V] \ gen-reg V)) x G(n)). If sptp C Bs.(2) x G(n) for
some z € gen-reg V, set Vo(p) = O(Z)(gz)) and V(o) = Vg(z)(go), noting that
these definitions are independent of the choice of z. For an arbitrary function
@ € CO(N\ (spt |V \ gen-reg V)) x G(n)) , set Vo(¢) = ey Vo(thap) and
Va() = > aer Vo(Wap) where {1q}aer is a smooth, locally finite partition of
unity subordinate to the collection of open sets

{{Bs.(2) : 2 € gen-reg VI, N\ Uscgonres v Bs. ()

where I is some indexing set. Since spt ||V C spt ||V, spt ||Vl C spt ||V and V
has locally bounded genralized mean curvature in N, it follows that V4, V, have
Euclidean volume growth everywhere. Since H™" !(spt ||Vl \ gen-reg V) = 0, it
then follows that Vj is stationary in IV, and that V; has genralized mean curvature
Hy, in N, given on gen-reg V, by Hy, = gv. We thus have that V' =V +V, on N
with Vp, Vj satisfying all of the requirements of the conclusion of the theorem. [

Remark 4.1. Tt follows from [BelWic-2) Remark 1.22] that gen-reg V, (where V,
is as in Theorem is the image of a C*® immersion.
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As mentioned above, a key ingredient of the proofs of Theorem and The-
orem is Theorem (3.2 Though in its abstract form (given in Section
Theorem requires no stability hypothesis, in applying it to Theorem and
Theorem [£.3] stability plays a key role. For instance, in the proof of Theorem [£.2]
we employ an inductive argument (inducting on multiplicity ¢) in which Theo-
rem is applied to a limit (g, 0)-varifold V' near a point where one of its tangent
cones is a multiplicity ¢ hyperplane; the validity of hypotheses (b) and (c¢) of The-
orem in this application is a consequence of the uniform Morse index bound
on the critical points u.; associated with V.

Of fundamental importance in verifying hypothesis (c) in this setting is the ex-
istence of generalized second fundamental form of V satisfying, locally near every
point, a stability inequality (inequality (6]) below) as well as what we shall call the
Schoen—Tonegawa inequality (Lemma below). These inequalities are respec-
tively the analogues of the classical stability inequality and the Schoen inequality
([SchSim81l, Lemma 1]) that play a fundamental role in the regularity theory of
embedded stable minimal hypersurfaces ([SchSim81], [Wic14]). An important dis-
tinction between this classical setting and the present Allen—Cahn setting is that
for stable limit (g, 0)-varifolds both inequalities hold for ambient test functions,
with their ambient gradient (i.e. gradient on N) appearing where the intrinsic
gradient (i.e. gradient on V') appears in the classical counterparts. Hence both
inequalities are weaker in the present setting (although of course on the C! em-
bedded part the ambient version is equivalent to the intrinsic one). Moreover, in
the Allen—Cahn setting these inequalities are derived independently of each other
unlike in the classical setting in which the Schoen inequality is derived from the
stability inequality. These inequalities for the Allen—Cahn limit varifolds were
first established by Tonegawa ([Ton05-1]), under the assumption that the ambient
space is Euclidean and g = 0.

We next discuss adaptation of the arguments of [Ton05-1] to the Riemannian
ambient space (and for general g). While for the stability inequality this adapta-
tion is standard and has appeared in several places in the literature, the derivation
of the Schoen—Tonegawa inequality in the Riemannian setting is more subtle and
requires care, and the right choice of coordinates. We provide a complete account
of the latter in Lemma [£3] below.

4.2 Stability inequality and the Schoen—Tonegawa inequal-
ity

Let g € CHY(N) with supy |Vg| < T. In this subsection we assume no sign
condition on g. Let V be a stable limit (g,0)-varifold on N, with associated
sequence ¢; — 07, functions ge; € CY1(N) converging locally in C1! to g, and
associated sequence (ue, ) of critical points of 7, 44, . For each j, the function u;
satisfies the Euler-Lagrange equation '

—ejAu, +5;1W’(u€j) =g, (1)

weakly on N. By elliptic regularity, u., € C*>*(N) for every a € (0,1), and the
equation holds classically. Since u.; is stable, u., additionally satisfies the
inequality

[ Vel e W) 2 0 )
for all ¢ € CL(N).
We first outline the well-known derivation of the stability inequality on V'

following [Ton05-1]. (See e.g. [Hiel8] for details in the case of Riemannian ambient
space). Replacing ¢ in with [Vue,|¢ (a valid choice by an approximation
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argument), and using in the resulting inequality the differentiated equation
(i.e. —e5VA U, + W"(uc,;)Vue, = €;V g) and the Bochner identity

1
§A|v“€j|2 = ‘Vz u5j|2—|— < VA uvaufj > +Ric (Vufj’vufj) ’
we obtain

/ (Ric(Vue,, Vue,) + |V ue, > — |V|Vue,|*) g;¢°
N

S/ |V<p|2€j|Vqu|2+/ <Vg.,,Vue, >¢*.  (3)
N N

Integrating by parts in the last term on the right, this leads to

[ 7P =191V Py e < [ SeslVuc, P+ [ (961, P
N N N
_/ div (@2vgﬁj>u51 (4)
N

where ¢ = ¢(N). This implies in the first instance that

[ B eIV P < Csup (IoP +VP) (5)

PO

for each ¢ € CL(N), where C = C(N, g, ||V ||(spt ¢)). Here, for a C? function u,
the non-negative function B, is defined by

B}, = [Vul| 7 (IV*ul” - [V|Vul[*)

on {|Vu| > 0} and B,, = 0 on {|Vu| = 0}. It follows from (J5)) (see also [HieI8]) that
the limit varifold V' admits a (unique) generalized second fundamental form By,
and passing to the limit in we obtain that V satisfies the following “ambient”
stability inequality:

[ Bepeavi< [ vepdvice [ gav) ©)
N N N

for all test functions ¢ € C}(N) where V is the ambient gradient (i.e. the gradient
on N), and where ¢ = ¢(N,T").

Remark 4.2. Note that in the preceding argument we have used the hypotheses
ge; € CH1(N) and ge; — g in CY! to integrate by parts in the last term in
inequality and to pass to the limit in inequality . These hypotheses will
also be used again in a similar way in deriving inequality (15) below, a key step in
the derivation of the Schoen—Tonegawa inequality (Lemma [4.3]). Note also that in
passing to the limit in the last term in , we have used the fact that u., — uc
locally in L', us, = £1 a.e. in N and that {us, = 1} is a Caccioppoli set.

Remark 4.3. Although we do not need it here, we note that by integrating by
parts in the last term of and passing to the limit as ¢; — 0T, we obtain the
following more precise ambient stability inequality:

[ @ictwn) + o) v < [ vepavy+e [ 22D, gdH"
N N NNO* {uoo=1}
™)

for all p € C! (N \ sing V), where V is the gradient on N, and v is the unit normal
to spt ||V \ sing V' which on 0*{us, = 1} is “outward pointing” i.e. points away
from {u., = 1}.
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We next derive the Schoen—Tonegawa inequality, i.e. the Riemannian analogue
of [Ton05-1, Theorem 4]. For an arbitrary point € N we consider in the first
instance normal coordinates centred at x, pulling back the Riemannian metric to

a ball BE‘I(N)(O) C T, N via the exponential map. Fix any unit vector e € T, N

and let P C T,N be the hyperplane et. Now we consider a Fermi system of
coordinates centred at the disk PHBZE ) (0). We will denote by {x1,...,Zp41}
21z

this coordinate system. These coordinates are chosen so that {z1,...,z,,0} agree

with the normal coordinates restricted to P N B""'} ( N)(O); on the other hand,

the curve s € (—o,0) = (x1,...,Zn, s) represents the geodesic orthogonal to P N

BQE (N)(O) at the point (z1,...,2,,0), and o > 0 is the semi-width of a tubular
1My

neighbourhood of P N B"ﬂ ( N)(O). This coordinate system covers therefore an

open subset (a cylinder) in Bﬁlﬂ(N)(O) C T;N. Note that 0.,
field (for the Riemannian metric induced from N), that is determined (up to sign)
at x by the initial choice of e. Moreover, the coordinate chart has differential equal
to the identity at the point (0,...,0) (which is mapped to z).

We shall henceforth write B” = PN B’hLl ) (0). The following lemma is the

Riemannian analogue of [Ton05-1} Proposmon 4].

is a unit vector

Lemma 4.1. Let © € N and e € T, N be an arbitrarily chosen unit vector and
fix the coordinate chart B™ x (—o,0) described in the previous discussion, with
(0,...,0) mapped to x and with 8, ,, identified with e at 0. Let g € CY*(N) and

e : B" x (—0,0) = R satisfy F'c 4. (ue) =0 and F'- 4. (ue) > 0. Then we have
for any ¢ € CX(B"™ x (—0,0))

[ (190 = 19V - ) = V19 = (V- Buia)Oral ) 67
< /6(\Vu5|2 — (Ve - Opy1) )|V¢|2 /(bQVgE “(Vue = (Ve - 0p41)0nt1)
+/a¢2meN(qu,wE)+/¢2E, (8)

where |E| < Cy¢e|Vue|?. Here V?u. denotes the Hessian (with respect to the
Levi-Civita connection), Vu. and Vge are metric gradients and the norms and
scalar products are taken with respect to the Riemannian metric.

Remark 4.4. Recall that |V2u|? = S0 Z?Jrll 99 40upq, where g stands for
the Riemannian metric tensor, u,q. = 92.u —T'é 0su and T, are the Christoffel
symbols for the Levi-Civita connection.

Proof. For notational ease we will write, within this proof, u, ¢ instead of wue,
g.. Given ¢ € C°(B" x (—0,0)), we use the stability assumption [&|Vp|?> +
WQDQ > 0 with the choice of test function ¢ = ¢|Vu — (Vu - Opt1)0n41]. We
remark that the full justification of the argument would require the use of the test
function ¢ = ¢+/62 + |[Vul> — (Vu - 0511)% for § > 0, and then taking the limit
0 — 0 (as in the proof of [Ton05-1, Proposition 4]). With this understood, we will
set straight away d = 0, to make notation and ideas more transparent. We recall
that 0,41 is a coordinate vector and has everywhere unit length. We get

/5¢2 V|V — (Vi On1)Onia | + /5 Vo2 (IVul® — (V- 0041)?)
+/zs¢\vu— (vu-an+1)an+1|v¢-ku— (Vit - Ors1)Prsa |

/ W) 2 (1Vup — (Vu - 8,1)?) > 0. (9)
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Differentiating the PDE € Au — w = —g we have e VAu — WVU = —Vy;
taking the scalar product on both sides with Vu — (Vu - Op41)0,41 we obtain

eVAu (V'LL — (VU . 8n+1)8n+1) + Vg (VU — (VU . 8n+1)8n+1)

— w (IVul? = (Vu - 9,41)?) . (10)

We substitute in the last term of @ Moreover we manipulate the third

term of @ by using the identity fVf = %V f? twice, and then performing an
2 2
integration by parts: this term then becomes ffsqbzAw. This

leads to

/s¢>2 V|V — (Vi Oy 1)On || + /5 Vo2 IVl — (V- 041)?)

2 . 2
f/m?A@+/w%%+/a¢2vm.vu

— /E¢2(VU . 0n+1)VAu . 8n+1 + / ¢2Vg (VU — (VU . 8n+1)8n+1) Z 0. (11)

Using the Bochner identity (for the third and fifth terms of (T1])) we get

/s¢>2 V|Vt — (Vi Ony1)Onia | + /5 Vo2 IVl — (V- 041)?)

(Vu . 8n+1)2

7/8¢2\V2u|2 — /€¢2RicN(Vu,Vu) +/5¢2A 5

— /E¢2(VU . 3n+1)VAu . 8n+1 + / ¢2Vg (VU — (VU . 8n+1)8n+1) Z 0. (12)

We will now focus on the sixth term in . Firstly, we compute the commutator
VAU - Opt1 — A(Vu - Opg1) = Vig1(Au) — A(Vyq1u), where V; stands for the
covariant derivative along the (coordinate) vector field 9;. Writing A = 47V, V;
(this is the expression of the rough Laplacian, which agrees with the Laplace-
Beltrami when applied to functions), and writing R for the curvature tensor, we
compute

A(Vas1t) = Vg1 (Au) = g7V, V(Viru) = Vi (97 ViVju)
\:,_/ ﬂijvivjer»lu —gijVnHViVju
g is parallel
= g"ViV;Vapu = g9ViVa 1 Viu+ g9 Ry, 1) Vau
=4"ViV;Viiu—g"ViV;Vaiu+ g9 R 1) Vau = g7 R, 11);Vat.

We can thus replace VAu-0p,41 (in the sixth term of ) with A(Vu-8,41)+E,
where |E| < Cy|Vu|. Working then on the fifth and sixth terms in , noting

that — [ € ¢*(Vu-9p11)A(Vu-Opi1) = — fféf)ZAWJrf5¢2|V(VU'3n+1)|2,
we obtain

/5¢2 V|Vt — (Vi Oy 1)On | + /5 Vo2 IVl — (V- 041)?)
—/e¢2\v2u|2 —/6¢2RicN(Vu,Vu)+/6¢2|V(Vu-8n+1)|2
— /5¢2E(Vu < Onpt1) + /¢2V9(Vu — (VU 0p41)0n41) > 0, (13)

from which follows immediately. O
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The next lemma provides the geometric significance of the integrand on the
left-hand-side of (§). Let p € B™ x (—o,0) be such that Vu(p) # 0. Choose a
normal system of coordinates (yi,...,¥yn+1) centred at p, with 0, ., = 0,,,,, at p

and Vu € span{0y,,, 0y, ,, } at p. In analogy with the notation in [Ton05-1] we set

N n—1n+1
1B*(p) = > > |07 u-*(p),
i=1 j=1
where the partial derivatives are computed with respect to the coordinates (y1,. .., yn+1)-

Then |B¢|?(p) is a well-defined function on (B™ x (—0,0)) \ {Vue = 0} (it does
not depend on the choice at p of 9, for j € {1,...,n —1}).

Remark 4.5. In the sequel, \§5|2 will always appear multiplied by |Vuc|? and
integrated with respect to dH™ ' L(B"™ x (—0o,0)). Therefore, we can view |B*|?
as a summable function with respect to the measure |Vue |2 dH" 1L (B" x (-0, 0))
(regardless of the fact that it is undefined where Vu, = 0). In fact, later on, when

letting £ — 0% in , we will treat |B°|2 and € |Vu.|? as a measure-function pair
(as in [Ton05-1]).

Lemma 4.2. We have, on (B™ X (—0,0)) \ {Vu. =0},

IV2ue|? = |[V(Vtte - 0n41)* = |V|Vue — (Ve - Opi1)Ons ||
= |Vuc|?| B> + E, (14)

where |E| < Cy|Vu|?.

Proof. We write v = % in a neighbourhood of p and let {e1,...,en,ent1}
be a smooth orthonormal frame in a neighbourhood of p, chosen so that e,
agrees with 0,41 in the neighbourhood and e,, is determined at p by the condition

v € span{e,(p), ent1(p)}. We set v; = v -e;, so that v = Z;l;l vje;. Then
2

[VIVue — (Vue '8n+1)an+1”2 =V

n
S v
j=1

S vV
= | === 7 1n] 2] |Vue| +
\/ Z]:l V]
Evaluating at p, at which v; =0 for j € {1,...,n — 1}, this expression becomes

2

Vn Vi, = (Vi) [Vue| 4+ vn V|Vue| 2.

|[vnl

|Vue| + |vn| VIVue|

This says (by writing V(Vue - e,,) = V(|Vue|vy,))) that
VIVue = (Ve - 1) dnst | (p) = [V (Ve - e0) P (p),

with the given choice of {e1,...,en,ent1}. Note that |V(Vue - e,)|?(p) only de-
pends on the choice of the (unit) vector field e,, (rather than the whole frame).
We have thus obtained that, when evaluated at p, each of the two terms that are
substracted from |VZu.|? in is of the form |V (V.uc)|?(p), for a certain unit
vector field e.

We write such a unit vector field e in coordinates (around p) as e = 7°9;. Then
V(Veue) = V(n'du) = g0, (n'0;u)d,. If the coordinate frame is orthonormal at
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p, taking the norm we get (with all the terms evaluated at p)

n+1
IV(Veu)* =D (an' Ou+n'03u)?
a=1
= [(0an')*(95u)* + Oa(n')*Brudzu + (n')*(92u)°).

a=1

If the coordinate system is moreover chosen so that 0, (p) = e(p) we obtain at p

n+1 n+1
IV(Veue)* = Z(aani)2(aiu)2 +28,0" Opu Oy u+ Z(asnu)Q.
a=1 a=1

Finally, we note that if the coordinate system is chosen to be normal at p (with
coordinate frame orthonormal at p and with 9,, = e at p) we have (9,n7™)(p) = 0.
This follows by expanding 0 = 9, |e|> = 9,(g:;n'n?) and using the vanishing of the
partial derivatives of g;; at p, which gives 2g;; Oan' 7 = 0. Evaluating at p, where
nt =0 for i #n and n™ = 1, we find (9,7")(p) = 0. In conclusion, at p we have
the following equality:

n+1 ‘ n+1
V(Veus)[* = (0an)2(0iw)? + > (92,u)?
a=1 a=1

in normal coordinates at p chosen so that e(p) = 9,,(p). With the same argument
we get

n+1 n+1
IV (Venpate)* =D (0a)*(01)* + Y (02 ny )’
a=1 a=1

in normal coordinates at p chosen so that e,1(p) = 9n+1(p) (here 7* denote the
coordinates of e,11). Recalling (see Remark |4.4]) that, in normal coordinates at
p, we have |V?u.|? = Z?jzll(ﬁiju)Q, the claim is proved. O

We will now analyse the limiting behavior of as € = ¢; — 07, under the
assumption that g.. — ¢ locally in C'. We begin with the second term on the
right-hand-side of (8). Recall that uc, — us in L (N) (up to a subsequence

loc

that we keep implicit) and that e € BVioc(N) and takes values in {—1,+1}. By
direct computation, the second term on the right-hand-side of is equal to

[ Ve Vue - [ (9. -0,0)(Vue -0,0)
- / $Vg. - Vue - / 0%(Vge - Oy 1)div (1 - D)
+ [ (90 ) uediv O
=~ [ @@V + [0S Vo 000 00

—|—/¢2(Vgg . 8n+1)u5 diV8n+1.

Setting € = ¢ in this, we note that since g., — g in C’llo’i (N), in all of the terms

the function u.; is multiplied by an L>°-bounded function. Therefore the limit of
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the right side as €; — 07 is
- [ @@V + [0 V(G (Ve 0012)) 00
+/¢2(Vg-8n+1)uoo div 9y, 41
:/ $* Vg-ﬁJr/uoodiv (¢0*(Vg - Ont1)0n+1)
0" {uco=—+1}

2/ ¢? Vg-ﬁ+/ #*(Vg - Ops1)Ong1 - 10
O {uco=-+1} 0* {too=—+1}

where 0* denotes the reduced boundary and by n the measure theoretic normal.

‘We have thus shown that

lim
€;—07t

/¢2v95j : (vusj - (Vuej '8n+1)an+1)

<c, [¢av) @)

where the constant C, depends only on an upper bound on supy |V g|.

Remark 4.6. For the last two terms on the right-hand-side of 7 on the other
hand, it suffices to recall that &; |Vuc, [*dH™ 1 — ||V, so that, the limit of these
two terms as £; — 07 will be bounded from above by by C [ ¢?d||V|. Similarly,
recalling Lemma leaving [ & |Vuc|?¢2|B|? on the left-hand-side of (8) and
moving the term fsngzE to the right-hand-side, we find that this latter term is
also controlled by Cn [ ¢?d||V| in the limit.

In view of and of Remark we can rewrite as
[2i1Vus PR B < [ <5190, = (Vu, - 0040)?) Vo[ + other terms (16)

and lim, _,q+ [other terms| < C 4 [ ¢?d||V||. The only terms that are left to deal
with, in taking the limit e; — 0, are therefore [&;|Vu,, |2¢2|B%i |2 and the first
term on the right-hand-side. The argument for these follows [Ton05-1] closely.

Using Lemma we have, in the first instance (arguing similarly to [Ton05-1}
Proposition 5]) that the measure-function pairs (|[B/|, V) satisfy a uniform L2
bound and therefore there exists a well-defined (subsequential) limit (|B|,V),
where V' is the varifold limit of V. Then arguing (pointwise) as in [Ton05-1l
Lemma 1] and using Lemma again, it follows that there exists ¢ = ¢(n) > 0
such that |By |2 < ¢(|B|2 + ¢%), where By is the generalized second fundamental
form of V as in @ For the first term on the right-hand-side of we also argue
as in the (final line of the) proof of [Ton05-1, Proposition 5]. These arguments,
together with and Remark give the following:

Lemma 4.3 (Schoen-Tonegawa inequality). Let g € Ct1(N) with supy |Vg| <
T, and let V be a stable limit (g,0)-varifold on N. Lety € N and let B*x(—0,0) C
TyN be a Fermi coordinate neighborhood as described in the paragraph preceding

Lemma . Let V be the pullback of V' under this coordinate map. Then for any
¢ € C(B" x (=0,0)),

[ BoPdv < [ V6P~ @ onalTl +C [ S
where By is the ginemlized second func?vamental form ofj/, v(zx) is a choice of
unit normal to T, V' (which exists for ||V |-a.e. © € spt||V]), and the constants

c=c(N) and C = C(N,T'); By, v as well as the inner product - on the right had
side are all with respect to the pullback metric from N under the coordinate map.
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4.3 Regularity of stable limit (g, 0)-varifolds, Part I: C'* —
02

In this section we show that if g € CV(N) with g > 0, and if a stable limit
(g,0)-varifold V' in some neighborhood of a point y is given by a union of ordered
C1@ graphs for some a € (0,1), then each of the graphs is of class C? (and hence,
by elliptic regularity, is of class C*® for any a € (0,1)); we in fact show that V
has quasi-embedded PMC(g,0) structure near y (see Definition [). This is the
content of Theorem [£.4] below.

The arguments we use to prove Theorem [4.4]are adapted from those in [BelWic-1]
and [BelWic-2]. The main difference between the present context and that of
[BelWic-1], [BelWic-2] is that here we must allow the full range of possibilities
of quasi-embedded PMC (g, 0) structure, rather than restricting the scalar mean
curvature to be prescribed by g everywhere on the regular part as in [BelWic-2).
As a consequence, 3-fold touching singularities are allowed here, as in the last pic-
ture in Figure [2| while only 2-fold touching singularities can arise in [BelWic-1],
[BelWic-2]. On the other hand, we point out that by using the stability of the
Allen—Cahn solutions u.; corresponding to V, we can in fact simplify parts of
the argument in [BelWic-1], [BelWic-2|: specifically, we will be able to obtain the
necessary W22-estimates directly as a consequence of the local L? summability
with respect to ||V of the generalised second fundamental form of V' (implied by

Remark 4.7. In [BelWic-1, Section 7.4] the corresponding W?2?2 estimates re-
quire additional work (not aided by the stability assumption) since stability and
the Schoen—Tonegawa inequalities in [BelWic-1], [BelWic-2] are only assumed on
gen-reg V (where there is C? regularity) and hence there is no a priori information
on the second fundamental form on approach to the part of the coincidence set
away from gen-reg V. In the absence of a hypothesis such as the Allen—Cahn ap-
proximation, validity of the stability and the Schoen—Tonegawa inequalities only
on gen-reg V is the natural stability assumption to make since, as in well known,
it is the most direct consequence of non-negativity of second variation (of the C?
immersed part of the varifold) with respect to the functional A — Vol, where A is
the mass and Vol is the enclosed g-volume (see [BelWic-2]).

We begin by recalling that a smooth prescribed-mean-curvature hypersurface
of a Riemannian manifold is locally given by the image under the exponential
map of a graph of a function that solves a PDE (in Euclidean space) associated
with a quasilinear second order operator of mean curvature type. Indeed, if u :
Bj(z) = Ris C? and if there exists a local system of normal coordinates centred
at p € N defined on a neighborhood U C N such that B} (x) x I C exp,'(U)
for some open interval I that contains [minu, maxu|, and if the mean curvature
H of exp, (graph(u)) satisfies |H| = g everywhere or H = 0 everywhere, then u
satisfies one of the following three PDEs: for any ¢ € C2°(B) (7))

[ gz, u)C
—/Fj(x,u,Du)DjC—i—/F,H_l(x,u,Du)( = f—g(():v,u)( , (18)

where Fj(z,u, Du) = (%F) ((z,u), (Du,—1)) and F : exp, '(U) x R*"*! — R is

as in [BelWic-2 Section 3] and [SchSim81], and satisfies conditions [SchSim81]
(1.2)-(1.5)]. The notation D; stands for agj for j € {1,...,n}. Conditions
[SchSim81l (1.2)-(1.5)] guarantee in particular that D,;F; forms a positive defi-
nite matrix, so that the above are (uniformly) elliptic quasilinear PDEs. The
function g appearing on the right-hand-side of the first two PDEs in is the

CY! function in exp;l(U) obtained by composing the original g|, with exp,,,
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and multiplying by the Riemannian volume element in normal coordinates (see
[BelWic-2, Section 3.1]); by abuse of notation, we denote the resulting function
by g. The PDEs in are written in their weak formulation (with an implicit
summation over repeated indices); however they are satisfied in the strong sense
as well, since u is C?. The three PDEs in correspond respectively to the
cases where exp,,(graph(u)) is a hypersurface with mean curvature gv, —gv and 0,
where v is the unit normal that has positive scalar product with the (pushforward
via exp,, of the) upwards direction in the cylinder B} (x) x I. For this reason,
when u satisfies the first, middle or the last of the PDEs in , we will say that
graph(u) is PMC with mean curvature g, or PMC with mean curvature —g or
minimal respectively.
The main result of this section is the following:

Theorem 4.4. Let g € CYY(N) be positive. Let y € N be an arbitrary point,
O =B!xR C TyN =~ R"™ and let V be the restriction to O of a varifold
obtained by applying an appropriate rescaling to the pull back of a (part of a)
stable limit (g,0)-varifold Vi on N by the exponentinal map exp,. Suppose that

vV = ;1.:1 lgraphu;|, where ¢ € N, u; : B} — R are of class C* for some
a€(0,1) anduy <wug < ... < ug, Suppose further that the density © (|V||,y) = q.
Then, for each j € {1,...,q}, u; is of class C** and the scalar mean curvature of

graphu; with respect to the upward pointing unit normal is either zero everywhere
on graphu;, or is equal to g(x) for every x € graphu;, or is equal to —g(z) for
every « € graphu;. Moreover, spt||V|| is the union of the graphs of at most three
u;’s. More precisely:

(i) if g is even, then either all of the u;’s coincide and graphu; are minimal;
or graphuy is PMC with mean curvature —g, graphu, is PMC with mean
curvature g and (if ¢ > 4) ug = ... = ug_1 with graphwu; minimal for

(ii) if q is odd, then either graphuy is PMC with mean curvature —g and (if
q>3)us = ... =ug with graphu; minimal for 2 < j < ¢; or graphu, is
PMC with mean curvature g and (if ¢ > 3) uy = ... = ug—1 with graphu;
minimal for 1 < j <gq-—1.

Thus V1 has quasi-embedded PMC (g,0) structure near y.

The strategy of the proof of Theorem [£.4]is to use the stability hypothesis and
Theorem to show that each wu;, which satisfies one of the above PDEs where
it is C2, must in fact be a weak solution (to one of the above PDEs) on the entire
domain. Once this is done, standard elliptic theory implies the conclusion. As a
preliminary step, we will need the following lemma.

Lemma 4.4 (Absence of (-fold touching singularities for ¢ > 4). Let y € N be
an arbitrary point, © = B} x R C T, N ~ R"™! and let V be the varifold on
O obtained by applying an appropriate rescaling to the pull back of a (part of a)
limit (g,0)-varifold on N by the exponentinal map exp,. Suppose that VL O =
;1:1 lgraphu;|, where ¢ € N, u;j : B} — R are of class C** for some o € (0,1)
and u; < wug < ... <u,. Suppose further that there exists a point y € spt||V||NO
such that density © (||V|,y) = ¢ and that if O(|V]|,x) < g — 1 then there exists a
neighbourhood of x in @ in which V has quasi-embedded PMC (g,0) structure.
Then spt||V[| N O = Ui_,graphu;, where ¢ € {1,2,3}, ¢ < ¢, and u; €
Ch*(BY). Moreover, if ¢ > 2 then u; < w41 on B} for j € {1,§— 1}, and
there exists x € B} such that u;(x) < uj41(x) for j € {1, —1}. (In other
words, spt||V|| N O is the union of the graphs of at most three distinct ordered
CY® functions and is embedded in some non-empty open cylinder @ x R C 0.)
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Proof. We note that the graph structure implies that ©(||V]],-) is integer-valued
everywhere on spt ||[V| (not just almost everywhere); the proof of this is as in
[BelWic-1, Lemma A.2]. Let 7 : @ — B = B} be the projection onto the first
factor and let C' = w({x € spt ||V||NO : O(x, ||V]]) = q}). The set C is closed in B.
If B\C = 0, then u; = u for all j and spt ||V]| is a single graph, so the conclusion
of the lemma holds with ¢ = 1. From now we therefore assume that B\ C' # ().
We denote by U the subset of B\ C' made up of points p such that spt ||V|| is an
embedded hypersurface at all the points in 7" (p) Nspt | V]| = UI_,{(p, u;(p))}
(there may be repeated points in the last expression). The set U is open and, by
the regularity assumption on points with density < g— 1, U is dense in B\ C' (the
set of non-embedded points with multiplicity < ¢ — 1 projects locally to a finite
union of submanifolds with dimension at most n—1). We define on U the function
Q that assigns to p € U the number of distinct points in the set 71 (p) Nspt ||V]|.
By the embeddedness requirement that characterizes U, the function @ is locally
constant on U. Clearly @ <qonU.

We claim, in a first instance, that ¢ extends to a locally constant function
on B\ C. To see this, let a € B\ C, a ¢ U. Then there exists at least a
point (and at most ¢/2 points) z € 7 1(a) Nspt|V| at which spt||V] is not
embedded; at such a point O(z, ||V]|) < ¢ — 1. By hypothesis, there exists a
neighbourhood @, of x contained in @ such that V'L, has one of the structures
(iii), (iv) or (v) in Definition Denote by {z1,...zx} the distinct points in
7~ 1(a) Nspt ||V at which spt ||V is not embedded and by {zxy1,... 2} the
points in 77 (a) Nspt ||V at which spt ||V is embedded. Let B, be an open ball
contained in B such that spt |V||L(B, x I) is the union of exactly M connected
sets. Note that M — K of these are embedded disks. From the characterization of
the structures (iii), (iv) or (v) we can check the following fact: Q(p) is an integer
independent of p € B, N U (this follows by counting the distinct points in 7=(p)
for each of the five possible structures). Therefore, recalling that U is dense in
B\ C, Q extends (from U) to a locally constant integer-valued function on B\ C,
proving our first claim.

We next define on each connected component U, of U the functions u,, ... uy

such that u; < u; , for all j € {1,. ..Q — 1} and such that spt ||V| N (U, x I) =

U]Q:lgraph(gj). (Note that u; necessarily agrees with u,.) Let B, be a connected
component of B\ C. By our first claim, @ does not vary among the connected
components of U that lie in B.. This implies that the functions u;, ... ug, initially

defined only on UN B, for a common @, can be extended continuously from UNB,
to B, giving rise to () ordered functions that we still denote by u; < ... < ug-

Moreover, u, ..., ug are C? on B, by the characterization of the structures (iii),

(iv) or (v) of Definition A priori, Q may depend on B, and we will focus
on a single connected component B.. By the characterization of the structures
(iii), (iv) or (v), each graph(uy,) is either PMC with mean curvature g on B, or
PMC with mean curvature —g on B,, or is minimal on B.. (These three options
correspond respectively to the fulfillment, by w;, of the three PDEs in )

Our next claim is that Qv < 3on B.. Welet b € UnN B, and consider an
open ball D contained in B, centred at b and such that D N C is not empty.
Let p € 9D N C, then all the u; extend continuously to p with the same value

(=ui(p) = ... = uq(p)). If Q > 4 we find a contradiction to Hopf boundary point

lemma, as follows. If @ > 4 then there exist two indices j; # j2 for which u;
and uj, both solve the same of the three PDEs in . We let v = Ui — Uj, and
compute, following a standard argument, the PDE satisfied by v and obtain, for
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any ¢ € C(B.)

7/(%Div+m) DjC+/(a§Div+cv)C{ ff;”c , (19)

where

L OF;
o Opi
and b;, ¢, d; are similarly defined by integration of the composition of a smooth
function (depending on F' or DF') with (x,g.l,ngl,gjz,D@jz). As such, g5, b,
¢, d; are in C%%(B,). The left-hand-side of (19) is the difference of the left-hand-
sides of for w; and w;,. The right-hand-side of is similarly obtained
from the right-hand-sides of , an f is the integration of the composition of
a C%! function (depending on derivatives of g) with (z,u;,,u;,) and therefore
f € C%1(B,). The function 4;; is moreover symmetric in 4, j (by the definition of
F} in terms of gTi’ see QD above) and 4;; form a positive definite matrix by the

conditions on F' [SchSim8&1l (1.2)-(1.5)], so the PDEs in are locally uniformly
elliptic. The first case in arises when Uj, and uj, either both solve the first
or both solve the second of the PDEs in , while the second case in arises
when u;, and u;, both solve the third PDE in . Since v € C%(B,.), the PDE is
satisfied in the strong sense. Recall that all the graph(u;) intersect tangentially at
the point (p,u;(p)), therefore v and Dv extends continuously to p with v(p) = 0,
Du(p) = 0. Hopf boundary point lemma (see Remark [4.§| below), applied to either

of the two PDEs in , implies that v = 0 on P, sow;, = wu,;, on D, contradicting

the initial definition of u; on U. We thus have () < 3 on any connected component
B.of B\ C.

We then set ¢ = maxp\c é Since we are working under the assumption
B\ C # 0, we have ¢ > 2. The functions u; and ug (defined above on B\ O)
agree respectively with (the restrictions to B \ C of) u; and u,. We set 4 = uq
and uz = uq on B. If ¢ = 2, then spt||V|| = graph(u:) U graph(ug) and all the
conclusions of the lemma are satisfied. The last case to consider is ¢ = 3. In this
case, we let us = u, on the (non-empty) open set A given by the union of the
connected components of B\ C on which Q = 3. The function @, is C2(A) and
we extend it to B by setting it equal to u; on B\ A. The resulting function, still
denoted g, is in C1*(B): this only needs to be checked at points in C, since
o is C? by construction on each connected components of B\ C. At point in C
the conclusion follows by recalling that all the u;’s and their differentials agree
on C, and that each u; is in C%(B). By construction, there exists at least one
connected component of U on which u; < u, < us, hence on the same non-empty
open set w1 < Uy < U3. O

aij = (@, (1 = s)uy + suy, (1 — 5)Duy + sDuy)ds,

Remark 4.8. We have used the Hopf boundary point lemma in its version that is
valid regardless of the sign of the 0-th order term, since we know that v(p) = 0
(see the discussion that follows [GilTru, Theorem 3.5]). A more careful use of
Hopf boundary point lemma gives additional information on u;, and uj,, as we
will point out now. While not necessary for the conclusion of Lemma this
will be used within the proof of Theorem below. We assume that u;, < uj,
are C? on a ball D, u;, # uj, and that u; and Duj;, for j € {j1,jo}, extend
continuously to p € 9D with @;, (p) = u,,(p) and Duj, (p) = Du,,(p). We have
ruled out, in Lemma [£:4] the possibility that these two functions solve the same
PDE out of the three equations in . We now note, more precisely, that in
fact the only possibilities for the right-hand-sides [ h;(z,u;)¢ in are those for
which hj, (z,%;,) < hj,(z,u;,). Here h; = g, hj = —g, or h; = 0 are the three
options for h;. This claim follows since if hj, (x, @;,) > hj,(x, % ,) for some z then,
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since g > 0, hy, (z,u;,) > hj,(z,u;,) for all z, so by taking the difference of the
two PDEs gives for v = u;, —u;, <0

_/(%ijuﬁiv) Dj<+/(d;Dl—v+cv)C >0, (20)

whenever ¢ € C2°(D) and ¢ > 0. Here the coefficients a;;, 6;, d4;, ¢ are as in the
proof of Lemma We have from a contradiction to Hopf boundary point
lemma, because v(p) =0, Dv(p) =0 and v £ 0 in D.

Remark 4.9. We are not (yet) ruling out the possibility that @ in the proof of
Lemma (i.e. the number of distinct graphs needed to describe spt ||V]|) may
change from one connected component of B\ C' to another. This will be accom-
plished in the proof of T heorembased on the fact that V is a limit (g, 0)-varifold
(using Theorem [3.1)).

For the proof of Theorem it is convenient to analyse the possible configu-
ration that can arise depending on the maximum value of distinct graphs needed
to describe spt ||V]|, i.e. the value of ¢ in Lemma In the proof of Theorem
we directly make use of the assumption that V is a limit (g, 0)-varifold. This
assumption was absent in Lemma[£.4] although it should be kept in mind that this
lemma is used within an induction. To avoid confusion: the induction is carried
out on ¢, however the cases below are differentiated depending on ¢q. For a fixed g,
only some of the cases analysed below can actually happen. After the case by case
analysis (on q) is complete, we will show that in any of the possible configurations
identified, one can extend the validity of the PDE of mean curvature type (i.e.
one of the equations in (18)) from the C? portion of each graph, to the full C1*
graph in the weak form.

Proof of Theorem[{.J} Let q be as in Lemma [4.4] Then ¢ < 3. Let C' = n({z €
spt ||V || : ©(z, ||V]]) = ¢}) where m : B} x R — B is the orthogonal projection.
We consider the cases ¢ = 1, ¢ = 2 and ¢ = 3 separately.
g=1. In this case spt|V| is a single C** graph, spt|V| = graph(u;) =
graph(u;). Then we will show by means of [RogTon08]—see Theorem above—
that it is either completely minimal, or completely PMC (the latter means that
graph(uy) has either mean curvature everywhere equal to g(z,u;), or has mean
curvature everywhere equal to —g(z,u1)). Indeed, the phases of u., can only be:

+1 on the supergraph of u; and —1 on the subgraph;

—1 on the supergraph of u; and 4+1 on the subgraph;

+1 on the supergraph of u; and +1 on the subgraph;

—1 on the supergraph of u; and —1 on the subgraph.
By Theorem the third option is not possible for g > 0. In the first or second
case, we have again by Theorem [3.1] the following two facts. The multiplicity of V'
is a.e. 1 on the graph and the generalized mean curvature takes almost everywhere
the value g, or almost everywhere the value —g, respectively in the first and second
case. The first fact implies that the multiplicity is everywhere 1, by the condition
that the generalized mean curvature is in L?(||V||) (so this case can only happen
for ¢ = 1). Using this fact and elliptic theory we get that the graph is C%?, with
mean curvature g or —g respectively. In the fourth case we get by Theorem
that the mean curvature is almost everywhere 0 and the multiplicity is an even
integer almost everywhere. Again, these fact imply that the graph is minimal (and
smooth) and carries a constant even multiplicity (therefore this case can only arise
for g even). If ¢ = 1, the proof of Theorem is complete.

¢ = 2. This means that spt ||[V|| = U7_,graph(u;), with @, < Uy and @; < Uy on
some nonempty open set. The set 1 = s is the set of points of multiplicity ¢ and
away from it we have multiplicity < ¢ — 1 and (inductively) C? regularity. The

36



set 11 = s is the set C from Lemma so we have that 2y, Uz are C? on B\ C
and on each connected component of B\ C' the graph of u; is either completely
minimal or completely PMC. We distinguish two cases:

(I) graph(us) \ graph(w;) has some PMC C? embedded connected component;

(IT) graph(@z) \ graph(w;) has no PMC C? embedded connected component.
We begin with (II). Then, by [RogTon08], graph(uz)\graph(u; ) is minimal and has
even multiplicity, and moreover us, = —1 on the supergraph of us and us, = —1
on the set {(z,y) € Bx I :ui(z) <y < uz(x)}. By considering a ball D in an
arbitrary connected component of B\ C, chosen so that a point on the boundary of
D belongs to C, we use Hopf boundary point lemma in D (see Remark to rule
out the possibility that @ is minimal on D, or PMC on D with mean curvature g.
The only possibility is therefore that u; is PMC on D with mean curvature —g,
and therefore PMC on B\ C with mean curvature —g. This also forces, again by
[RogTon08], that 1. = +1 on the subgraph of %; and multiplicity to be 1 at points
in graph(u, ) \graph(uz). (We are thus in a case that can only occur when ¢ is odd.)
We next check that the set graph(u;) N graph(us) has vanishing H™-measure: if
that were not the case, then we would contradict [RogTon08], since almost every
point on graph(u; ) N graph(ug) must lie in the interior of set {u., = —1}, against
our earlier conclusions that us, = +1 on the subgraph of u; and uy, = —1 on the
supergraph of uy. (Or, almost every point on graph(w;) N graph(us) must have
even multiplicity, against the conclusion that ¢ is odd.)
We now consider case (I). Let B, be a connected component of B\ C' on which the
graph of us is PMC. Then by considering a ball D in B, chosen so that a point on
the boundary of D belongs to C, we use Hopf boundary point lemma (see Remark
to conclude that the mean curvature of graph(us) on D is g (and not —g).
We therefore have that each connected components of graph(us) \ graph(w;) is
either minimal or PMC with mean curvature g, and there is at least one PMC
component. By [RogTon0§| u,, = +1 on the supergraph of @y and us = —1
on the set {(z,y) € B x I : ui(z) <y < uz(xz)}. We check now that the set
graph(uy )Ngraph(us) has vanishing H"-measure. If that were not the case, then by
[RogTon08] we would have that almost every point on graph(u;) Ngraph(us) must
lie in the interior of set {u. = —1}, against our earlier conclusion. Moreover, by
using [RogTon08§] in the same way, almost all points in graph(u; )\ graph(us) must
have multiplicity 1 and mean curvature equal to g. We thus conclude that each
connected components of graph(us)\graph(u; ) is PMC with mean curvature g. We
now consider any connected component of graph(uy) \ graph(us). By using Hopf
boundary point lemma as before, we conclude that each such connected component
is either minimal or PMC with mean curvature —g. If one of them is minimal,
then (arguing as above by means of [RogTon08]) u., = —1 on the subgraph of
and this rules out the fact that any connected component of graph(u, ) \ graph(us)
is PMC. In other words, either all connected components of graph(w;) \ graph(us)
are minimal, or they are all PMC with mean curvature —g.

In conclusion, for the case § = 2 we have two C“-functions u; < Us, that
coincide on a set C' with H"(C) = 0, are C? on B\ C and

exactly one of these possible configurations occurs:

graph(u;) \ graph(tz) is minimal with even multiplicity, graph(us) \ graph ()
has mean curvature g and multiplicity 1;

graph(uy) \ graph(@s) has mean curvature —g and multiplicity 1, graph(us) \
graph(u;) has mean curvature g;

graph(w;) \ graph(us) has mean curvature —g and multiplicity 1, graph(us) \
graph(@;) is minimal with even multiplicity.

¢ = 3. This means that spt ||V|| = Ul_,graph(u;), with 4, <y < 3 and @ <
Uz < uz on some nonempty open set. The set w1 = us = ug is the set of points
of multiplicity ¢ and away from it we have multiplicity < ¢ — 1 and (inductively)
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C? regularity. The set @; = s = w3 is the set C' from Lemma so we have that
U1, Ug, uz are C? on B\ C and on each connected component of B\ C the graph
of each u; is either completely minimal or completely PMC.

We claim the following: @ < us < uz on an open subset of B whose comple-
ment has vanishing H"™ measure; the graphs of uy, @, uz have, on this open set,
multiplicity respectively 1, ¢ — 2 even, 1; the graphs of u;, us, us are, on B\ C,
respectively PMC with mean curvature —g, minimal, PMC with mean curvature
g. (In particular, this case can only occur for ¢ even and > 4.)

For the proof of our claim, we consider B, a connected component of B\ C on
which u; < Uy < ug and a ball D in B, chosen so that a point on the boundary
of D belongs to C'. Using Hopf boundary point lemma in D as done in Remark
we obtain that, on B., the top graph has necessarily mean curvature g, the
bottom graph has mean curvature —g, the middle one is minimal. This forces (by
[RogTon08]) the fact that us, = +1 on the supergraph of @3 and on the subgraph
of uy, while use = —1 on {(z,y) € B x I : u1(z) < y < us(x)}. Always by
[RogTon08], the minimal portions have even multiplicity and the PMC portions
have multiplicity 1. Additionally, we also obtain that the set Z of points where
two of the three graphs agree is a set of vanishing #H"-measure (for otherwise,
almost everywhere on this set we would have multiplicity higher than 1, hence
even because g > 0, and by [RogTon08| these points would have to belong to the
interior of {us = —1}, against the previous conclusions). The C? regularity on
Z \ C completes the proof of the claim.

In the remainder of this section we analyse the possible configurations of V'
for g € {2,3}. We will show that, for each configuration, each u; is in C?(B) and
graph u; is either completely minimal, or completely PMC with mean curvature g,
or completely PMC with mean curvature —g. We consider u;, and u;, for j; < ja
and let v = uj, —@;,. Then v is a non-negative function and it is C? on B\ C. We
compute the PDE satisfied by v on B\ C, arguing as in Lemma and keeping
in mind the possible configurations. We obtain, for all { € C*(B\ C),

f g(m, uj2)<
- / (a; Dsv + 60) DjC+ / (D0 + v) ¢ = T glasuy ) . (21)
[ g, u5) + 9l us))C

where a;;, b, ¢, & € C**(B) N CYB\ C) and g;; is symmetric and positive
definite. Which right-hand-side appears in depends on the right-hand-side of
the PDEs for u;, and uj, in . The first corresponds to the case u; minimal
and wj, PMC (with mean curvature g). The second corresponds to the case w;,
minimal and u;, PMC (with mean curvature —g). The third corresponds to the
case in which u;, and u;, are PMC with mean curvature respectively —g and g.

We will next prove that the PDE for v extends (in its weak form) to the
whole of B. Note that v € C1*(B) by assumption and v =0 on C' (v > 0 on B)
and that the right-hand-side (in all three cases) is a O function on B.

All possible cases are treated similarly and the third option in corresponds
to the situation treated in [BelWic-2] (and in [BelWic-1] when g = cnst). All cases
follow a similar argument, that we carry out here only in the case corresponding to
the first option in . Recall, from our conclusions on the possible configurations
when g € {2, 3}, that H"(C) = 0.

We note, first of all, that inequality @ provides an interior L?-bound on
|D?u;| on B\ C, i.e. for each ball B, = B,.(0) C B with r € (0,1), we have that
fBT\C |Du;|? < ¢, where ¢ depends on supg |Duj|, supg |Dg| and 7. This is
because the generalized second fundamental form appearing in @ agrees with the
classical second fundamental form on gen-reg V', and thus it bounds from above the
second derivatives of &; on B, \C in terms of supp  |Du;|. Thus u; € W*?(B,\C)
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and hence v € W22(B, \ C) for every r € (0,1). Moreover, Dv € C%%(B) and
Dv =0on C, with Dv € C*(B\C). Using now [BelWic-1, Lemma C.1] we obtain
that Dv € W,2?(B). We then adapt the argument in [BelWic-1, Section 7.5]. We

loc
consider the function f = a;;D;v+ b;v on B; f € CH*(B)NCY(B\C), with f =0
on C (since v and Dv vanish there). Recalling the structure of 4;; and §;, we find
that Df is in L'(B, \ C) since v € W2(B). Applying again [BelWic-1, Lemma

loc

C.1] we conclude that f € Wlicl (B), with distributional derivative given by the
L! function equal to Df on B\ C and 0 on C. Using this fact, and recalling that
the PDE for v is satisfied strongly on B\ C, we compute, for ¢ € C°(B):

—/ (ai;Div + b;v) D¢ + (diDiv + ev) ¢ = / Dj (ai;Div + b;v) ¢ + (diDyv + cv) ¢
B B \—f,—/

= D (aijDiU + Eﬂf) ¢+ (cﬁDﬂ) + cv)c
B\C

- /B ) = /B 9(, 13,)C, (22)

where we used (in the last equality) the fact that H™(C) = 0. Equality says
that the weak PDE for v is valid on the whole of B.

With the knowledge that the (weak) PDEs for wj, — u;, extend from B\ C to
B, we are now ready to prove that u; € C?(B) for j € {1,2,3}. We will do so for
the case ¢ = 3 (thus with ¢ even); the case ¢ = 2 can be treated analogously (and is
more straightforward). We point out that the functions F} in forj e {1,...n}
are odd in the third variable: this follows by recalling that F'(x,v) is even in v
(since F' is the integrand of the area functional). The first variation formula for V/
gives (recalling that spt ||V]| = |graph(u1 )| + (¢ — 2)|graph(us)| + |graph(us)| with
q even, in the case ¢ = 3), for any ¢ € C°(B)

i(z (—/BFj(zv,ﬂj,Dﬂj)DjC—i-/Fn+1(x,ﬂj7Dﬁj)<>
- [ i)~ gwqc. (@)

with ¢, = ¢z = 1, 2 = ¢ — 2 with ¢ even. We rewrite as follows

q [/B —Fj(x,uy, Duy) D¢ + Fn+1(T/,ﬂ1,Dﬂl)C}
+g-2) [ [ ~Fiw. i, DD+ FnH(a:,ag,Dagc}
B
—(¢—-2) [/B —Fj(@,u1, Duy) DiC + Frpa (w0, 1, D171)C}
=+ |:/ —Fj (.’E, ﬂ3, D’Eg)DJC + .FnJrl({L‘7 173, D?:LZ;)C:|
B
_ |:/ *Fj((ﬂ,ﬂl,Dﬂl)DjC + Fn+1(1’,ﬂ1,D’Z’21)C:|
B

_ /B (g(x,Tis) — g(z,@))C.

In the second and third square brackets we recognise (in their weak form) the
left-hand-sides of the PDEs for vo; = us — w1 and w31 = ug — uy; we obtained
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above (see (22])) the validity of these PDEs on B, so we obtain
q [/B —Fj(z,u1, Duy)D;¢ + Fn+1(m,ﬂl,Dﬂl)C}
+a=2) [ gwi)c+ [ (o) + gla,in)
= [ to6w) — gt 7))

which implies that (for every ¢ € C°(B))

/—F](a?,ﬂl,Dﬂl)D]C+Fn+1(x7ﬂ1,Dﬂ1)C:—/g(m,ﬂl)c (24)
B B

Similarly we can prove (using the PDEs for v3y = @3 — U2 and v3; = 63 —uy) that
for every ¢ € C2°(B)

[ ~Fy s, D) DG + Fua i, D = [ glmiisle (29
B B

By standard elliptic theory the fulfilment (in weak sense) of the PDEs and
implies that %; and us are C? and solve these PDEs strongly. These facts,
together with (23)), also imply that s is C? and solves

Dj (Fj(l‘,ﬂg,Dag)) =+ Fn+1($,ﬂ2, Dag) =0

on B. This completes the proof of Theorem [£.4] O

4.4 Regularity of stable limit (g, 0)-varifolds, Part II: proofs
of Theorem [4.2] and Theorem [4.3]

Proof of Theorem[f-3 Let the hypotheses be as in the theorem, so that g €
CHY(N), g > 0 and V is a limit (g,0)-varifold on N with associated sequences
(g;) € R with g5 — 0T, (g;) € CH(N) with g; — g locally in C*! and
(ue;) C Wl’Q(N) with wu., a critical point of F., 5, such that the Morse in-

loc

dex of u.; with respect to F¢, 54, is < I for some fixed integer I € N independent
of j. We first state and prove the following:

Claim 1: for each y € N, there exists p, € (0,inj, N) and a (sub)sequence
ul® = ue,;,, £ =1,2,3,... such that for each ¢ € (0, py) and all sufficiently large £
(depending on &) we have that u(®) is stable in NV, (y) \ N5 ().

To prove Claim 1, it is convenient to proceed by first establishing the following
assertion:

Claim 2: Let y € N and let k be an integer > 1. The following implication holds:

3p > 0 and a (sub)sequence u¥) = Ue;,, £ =1,2,..., such that Vé € (0,p) and V¢
sufficiently large (depending on §), the Morse index of u(©) in N, (y) \ Ns(y) is
<k

_—
34" € (0,p) and a subsequence (u*)) of (u®) such that ¥é € (0,p') and ¥ ¢’
sufficiently large (depending on §), the Morse index of u(¢") in Ny (y) \ Ns(y) is
<k-1.

If this implication is false for some k, then there are a number p > 0 and
a subsequence ulf) = Ug;, of (ue,;) for which the hypothesis of the implication
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holds and yet the conclusion fails, allowing us to find sequences p,, — 07 and
Om — 0% with 0 < prr1 < 0 < pm < p for each m, and a subsequence (u(é )) of
(u®) (arrived at by a diagonal sequence argument) such that for each m and all

sufficiently large ¢ (depending on m), the Morse index of u*) in N, (y)\ Nz, (y)
is > k. Since by hypothesis of the implication we have that for each m and
sufficiently large ¢/ the Morse index of u(*) in N, (y) \ N;,, (y) is < k, it follows
that for each m and sufficiently large ¢ the Morse index of u(*) in No()\ N, (v)
is zero. This says in particular that (a stronger form of) the conclusion of the
implication holds. Claim 2 is thus established.

To deduce Claim 1, we may assume [ > 1 (since if I = 0 then Claim 1 holds
trivially) and apply Claim 2 iteratively, starting with any p > 0, k = I and with
the full sequence (u.,) in place of (u). After I iterations we arrive at Claim 1.

Now fix an arbitrary point y € spt ||V|| and let p, > 0 and u® be as given
by Claim 1. Then for any 6 € (0, p,) and all sufficiently large ¢, u(® is stable
in NV, (y) \ Ns(y) and hence inequality holds with u(® in place of u., and
¢ € CL(N,, (y) \ N5(y)). We may therefore argue as in the proof of ([TonWic12,
Proposition 3.2]) to show that, if 6 € (0, p,/8), there exists a set 3, 5 C spt ||[V]| N
(N, 2(y) \ Nas(y)) with dimy (,,5) < n — 2 such that no tangent cone to V' at
any point y € spt [[V[| N (N, /2(y) \ Nas(y)) \ £y,5 can be supported on a union of
three or more half-hyperplanes meeting along a single (n—1)-dimensional subspace.
Since we can choose 6 arbitrarily small, and y € spt ||V|| is arbitrary, we conclude
that there is a set ¥ C spt ||V|| with dimy (X) < n—2 such that no tangent cone to
V at any point in spt ||[V|| \ ¥ can be supported on three or more half-hyperplanes
meeting along a single (n — 1)-dimensional subspace. By the definition of classical
singularity, this immediately implies that V" has no classical singularities anywhere.
This is conclusion (i) of the theorem.

To see conclusion (ii), let y € spt ||V be any point and let C be any tangent
cone to 0~V at y. Then

Moo # (expy ) (0~ 'V) = C (26)

as varifolds on T, N ~ R""! for some sequence of positive numbers o; — 0.
Since ¢~V is an integral varifold with locally bounded generalised mean cur-
vature, we have that C is a stationary integral hypercone. Passing to a subse-
quence of {¢;} without relabelling, we may assume that g; = o; ' &; — 0. Letting
tz, (X) = ue, (exp, (0; X)), we see by the reasoning as in ([TonWicl2, p. 200]) with
obvious modifications, that C is the limit varifold associated with the sequence
(Uz,) in the same way that the limit varifold V' is associated with the sequence
(ue,). Hence by the argument as in conclusion (i), we see that C has no classical
singularities, proving the first assertion of conclusion (ii). To see the second asser-
tion of conclusion (ii), i.e. that reg C is stable, let ¢ € CL(R"*!\ {0}) and choose
§ > 0 such that $ = 0 on By'(0). Letting p,, ul¥ = ue;, be as given by Claim
1, and (o;) be the sequence for which holds, note that by Claim 1 for each
fixed ¢ with 0;0 < p, and each sufficiently large ¢ (depending on i), u® is stable
in V,, () \ Nz.s(y). Hence for such ¢, inequality (4) holds with &(o; " exp, ' (+))
in place ¢ and u) in place of uc,;. Now choose a subsequence (u)) of (u®) so
that for each 7, u(*) is stable in NV,,, (y) \ Nz,s(y) and &, = 0} 'e;, — 0 as i — oo.
Letting @z, (X) = Ue;, (exp, (0;X)) and writing inequality in terms of Uz, and
in local co-ordinates X € R” induced by the diffeomorphism X + expy (0:X),
and letting ¢ — oo, we deduce (in the same way that @ is derived from ) that
C has a generalised second fundamental form B¢ satisfying

~ n+l
[ BePgaicy< [ v gRac
Rn+1 Rn+1
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where VE"™ is the gradient on R"*1. Now given any ¢ € C!(reg C) (where reg C
is C? is the embedded part of C), we may take @ in the above inequality to be
a compactly supported extension of ¢ to R™*!\ {0} which in a neighborhood of
Spt ¢ is constant in the normal direction to reg C. From this we deduce, using also
the fact that the multiplicity of C is constant on every connected component of
reg C, the usual stability inequality

/ IBc|?@?dH™ < / |VC |2 dH™

reg C reg C

for all ¢ € Cl(regC), where B¢ is the (classical) second fundamental form of
reg C and VC denotes the gradient on reg C. This is the second assertion of part
(ii).

We next prove conclusion (iii). If a tangent cone C to o~V at a point y €
spt ||V || is supported on a hyperplane P, then there is a positive integer ¢ such that
C = ¢|P|. For each positive integer ¢, let R,(V) be the set of points y € spt | V]|
such that one tangent cone to o~V at y is ¢|P| for some hyperplane P. We wish
to show by arguing by induction on ¢ that R, (V') C gen-reg V for all ¢ > 1, which
is the assertion in conclusion (iii). If ¢ = 1, this is true by Allard’s regularity
theorem ([All72, Theorem 8.19]) and standard elliptic regularity theory. Fix an
integer ¢ > 2 and suppose that the following induction hypothesis holds:

(¥) Ry (V) C gen-reg V for any ¢’ € {1,2,...,¢ — 1}.
Let y € Ry(V) and let p, be as given by Claim 1. We first wish to apply Theo-
rem 3.2\ with V = {c 'V LN, ,4(y)} and UU,IVLpr/4(y) =N, /4(y). By Theo-
rem (3.1 and conclusion (i), V satisfies hypotheses (a), (b) of Theorem so we
only need to verify condition (¢) of Theorem Le. that V! = o7 'VLWN, /4(y)

(taken with Uy = J\fpy/4(y)) satisfies the (g, 8)-separation property (as in Defini-
tion [3) for some 3 € (0,1). If fact, we shall take

B=(K+1)""e

where €, K be the constants as in Theorem [3.3] taken with any p > n and with py =
py/2, A= 3pysupy |g|, A =c and X = C where ¢, C are as in Lemma [4.3] (taken
with T' = supy |g| + supy [Vg|). With this choice of 8, let X € N, /4(y), p €
(0, min {1,injy (N), dist (X, 0N, /4(y))}) and Q : R™"! — R™"! be an orthogonal
rotation such that, writing

V= (Qoexpy'), V'L (Ninj, n(X) NN, 14(v)

the conditions (i)-(v) of Definition 3| are satisfied; in particular, it is assumed that
for some Y € B /,(0) x {0} C R ~ Tx N and 7 € (0, p/2],

O (J[V']|,€) < q for each & € expy(BX(Y) x R). (27)

We need to show that the conclusion of the implication in Definition [3] holds,
namely, that

q
0y 4V L((B]4(0) x R) N BIH(0) = ) |graph uy| (28)
j=1

for some u; € CQ(B{‘M(O))7 J=1,2,...,q, with u; <wug <...<u,.

It suffices of course to establish with (1—9)7 in place of 7 where 6 € (0,1/2)
is arbitrary. We shall do this by employing Theorem taken with arbitrary
p>n, po=py/2, Xo=y, A= 1p,supy |g|, p =7, and with exp (Y) in place of
X and o'V, /2(y) in place of V. Tt follows from Theoremthat hypothesis
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(a) of Theorem [3.3| holds with these choices. To check that hypothesis (b) of The-
orem holds with these choices, note that in view of and the induction hy-
pothesis (), if a tangent cone to o'V at a point Z € spt ||V ||NN1_s) - (expx (Y))
is supported on a hyperplane then Z € gen-reg 0~ 'V. Hence if 2 < n < 6,
it follows from conclusion (ii) (of the present theorem) and Theorem that
sing VL N_s)-(expx (Y)) = 0, and if n > 7, it follows from conclusion (ii), The-
orem M and Lemma that dimy (sing VL N(_s),(expx(Y)) < n — 7. Thus
hypothesis (b) of Theorem [3.3|holds. Finally, to check that hypothesis (c) of The-
orem is satisfied, note that y & N;(expx(Y)) since O (||V||,y) = ¢ and hence
we can invoke Claim 1 with §7 in place of ¢ to infer that VLN _s),(expx(Y))
is a stable limit (g,0)-varifold on N_s),(expx(Y')). Consequently, Lemma
yields hypothesis (c) of Theorem with A = ¢ and A = C, where ¢ and C are
the constants as in Lemma Hence it follows from Theoremthat holds
(first with (1 — d)7) in place of 7 and hence also in the limit § — 07), i.e. that
V' satisfies the (g, 3)-separation property for the above choice of 5. This verifies
hypothesis (c) of Theorem [3.2

We may therefore choose a hyperplane P such that ¢|P| is a tangent cone to
V at y and apply Theorem [3.2]to see that in an appropriately small neighborhood
around the origin, the varifold (expy_ 1) 4 V is given as the sum of the multiplicity 1

varifolds associated with graphs of C''® functions u; < up < ... < uq defined over
a ball B C P. Since for any é € (0, p,) Claim 1 implies that VL (N, (y) \ N5(y))
is a stable limit (g,0)-varifold, it follows from Theorem that for each j, the
function u; is of class C? in B\ {0} and solves one of the equations in . It is
then straightforward to see that u; is a weak solution to the same equation on B,
and hence by elliptic regularity that u; € C? for each j. Thus y € gen-reg V, and
this completes the proof of conclusion (iii).

Conclusion (iv) in case 2 < n < 6 follows readily from conclusion (iii), con-
clusion (ii) and Lemma When n > 7 we see from conclusion (iii), conclusion
(ii), Lemma and Lemma that dimy (singV) < n — 7, giving in partic-
ular conclusion (iv) in dimensions n > 8. If n = 7, conclusion (iv) makes the
stronger assertion that sing V' must be discrete. This follows by a standard ar-
gument which goes as follows: if this is false then there are points z, 2z € sing V'
for k = 1,2,3,... with z;, # 2z and 2, — 2 as kK — oo. Rescaling (exp; ')z V
about the origin (in 7, N ~ R8) by the sequence pi = |exp; !(zx)| produces, af-
ter passing to a subsequence, a tangent cone C = limg_.oc 70,0, # (expz_l)# V. By
conclusion (ii) and Lemma we have that sing C C {0} (in fact sing C = {0}
in view of conclusion (iii)). By Claim 1, for each sufficiently large k the varifold

Vi = VLL(N2p, (2) \N,, /a(2)) is a stable limit (g, 0)-varifold in Na,, (2) \ N, /4(2).

Since dimy (sing Vi) = 0, 0o,y # (expz 1) Vi = CL(BS(0) \ B!

(0)) as vari-
folds and CL(By** (0)\BI7§11 (0)) is regular, we can apply Theoremto conclude

that spt [|V]| N (ngk/g(z) \Npk/g(z)) C gen-reg V', contrary to the the fact that

zr, € sing V. Hence sing V' must be discrete if n = 7, and the proofs of conclusion
(iv) and the theorem are complete. O

Proof of Theorem[[.3. Let V be the collection of all stable limit (g,0)-varifolds
on N over all g € CH1(N) such that supy |g| + supy |[Vg| < I. By Theo-
rem [4.2} part(i), no tangent cone to a varifolds in V is supported on three or more
half-hyperplanes meeting along a common (n — 1)-dimensional subspace.

First consider part (ii) of Theorem [4.3] To establish this, we appeal to The-
orem proceeding as in the argument of Theorem part (iii) but now
also keeping track of the estimate provided by Theoremﬁ (Thus we do not
need a priori the regularity provided by Theorem part (iv)). To begin
with, note that if y € N, inj, N > p, p € (0,inj, N), and if Vs any varifold
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on BIt(0) € T, N ~ R""! such that V= (Qoexpgl)# VLN,(y) for some

V € V and orthogonal rotation @ : R*"*! — R"*! then H}/ < supy |g|, where
f{\7 = |Hy o Qo exp, |. Hence, for E, as in Theorem we have that the excess
E, as in Theorem ﬂ satisfies

E, <

/ |xn+1|2 dl\no,a#f/H + (1 +sup |g)o < E,
(B}, (0)xR)NBY T (0) N

provided that (in the definition of E,) we choose u > 14T (> 1+ supy |g|).

First consider the case ¢ = 1. In this case, subject also to the rest of the
hypotheses in part (ii), we have the validity of the assertion in part (ii) by the
Allard regularity theorem and the C?%® Schauder theory for uniformly elliptic
equations.

Now let ¢ > 2, and assume by induction that part (ii) is valid with ¢’ in place of
q for any ¢’ € {1,2,...,9—1}. By arguing exactly as in the proof of Theorem
part (iii), taking: (a) ¥V = V with Uy = N for each V € V; (b) this induction
hypothesis in place of the induction hypothesis (x) therein; (c) 5 in place of p,
and (d) § = 0, we see (by employing Theorem and Theorem as in that
argument) that part (ii) of the current theorem holds, in the first instance, with
Ch functions u;, j = 1,2,...q. By Theorem we see that these u; are in fact
of class C*“. Finally, the desired C*“ estimate in part (ii) follows from standard
Schauder estimates. N

For part (i), note that by Theorem we have that any varifold in )V has
quasi-embedded PMC/(g,0) structure locally away from a closed set of Hausdorff
dimension at most n — 7. The assertion of part (i) now follows from the slicing
argument of [SchSim81l pp. 785-787] (the first part of the proof of [SchSim81]
Theorem 2]), taking the just established conclusion (ii) in place of [SchSim81]
Theorem 1]. O

5 A min-max construction of Allen—Cahn solu-
tions

For notational convenience, we will work, in Sections 5] and [6] with the func-
tional F. = F¢ 4 given by

Fs7g(u)—/NE|v;|2+/NW£u) f/Ngu

rather than with F. ,4(u). This means that, given g > 0 in C*'(N), we will
establish the existence of a quasi-embedded immersed hypersurface with mean
curvature £v. This is of course equivalent to proving Theorem for g > 0,
g € CH(N). Recall that W : R — [0,00) is a fixed double-well potential, i.e. a
non-negative function of class C? having precisely two non-degenerate minima at
+1 with values W(£1) = 0 and we require that ¢ < W (t) < C for some constant
C,e>0and all t e R\ [-2,2].

In this section we will choose two functions a. and b, as valley points for the
functional F. and prove that the class of continuous paths in W2(N) that joins
ae to b satifies a suitable “wall condition” (mountain pass condition) to produce
minmax critical points. The functions a. and b. converge uniformly on N ase — 0
respectively to the constants —1 and +1. The value of the functional at —1 and
+1 is respectively F.(—1) = [y g and F.(+1) = — [, g. We will consider in the
next lemma affine subspaces of the form

Hg:{uewl’Q(N):/Ngu:—/Ng-i-(S}.
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In Proposition[5.1jwe will see that an affine subspace of this type provides a suitable
“wall” for a mountain pass construction. We first introduce some one-dimensional
profiles that play a role in the forthcoming arguments.

One-dimensional profiles - single transition. We denote by H : R — R the
monotonically increasing solution to the Allen-Cahn ODE w” — W'(u) = 0 such
that lim, 4. H(r) = £1, with H(0) = 0. (If we choose W so that it agrees with

the standard potential W (t) = % on [—2, 2], then we have H(r) = tanh (%),

note that since tanh(-) € [—1,1], modifying W outside the interval [~2,2] so
as to arrange quadratic growth for W-—as is needed here—does not affect this
solution.) For any given € > 0, the rescaled function H, (r) = H (£) solves the ODE
eu — w = 0. We will need a truncated version H of H in our construction: this
approximate solution is set to be constant (+1) away from [—6|loge|,6|loge |].
This is convenient for the construction of an “Allen—Cahn approximation” of a
hypersurface, i.e. a function on N that takes on large sets the values +1 and
presents a single transition between these two values along the hypersurface in
question, and such that its Allen-Cahn energy &. approximates the area of the
hypersurface. Similar truncations have often been used in the literature and we

refer to [Bel|] for further details. For A = 3|loge | define

H(r) = x(A™'r = DH(r) £ (1 - x(A™'|r| = 1)),

where +1 or —1 is chosen respectively on r > 0, 7 < 0 and y is a smooth bump
function that is +1 on (—1,1) and has support equal to [~2,2]. With this defini-
tion, H=H on (—A,A), H= —1 on (—o0,—2A], H = +1 on [2A, c0). Moreover
the function H satisfies ||ﬁ” — W’(ﬁ)”cz(R) < Ce3, for C > 0 independent of .
(Note also that " - W'(H) = 0 away from (—2A, —A) U (A,2A).)

For € < 1, we rescale these truncated solutions and let ﬁs(-) =H (g) Note

_ S 11 =2 . " ) =€

that H solves || & (HE) - WHCZ(R) < Cée? and ¢ (HE) - w = 0 on
(—eA,eA), H =+1on (2¢6A,00), H =—1on (—o0, -2 A).

Using these facts and recalling that & (H®) = 20 we get E.(H ) = 20 4+ O(£2).

(The function O(£?) is bounded by Ce? for all € sufficiently small, with C' inde-
pendent of €.)

Lemma 5.1. There exists 6 € (0,2 fN g) such that the following is true. For any
€; — 0 there exists ; — 6 such that

hjn_1>1>r01f (é%fé] Fe; (u)) > /Ng (= F., (1) = F.,(+1)) .
Proof. Within this proof we will write I 4 for the characteristic function of A, and
|A| for H"T1(A). Pick a point z where g achieves its maximum gy and consider
a geodesic ball B centred at z and such that g > ga;/2 on B. Then Ip — Iy\p
can be approximated by a function v., for every € small enough, as follows. For
each sufficiently small e (we prescribe 120¢ |loge | to be smaller than the radius
of B) the function v, is defined to be oo distgp, where distyp is the signed
distance function to 0B, taken to be positive inside B. The distance function
is Lipschitz on N and satisfies |Vdistagp| = 1; this permits to compute & (v.)
using the coarea formula (with slicing function given by distsp) and the estimate
on &.(H') given before the statement of the lemma, to obtain that &.(v.) =

20H™(0B)+O0(e|loge |) We thus have 5= & (v.) — H"(0B) and v, L, Ip—InB-

"We will carry out more subtle computations in the same spirit in Section @
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Then [, gve converges, as € = 0, to [y 9(Ip —Inp) = — [y 9+ 2[5 9. We set
o =2 [ g, therefore [ gv. = — [\ g+ 6p and |Blgy < 0 < 2|B|grr. We will
prove that for a sufficiently small choice of B (if g > gas/2 is true on a ball centred
at z, it is true on any ball centred at z and contained in the first), the Lemma
holds with § = 65 and with 6; = [ N 9Ve; t J n g (for an arbitrary given sequence
g; — 0). The choice of J; is made to ensure v, € Ils;, and §; — 4.

Note that, for each ¢;, '

inf F. (u)=| inf &, — 6
2, et <ugﬁéﬂ<u>) i+ s

and the minimizing sequences are the same for infyen,, Fe, (u) and for infyem, &, (u)
(because the two functionals differ by the constant —d; + [, ¢ on IIs,). Since
E:(v:) — 20H™(0B) as € — 0 and ve; € Il;; by construction, we can see that
there exists an upper bound for inf,er;, Fe, (u) (and for infuer;, &, (u)) that is
independent of j. Since & > 0, we also have a lower bound for infuen(sj Fe,(u)
independently of j.

Pick u; such that F. (u;) — infyer, Fe, (u) converges to 0 (as j — 00). Then
Fe, (uj) is uniformly bounded above and therefore so is &, (u;). The latter condi-
tion guarantees, thanks to a standard argument ([HutTon00], [ModMor77]) that
we now recall, that u; converges in L' to a BV function u., that takes only the
values £1.

The uniform bound on &, and the fact that W(z) > k(z — 1), for some
k > 0 and for > 2, imply that |lu;||z2 is uniformly bounded. Set ®(s) =

IN WT®d§ and o = Ll1 v/ @ds (so that ®(+1) = +£0/2) and let w; = ®(u;).
Then ||w;|| gy (ny is uniformly bounded (with [, [Vw;| < %) and therefore
by the BV compactness theorem, upon passing to a subsequence that we do not
relabel, there exists wo, € BV (N) such that wj — we in L'(N) and [, [Dwse| <
liminf; o [y |Dw;|. In particular w; — we a.e., so that u; = O (w;) —
Uso 1= P (ws) a.e. The uniform bound on &, and Fatou’s lemma imply that
Sy Wuse) < liminf;_,o [y W(u;) = 0, from which it follows that us = %1 a.e.

Then 2wy = us € BV(N).

Lt . Lo . .
The convergence w; — ws implies in particular that w; — ws in measure.
Since ®~! is uniformly continuous, for any s > 0 we can choose 5 > 0 such

that |w; — weo| < 5 implies |u; — us| < s. Therefore for every s > 0 we have
. . L!
Hlu; — too| > s} — 0, Le. uj — uoo in measure. We can then prove u; = U as

follows.

/|uruoo|:/ |uruoo\+/ 1 — o] <
N {luj—uoo|>s} {luj—uoo|<s}

S/ ‘UjH‘/ |Uoo\+/s§
{luj—uoo|>s} {luj—uoo|>s} N

1/2
<l — sl > 5}[2 (/N W) 1y — usol = s} + 5|V

and all three terms go to 0 as s — 0.

Since u; € II5, we conclude that [ guc = — [y g+ 0. As us = %1 a.e. and
is BV, we must have that there exists a set D C N with finite perimeter such
that Ip — Ixy\p = uoo and [, g = [ g. This implies that |[D| > %|B| (by the
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choice of B). Denoting by w; the average of w; and recalling the Sobolev—Poincaré
inequality we have:

E(u; _ T
() 2/ Iij|:/ |V (w; —wj)| = Csp (/ lw; — ;)| ) :
2 N N N

By Fatou’s 1emma (and the L' and a.e. convergence w; — weo = Ip —In\p, which
= 221D~ [N))), we get
n+1>nil

n+1
(e 3R0) ™ = (f o

Computing the left-hand-side (giving up the integral over N \ D) we get

2|D| 1
D|»+T 1 f 2
(2357 ) 1DI7H < g iminte.u) (29)

also gives wj

Assume that the conclusion of the lemma fails for a certain ¢ (i.e. for a certain
choice of B). In other words, we assume that for some €; — 0 we have (for the

choice of d; specified above) liminf;_, (infuenéj Fe, (u)) < fN g. This means

that there exists a subsequence (not relabeled) €; — 0 such that (for u; chosen
above) lim;_,o0 F¢, (u;) < [y 9. Then

/g>hm1nf]~'( ;) = liminf & (u )+/g—(5, ie.
N N

j—vo0 j—vo0
liminf & (u;) < 4. (30)
j—o00

Recalling |D| > 1|B| and ga|B| < § < 2g|B, and give that 6751 <4,
a contradiction if B is chosen small enough (to make ¢ suitably small). O

Choice of valley points a. and b.. There exist two functions a. and b. on N that
solve ', = 0 with -1 < a. < —1+¢ec and b. > +1 and a. — —1 b, — +1
uniformly on N as € — 0, where ¢ > 0 depends on W and on the maximum of
g. To see this, consider the constant —1 and evaluate —F'.(—1) = e A(-1) —
w + g =g > 0. For the constant (—1 + c¢) on the other hand we have
—F'e(-1+4ce) = *M + g. Recall that W/(—=1+ ce) = cCwe (W is
quadratic around —1); choosing ¢ sufficiently large (depending only on W and g)
we can ensure that ¢ < ¢Cy, and therefore that —F'.(—1 + ce) < 0. Therefore,
by considering the negative gradient flow of F. with initial condition given by the
constant —1, we obtain a (stable) solution a. to F'. = 0 that lies between —1 and
—1+ce (the latter acts as an upper barrier by the maximum principle). Similarly,
computing —F'c(+1) =g > 0 and —F'.(1 + ce) = —w + g < 0, we obtain
that there is a (stable) solution be to F'. = 0 that lies between 1 and 1+ ce and
we can obtain b, via negative gradient flow of F. with initial condition given by
the constant +1. We will use the functions a. and b, as valley points for the class
of admissible paths.

Proposition 5.1 (Existence of a mountain pass solution). Fore > 0 let ' denote
the collection of all continuous paths v : [—1,1] — WY2(N) such that v(—1) = a.
and (1) = b.. Then there exists g > 0 such that for each € < g

inf  sup Fe(u) =0
Vel uey([-1,1])

is a critical value, i.e. there exists u. € W12(N) that is a critical point of F. with
Fe(ue) = Be; moreover, ue has Morse index < 1.
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Proof. (i) We show that 55 > Fe(ae) and B. > F.(be). By the choice of a. and
be, we have F.(a.) < Fo( = [yg and Fo(b:) < Fo(4+1) = — [y g, so it will
suffice to prove that for all sufﬁ(:lently small € we have 3. > | ~ 9- Observe that
Jyacg < —[y9+celN|lgllee and [ be > [y g. The choice of 6 € (0, [ g) in
Lemma can be made independently of €, in particular 6 > ce|N|||g| L for €
sufficiently small. Then the continuity of u — | N U in WL2(N) guarantees that
any continuous path joining a., to b, must cross Ils; (for j large enough), thus
ensuring the mountain pass condition.

(ii) We show that the Palais—Smale condition is satisfied (at fixed €) on Fe-bounded
sequences, i.e. that for any sequence {un,}20_; such that F(uy,) is uniformly
bounded in m and such that F’-(u,,) — 0 (as elements of the dual of W12(V))
there exists a subsequence of um converging strongly in W12(N). Note that for
lu| > 2 we have W (u)—gu > ku?—||g||oo|u| for some £ > 0 and thus for |u| > Cy w
we have W(u) — gu > 2u2 Therefore the assumption Fe(u,,) < K implies
that |Vun|[r2(v) < £ and that [[uml|r2(v) < Cw,g,x- Rellich-Kondrachov the-

€
orem provides a subsequence (not relabeled) that converges weakly in W12(N)

to a function u. Recall that F'c(um)(¥) = [y € Vun, Vi) + Mz/} — gy. By

the L2?-convergence of u,, to u and the fact that W’ is linear at +0o we ob-
1,2
tain that W' (u,,) — W’(u) in L?. Using the weak convergence u,y, L0 we get

limy, 00 F'e(tm ) () = F'o(uw)(¢0). On the other hand, the assumption on F'¢ (uy,)
gives F'o(u)(¢0) = 0, i.e. u is a critical point of F.. The boundedness of u,, —u in
W1 2 gives that F' (U, ) (um— u) — 0 and therefore F'. (um)(um—u) —F' e (u) (U —
= [velV(um —u)* + [ L W’um)—W’(u))um—u Sy 9(t —u) = 0.
The second and third mtegrals go to 0 by the strong L?-convergence u,, — u,
therefore [y [V (um — u)[* — 0, concluding that w,, — u in W? (strongly).
(iii) The proposition now follows from standard minmax theory since the class of
continuous paths v : [~1,1] — W12(N) such that v(—1) = a. and v(1) = b. is
invariant under the flow induced by the negative gradient of F. (see e.g. [Stx] or
[Ghol).

What is left to do is to make sure that the energy &:(u.) associated to the
mountain pass solution provided by Propositionstays uniformly (in €) bounded
above and away from zero. This will guarantee that, as € — 0 (subsequentially),
the energy distribution of u. gives rise to a non-trivial varifold (with finite mass).
In Lemma we discuss the upper bound. The lower bound (Lemma will be
immediate from Lemma 5.1l

Lemma 5.2. There exist g > 0 and K > 0 such that supy |ue| + E(ue) < K
for every € < eq, where ue is as in Proposition[5.1}

Proof. Step 1. We produce, for every ¢ sufficiently small, a continuous path joining
v1 to vo and such that the maximum of F. on the path is attained with a value that
is bounded above independently of €. There is a fairly standard way to do this by
using a sweepout via level sets of a Morse function, see e.g. [Gual8|. For fixed e, to
each level set 3 one associates a W12 function fs; on N such that the Allen-Cahn
energy & (fx) is approximately 20H™(X) (the difference is an infinitesimal of 5)E|
Using this procedure, the sweepout (that is, the one-parameter family of level sets)
induces a continuous path in W2(N), that joins —1 to +1 (see [Gual8| Section

2The function fx is constructed such that ¥ is its nodal set and such that the profile of the function
in the normal direction to X is given by H°. More precisely, fs is the composition of H® with the
signed distance function to X. The possible singularities in 3 are isolated and have an explicit structure
(thanks to the Morse condition), which permits to handle them in elementary fashion ([Gual8 Section
9.6]). We do not give further details here, since in Section |§| we will carry out (explicitly) subtler
constructions of this kind: we will need to handle a singular set of unknown structure and implement

other operations that are not present in the construction just sketched.
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7.4]). One then modifies this path so that it joins ae to be (remaining continuous):
to this end, it suffices to compose with two short paths at the endpoints, one
joining a. to —1 (through constant functions) and one joining +1 to b, (through
constant functions). We denote the resulting path by ¢t — u, € W12(N), for
t € [-1,1]. The upper bound on the measure of the level sets of the Morse
function then implies an upper bound on & (u;), independently of €. In order to
infer from this an upper bound on F.(u;) (independent of €) we note that the
term [ gus = E-(u) — Fo(uz) is bounded above and below independently of e,
because u; is bounded between —1 and 1 by construction. The bound on the path
just discussed then implies a uniform upper bound for F.(u.), independently of
€, by the minmax characterization of u..

Step 2. A critical point u. € W2 (N) of Fe solves the weak formulation of the
semilinear elliptic PDE € Au — w = —g. By elliptic theory u. is C*“. Note
(arguing as we did when we chose a. and b.) that any constant smaller than or
equal to —1 is a lower barrier and any constant larger than 1 4 ce is an upper
barrier. The maximum principle therefore implies that any solution of the PDE
(in particular u.) is bounded between —1 and 1 + ce, which gives an L* bound
[|lue| oo (v) < 2 uniformly in e.

Step 3. Since & (ue) < Fe(ue) + |N|||glool|tte ||, we conclude from steps 1 and 2
a uniform upper bound for & (uc). O

Lemma 5.3. There exist €9 > 0 and L > 0 such that E(us) > L for every e < €,
where ues s as in Proposition .

Proof. We have liminf. o 8: > [ g by definition of 8. = F.(uc) and by Lemma
Then & (ue) = B+ [ gue and we have (see the proof of step 2 in Lemma5.2))
that uc > —1, so [y guc > — [ g. Then we conclude that liminf. o & (uz) >
0. O

6 Proof of the existence theorem for positive g €

Cl,l

Remark 6.1. Recall that, given g > 0, g € CY(NV), we will prove the existence
conclusion of Theorem with g in place of g, because (for notational conve-
nience) we work with the functional F. , (rather than with F. ,,, which would
lead to the existence conclusion with mean curvature g). To make notation lighter,
in this section we will denote by F. the functional F. .

First part of the proof of Theorem[I.1 If there exists a sequence €; — 07 such
that the min-max critical points u.; given by Proposition taken with € = ¢;
have the property that u., — s in L'(N) and uy, is not identically —1, then
Theorem implies that d{us = 41} is a closed hypersurface that is quasi-
embedded away from a possible singular set ¥ of Hausdorff dimension < n — 7
and with mean curvature given on d{uo, = +1}\ ¥ by £v, where v is the inward
pointing normal to {us, = +1}. In particular, d{us = +1} is, away from X,
the image of a two-sided C? immersion, with unit normal v and mean curvature
Zy. Theorem is thus proved in the case in which u., Z —1 for some sequence
(ue,). O

In order to establish Theorem for g € CH1(N) with g > 0, we only need
to address the case in which u,, = —1 for every convergent subsequence of every
sequence of min-max critical points u., generated by Proposition @ In fact, to
complete the proof, it will suffice to consider a single such convergent sequence
(ue,;) for which us, = —1. By possibly passing to a subsequence, we may also
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assume that V% — V as varifolds, with V' a stationary integral n-varifold on N.
By Theorem V is, away from a singular set sing V' of Hausdorfl dimension
< n —7 (with singV empty if 2 < n < 6 and finite if n = 7), an embedded,
smooth minimal hypersurface M with locally constant even multiplicity. We will
write M for the closure of M; note that M coincides with spt ||V, M = regV
and sing V = M \ M. Recall that we have, in this situation, that

1 1 1
lim o7 () = VIO + 50 [ gz 2n000)+ 5 [ o
o 20 Jn 20 Jn

In the forthcoming sections, our goal will be to prove the following:

Proposition 6.1. Let u.; be as in the preceding paragraph. Then there exist
ve; : N = R that solve F'c, (ve;) = 0 and F"¢,(ve;) > 0 (i.e. stable critical points
of Fe;) with liminf., o &, (ve;) > 0 and limsup, o &, (ve;) < oco; moreover,

there exists a (fized) non-empty open set that is contained in {ve, > 3} for all €;.

Second (final) part of the proof of Theorem assuming Proposition , Let uc;
be as in the paragraph preceding Proposition and let ve, be the functions given
by Proposition Owing to the condition that {ve;, > %} contains a fixed non-
empty open set, we obtain that any (subsequential) L*-limit vo, of ve; equals +1
on this open set. In view of the upper and lower bounds on & (ve;) and stability
of v, we can apply Theorem to any subsequential limit of the sequence of as-
sociated varifolds V"si. We obtain that the multiplicity-1 varifold associated with
the reduced boundary of {v. = +1} is non-trivial and provides the prescribed-
mean-curvature hypersurface needed to complete the proof of Theorem [I.1} O

The proof of Proposition [6.1] will be achieved, in the forthcoming sections,
by exploiting the minmax characterisation of u. and the geometric fact that a
minimal hypersurface with multiplicity 2 is not a stationary point for the geometric
functional A—Volg, when viewed as an immersion from its double cover: the term
A measures the h§persurface area and the term Volg is the enclosed £-volume,
which is [ 5 2 when the hypersurface in question is the reduced boundary of a
Caccioppoli set E C N. (See [BelWic-2] for the more general definition that
applies also to the case in which the hypersurface is not a boundary. This is
the natural functional whose critical points are hypersurfaces with scalar mean
curvature prescribed by £.) More specifically, we will proceed as follows. Recall
that, under the hypotheses of Proposition we have a sequence u.; of min-max
critical points whose associated varifolds converge to a minimal hypersurface M
endowed with locally constant even multiplicity, and limsup. _,, %}}j (ue;) >
2H™(M) + 5= [y 9. We will exhibit, for all sufficiently small € = ¢, a continuous
path v : [-1,1] — W12(N) with v(—1) = ac, with the second endpoint v(+1) a
stable solution to F'. = 0, and with an energy bound F.(v(t)) < 2(20)H"™ (M) —
e + [y g for all t € [—1,1] and for some ¢y > 0 independent of € (cp will
depend only on M C N). Then the minmax characterisation of u. will imply that
the second endpoint y(+1) is a function v, that cannot be b.. Owing to the way
in which we will construct the path, v. will satisfy the remaining conditions in

Proposition

6.1 Preliminaries

One-dimensional profiles - double transition. The profiles H* introduced in
Section [5| will be needed to write “Allen—Cahn approximations” of multiplicity-
1 hypersurfaces. (Recall that A is a shorthand notation for 3|loge|.) In order
to deal with multiplicity-2 portions, instead, we define, for € > 0, the function
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TR R .
\Il(r):{ H (r+2eA) r<0 (31)

H(—r+2eA) r>0

(This function is smooth, since all derivatives of H vanish at +2eA.) We have
E. (V) = 2(20) + O(e?). Additionally, we will need a continuous family of one-
dimensional profiles that will be employed to replicate, for functions, the geomet-
ric operation of continuously changing the weight of a hypersurface; in a similar
spirit, this family will also be used to produce Allen—Cahn approximations of
hypersurfaces-with-boundary endowed with multiplicity 2. In view of this we de-
fine, for ¢ € [0, 00):

H(r+2eA—t) <0

—e 32
H (-—r+2eA—-t) r>0 (32)

Uy (r) = {

Note that g = ¥ and ¥, = —1 for ¢t > 4e A. For t € (0,4¢ A) the function ¥,
is equal to —1 on the set {r € R: |r| > 4 A — t}. For each t the function ¥; is
even and Lipschitz (and smooth away from 0). The energy &.(¥;) is decreasing

in ¢: indeed we have &.(U;) = E.(¥) — fit ew)? + @

Distance to M. Let M be as in the beginning of Section |§| (just before the
statement of Proposition . We denote by d37 : N — R the Lipschitz function
dy(z) = dist(x, M), where dist is the Riemannian distance. By Hopf-Rinow
theorem, dy;(x) is always realized by at least one geodesic from « to a point in
M; in our case, the endpoint of such a geodesic will always belong to M, see
[Bel, Lemma 3.1]. We let w € (0,inj(N)) and consider the open set T,, = {z :
dyf(z) < w}. We will restrict our analysis to this neighbourhood of M. By
the analysis in [Bel, Section 3] (see also [ManMen02]), the function Vdy; is in
SBV(T,,\ M), i.e. it is a BV -function whose distributional derivatives are Radon
measures with no Cantor part. More precisely, we have that (see [Bell, Lemma 3.2])
the distributional Laplacian Adyy restricted to T, \ M is a Radon measure whose
singular part is a negative. Moreover (see [ManMen02] and [Bel, Proposition 3.1]),
always restricting to T, \ M, the support of the singular part of Adyz is countably
n-rectifiable and agrees with the so-called cut-locus of M, denoted by Cut(M);
away from the cut-locus of M, the Laplacian Ady; is smooth. We recall that,
at x € (N\Cut(M)) \ (M \ M), —Adsz(z) agrees with the (classical) scalar
mean curvature of the level set of dy; that contains z, computed with respect to
the normal that points away from M. For z € T, \ Cut(M) \ M we have that
there exists a unique geodesic from z to M whose length realizes dy7(z). This
geodesic is completely contained (except for its endpoint, that lies in M) in the
open set T,, \ Cut(M) \ M. This yields a retraction of T, \ Cut(M) onto M,
see [Bel, Remark 3.2], with points moving towards M at unit speed along the
unique geodesic connecting them to M. Arguing as in [Bel, Lemma 3.3] by means
of Riccati’s equation [Gra, Corollary 3.6], and replacing the condition Ricy > 0
(valid in [Bel, Lemma 3.3]) with Ricy > —C for some C' > 0 (valid on our compact
manifold N), we obtain that Adg; < Cdgzr(z) on T, \ Cut(M)\ M (recall that dz7
is smooth on this open set). In fact, since dy; is smooth on M and M is minimal,
we have Ady; = 0 on M, so Adyz(z) < Cdyp(z) on T, \ Cut(M) \ (M \ M).

Proposition 6.2. Let N be a compact (n+ 1)-dimensional Riemannian manifold
and M a smooth minimal hypersurface as in the beginning of Section[f Denote
by dy; the distance function to M and by T,, = {x € N : dyp(x) < w}, where
w € (0,inj(N)). Then the distributional Laplacian Adyy on T, is a Radon measure
that satisfies Ady; < Cdyp, f07E| C = —miny Ricy.

3This should be interpreted as an inequality between measures: the function Cdyy is identified with
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Proof. We consider the distribution Adg; — Cdyy, defined by its action on v €
Ce(To) by

(Adﬁ - C’dﬁ)(v) = —/Vdﬁ -Vou — C/N dﬁv.

Note that this is a distribution on T, of order at most 1, because Vdz; € L>(T,,)
with |Vdgz| < 1 and hence we get |(Adg;—Cdyz)(v)] < H"THN)(Cw+1)|[v]|cr(r,)-

Putting together Adyr(z) < Cdyp(x) on T, \ Cut(M) \ (M \ M) with the
sign condition on the singular part of Ady; obtained in [Bel, Lemma 3.2] (and
discussed above), we conclude that the restriction of the distribution Adz;—Cdy;
to T, \ (M \ M) is < 0. This restriction is therefore a (negative) Radon measure
on T, \ (M\ M).

We argue via a capacity argument. For any § > 0 we choose (see [EvaGar]
4.7)) x € C°(T,,) to be a function that takes values in [0, 1], is identically 1 in an
open neighbourhood of M \ M, identically 0 away from a (larger) neighbourhood
of M\ M and such that [. |[Vx| < 4. For v e C2(T,), v >0, we get

/ (Adﬁ - Cdﬁ)” = / (Adﬁ - Cdﬁ)(l - X)v +/ Adﬁxv - / Cdyrxv =
T, T, T. Te

:/ (Adﬁ—Cdﬁ)(l—x)U—/ VdMVXv—/ Vdﬁva—/ Cdzpxv. (33)
T T Tw Tw

The second, third and fourth terms in the last identity tend to 0 as § — 0, because
Ixllwir(r,) = 0asd — 0and |[Vdyz| < 1. The first term is < 0 for any J, because
(1 — x)v > 0 and we saw that the distribution Ady; — Cdyy is a negative Radon
measure on the support of (1—x)v (for any ¢). Taking the limit in asd — 0 we
therefore obtain that Ady; — Cdy; is a negative distribution on 7, and therefore
it is a (negative) Radon measure on T,,. O

We will denote by M the oriented double cover of M, that is M = {(y,v) :

y € M, v is one of the two possible choices of unit normal to M at y} (M natu-
rally embeds in the unit sphere bundle on N). The standard projection M — M
is given by (y,v) — y and we denote by ¢ : M — N the composition of the stan-
dard projection with the embedding of M into N. For ¢ = (y,v) € M, forye M
and v a choice of unit normal to M at y, the geodesic s € (0,inj(V)) — exp, (sv)
leaves M orthogonally and is minimizing, between y and the point expy(tv), as
long as t is sufficiently small. We denote by oy, the (positive) number such that
this geodesic is minimizing between y and the point exp, (tv) for all t < o(, ,,) and
is no longer minimizing if ¢t > o, ,,). As we are restricting to T,,, we truncate o, ,)
using the convention that o, , = w if the geodesic is minimising for some ¢t > w.
The function o, ) on M is continuous (see [Bel, Section 3] and [ManMen02] for
details); moreover, we have a smooth diffeomorphism F

F:{((y,v),s): (y,v) € M,s c (0,0'(yﬂ)))} — T, \ Cut(M)\ M (34)

defined by F((y,v),s) = exp,(sv). This diffeomorphism extends by continuity to
a map

Vir = {((y,v), ) : (y,0) € M,5 € [0,0(y5))} = T, \ (Cut(M) U (M \ M)).

the measure CdH" " L_T,, and we know already that the distributional Laplacian Adz; is a Radon
measure, therefore the inequality means that C’dﬁ?—[”"'l — Adyy is a positive (Radon) measure on Ty,.
Also recall that a distribution is said to be < 0 if for every non-negative test function the result is < 0
(similarly for > 0). A distribution that is > 0 or < 0 is necessarily a Radon measure, see e.g. [EvaGar]
Theorem 1.39].
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This extended map will be still denoted by F and is 2 — 1 on M x {0}. (On
M x {0} this map can be identified with ¢.) Since o(,,) > 0, on any compact
subset of M there is a positive lower bound for o, ,) and therefore the map F'
provides, around any compact set of M, a system of Fermi coordinates (tubular
neighbourhood system).

We next collect certain properties of the level sets I'y = {# € N : dy(x) =
t} for t € [0,w). For t € (0,w) we have that I'; \ Cut(M) is smooth, with
scalar mean curvature at x given by —Adgr(z). For H!'-a.e. t € (0,w) we have
H™ (T N Cut(M)) = 0, since Cut(M) has dimension n. Therefore we have that
H'-a.e. level set is H"-a.e. smooth. For these level sets we can therefore com-
pute the H™-measure by computing the measure of their smooth part. For this
we argue as in [Bel, Lemma 4.1] (to which we refer for further details). We use
[Gral Theorem 3.11] to compute the distortion of the area element as we move
along a geodesic s € (0,0(,,)) — exp,(sv), for (y,v) € M, the oriented dou-
ble cover of M (in other words, y € M and v is one of the two choices of unit
normal to M at y). The distortion of the area element 6 is ruled by the ODE
L logl, = —H(y,s) - 2, where ﬁ(y,s) is the mean curvature of the level set at
distance s evaluated at the point (y,s) = exp, (sv). Using Riccati’s equation [Gra,
Corollary 3.6], and the bound Ricy > —C on N, we obtain that H, s > —Cs,

where H(y,s) = ﬁ(%s) . % is the scalar mean curvature of the level set I'y at the
point (y, s), with respect to the unit normal that points away from M. We thus
have % log 65 < C's. Integrating this inequality we obtain that, with coordinates
chosen so that 6y(x) = 1, the area element evolves with the bound s(x) < eCs’/2,
Therefore

H*(Ty) < 27‘[”(M)6Ct2/2 for almost every ¢ € (0,w) (35)

(level sets of dy; are double covers of M, since dyy is unsigned, hence the appear-
ance of the factor 2). Recall also that the scalar mean curvature of T'; at the point
x € I'y \ Cut(M) agrees with —Adz(x). The following estimate is implicit in the
previous discussion:

x eIy \ Cut(M) = Adyz(r) < Ct. (36)

6.2 Allen—Cahn approximation of 2|M|

In this section we will produce for all sufficiently small €, a function G : N = R
whose Allen—Cahn energy isﬂ approximately 2H"™(M). While this function is not
part of the path - that we aim to construct (see the discussion that precedes
Section 7 by suitably deforming it we will construct two functions through
which the path v will pass.

Let € > 0 be sufficiently small to ensure 12¢ |loge | < min{w, 1}. The function
G§ has level sets coinciding with the level sets of d3; and the one-dimensional
profiles normal to these level sets are dictated by " (see for the definition of
v):

. -1 for x € N\ T,
Golz) = { U (dyz(x)) forzeT, (37)

Equivalently, for = € T,, we have G{(z) = ﬁg(—dﬁ(a?) +2eA). We will now
compute &, (Gf) and the first variation &' (G).

“We will only be interested in obtaining a control from above of the energy by the area, up to a
small error term. It is however true, as can be seen by computations similar to those that we give in
this section, that a control from below is also valid.
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We use the shorthand notation A = 3|loge|. By definition we have, on T,,, that
VG§ = V' (dy;)Vdyy, while the energy of Gf is 0in N \ {z € N : dyp(x) < 4eA};
we use the coarea formula for the Lipschitz function dy; (for which |Vdy;| = 1) to

get
€2 e w €12 €
cucp = [ <TG L WGD _ ([ NG, WG,
T, 2 € 0 r. 2 €
2e A e/ 2 griTd
:/ (/ SLAO) (s>>> s
—2e A Tocn_s
) e/ 2 —c
< 2¢5 (12¢|loge]) H"™ (M) (/ € (H2) + W(EH )> <2(20)H" (M) + O(e|loge|),
R

for € in the chosen range. The Allen—Cahn first variation of G (which is clearly
0 outside {x € N : dyp(x) < 4eA}) can be computed in {z € N : dyp(x) < 5e A}
as follows. The Radon measure Ady; satisfies Proposition recall moreover the
error by which H' fails to solve the Allen-Cahn ODE (Section . Then, in the
distributional sense, we have

! €
—e.(G5) == AGg - LG (38)

. . "(H (—dy7+ 2¢ A
:gH”(—dﬁmm)wdﬁﬁ—am’(—dﬁummdﬁ_w( ( 2” eA) _

W/(H (~dyr +2¢4)) e (—dyy + 2¢ A) Adyy

€ ——
0<-<3 <Cdyr

= 5@6//(—dﬁ+ 2e M) —

O(e?)

Here —&'-(G§) and Ady7 are a Radon measures. The term O(g?) in the last line
is a Lipschitz function that we interpret as a density with respect to H"*! and
the last term is the measure Ady; multiplied by a bounded Lipschitz function
(we have used 0 < (H)' < 3/¢). Note that dy; < 5€ A on the relavant domain.
Therefore there exist e € (0,1) and Cy (only depending on N) such that for all
E<EN

—&'(G) > —Chelloge|, (39)

interpreting the inequality as one between Radon measures.

6.3 Immersions and signed distance

We will need a certain notion of signed distance. Fix a compact set K C M
with non-empty interior; thisﬂ set will be kept fixed throughout the construction in
the coming sections. It is convenient to choose K to be even, i.e. K = 171 (1(K)).
Let qg € Og°(]\7), 5 > 0, such that suppa CC Int(K). The continuous function
T(y,w) (see and the discussion preceding it) has a strictly positive minimum
on K and we choose o > 0 strictly smaller than this minimum. Consider, for
c€(0,0x/3) and t € [0, ;2K 5], the following immersions:

p=(y,v) € t(K) = exp, ) ((c + to(y))v).

SWhen M = M, e.g. for n < 6, one can choose K = M and the whole construction presented in
the remaining sections can be shortened considerably.
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The image of this immersion is a smooth embedded hypersurface. Note that
the immersion extends smoothly up to the boundary, because in a neighbourhood
of 9K we have ¢ = 0. We will denote by K_, 3 the image of K via the immersion.

Note that the image of K \ suppe in contained in (the smooth part of) the level
set I'..

For a point (g, s) € Int(K) x (0,0 ) we define its signed distance to graph(c+
t$) to be negative for s < (c + t¢)(q), positive for s > (¢ + t¢)(¢) and vanishing
on graph(c + ta), with absolute value equal to the Riemannian distance of (g, s)
to graph(c 4+ tg), where the Riemannian distance is the one induced by the pull-
back via F' of the metric on N. This signed distance descends to a well-defined
(smooth) signed distance dist_, ; on F'(Int(K) x [0,0x)) \ M.

Since c+t$ is smooth up to K (and extends smoothly to an open neighbour-
hood of K with value ¢), there exists a tubular neighbourhood of K& .3 in which
the nearest point projection onto K et is well-defined. We denote this projection
by Il.+. Upon choosing the tubular neighbourhood sufficiently small, we also en-

sure that in the tubular neighbourhood of F((K \ suppg) x {c}) the projection
II.+ agrees with the nearest point projection onto I';, denoted by II..

We choose ¢; > 0, t; > 0 such that for all ¢ € (0,¢;] and all ¢ € [0,¢;] there
exists a tubular neighbourhood of K etd of semi-width ¢ in which the nearest point
projection Il ; is well-defined, it coincides with II. in the tubular neighbourhood

of F((K \ supp¢) x {c}), and moreover the following bounds hold. There exists
kx > 0 such that for all z in the tubular neighbourhood of K_, 3 of semi-width ¢

| | ](x) — 1| < kgd and -1 ‘ < kid, (40)

’ 1
| et ()

where |JI.;| = /(DIL.;)(DII.;)T and d is the Riemannian distance of z to
K, 3

The way in which we will use these properties (in the forthcoming sections)
is that for each fixed e (sufficiently small) we will work with ¢ = 4 A and with
variable ¢, and with tubular neighbourhoods of semi-width 4 A. The choice is
made so that we can fit one-dimensional Allen-Cahn profiles in the normal bundle
to KQ e The estimates in guarantee that the Allen—Cahn energy of the
resulting function (defined in the tubular neighbourhood of K_, 7)
to the area of Kc,t,(; (up to the usual multiplicative constant 2¢). The fact that
KQ +.3 agrees with I'. on its boundary will give that the function just constructed
can be extended to a Lipschitz function on N, thanks to the properties of dz;.

We will additionally make use of the following fact. There exists a constant
kK > 0 (that we can assume is the same as the one appearing in ) depending
only on K C N such that the nearest point projection g : K X [0,0x) — K
satisfies

is very close

| [k |(z) —1 | < kgs and -1 ’ < KKsS, (41)

Mg

where |JIIg| = /(DIlg) (DI k)T and = = (g, s). The same notation Ik will be
used to denote the nearest point projection from F' (K X [0,0x)) onto F(K) C M

(recall that s is the distance of F(z) to F(K)).

6.4 Choice of ¢ and geometric quantities involved

Recall that our final aim, in order to achieve the proof of Proposition [6.1} is to
produce, for each sufficiently small €, a continuous path v (with values in Wh?)
that joins a. to another stable solution (see the discussion after the statement of
Proposition . The path itself will be exhibited for each € < ¢1, for a certain
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€1 > 0. Estimates on the energy F. along the path will be obtained in terms of
certain (fixed) geometric quantities (e.g. H™(M)), that are independent of €, and
error terms. For all € < €9, for a certain €2 € (0,¢1], these error terms will be of
the type O(e|loge]), i.e. they will be bounded, in absolute value, by C'¢ |loge |
with C' > 0 independent of € € (0,&5). Finally (this will only happen in Section
[6.10), for a certain €3 € (0,¢5], the terms O(e|loge|) will be absorbed in the
geometric quantities, leading to an effective estimate on the energy F. along the
path, i.e. an estimate that only depends on geometric quantities.

Rather than picking €; here, we will require a smallness condition on it repeat-
edly (finitely many times) throughout the forthcoming sections. One smallness
requirement was made in Section 12e4]loger| < min{w,1}. At every new
requirement, we will implicitly assume that all those previously imposed remain
valid. Similarly, upon estimating JF. for the functions that are constructed for
€ < €1, we will (finitely many times) write the error terms in the form O(e |loge |)
for € € (0,e3); each time we specify a new €5 we will implicity assume that we
pick the smallest €5 among all those identified until that moment. An initial re-
quirement is €5 < €y, for the ey chosen in Section At the end (Section
we will choose €3 € (0,€5] and restrict to € € (0,e3]: for this range, the energy
estimates become effective and allow us to conclude the proof.

From now on we shall let the sequence u.,; be as in the beginning of Section @
Note however that until Section @ all we need to know about u., is that the
corresponding sequence of varifolds V"< converges to ¢|M| where ¢ is a locally
constant function on M taking even integer values and |M| is stationary (i.e.
zero mean curvature); the fact that F,(ue,) are min-max values does not play
a role until Section [6.10] The minimal hypersurface M however plays a key role
throughout. We fix the compact set K (chosen in Section and two geodesic
balls Dy, Dy C M whose double covers have compact closures contained in Int(K)
and such that the respective concentric balls of half the radius (that will be denoted
by B;j C Dj for j € {1,2}) have equal areas. Geometric quantities depending
on Di, Dy, M, N will appear in the energy estimates. To avoid burdening the
notation, we will often drop the explicit dependence on ¢ for the functions, and
paths of functions, that we construct. With reference to the upcoming sections,
@D, .ts Ve fry e all implicitly depend on e.

6.5 One-parameter deformation, bumping outwards

Recall that ¢ : M — N is the (minimal) immersion of the oriented double
cover M of M induced by the standard projection (y,v) € M — y € M. (The
image of ¢ is M and is covered twice.) Let D C M be a geodesic ball, with radius
denoted by 2R > 0, with closure contained in Int(K) (where K is the compact
set fixed at the beginning of Section ; here D is either of the geodesic balls
D1, D5 chosen in Section and with which we will work in Section Let
B C D the concentric geodesic ball of radius R. Let xp € C2°(D) with xp > 0,
Xxp =1on B and |Vxp| <2/R (in this section the latter condition is not needed
and we only use xp > 0 on B, rather than = 1). We will write D = .~}(D) ¢ M
and B = .7}(B) C M. Define Xp = XDotL € C>(D). We will consider the
one-parameter (one-sided) smooth family of immersions ¢p, : D — N defined as

follows for ¢ € [0, 3.75~—] (recall the choice of ok at the beginning of Section
53):
p=(y,v) € D = 1p+(p) = exp,(t xp5(p)v). (42)

We have tp; = t|5 on D \ suppx for every ¢, and vo,p = t|5. The key property
of interest to us for this (one-sided) deformation of «|7 is going to be the value
of the functional Ja(t) = Ja(tt,p), where Ja = A — Vola. The evaluation of
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Volg requires the preliminary choice of an oriented open set @ C N (that must
contain the images of the immersions); in our case we choose @ to be the cylinder
F(D x [0,0k)), with F defined in . The value of Vols (t) is then given by
fF(St) LgH "+, where S; = {(y,s) € D x[0,0k):s < tx5(y)}. The term A(t)
is the n-dimensonal area of the immersion ¢, p. We refer to [BelWic-2] for the

general definition of Jj.

It is readily checked that there exists to € (0, 3575~ ] such that Ja(t) is
decreasing on t € [0,tg]. This can be seen by considering the first variation J% (0).
The first variation of area is 0 because ¢ is minimal, while the first variation of
Vols is obtained by integrating on D the product of £ with the normal speed
(%L:O+ Lt,D) v = xp. We thus have J’ 0) = — |5 ixf) < 0. Therefore, since
Ja is C! on [0
t €10, to].
Remark 6.2 (smallness of tg). We will need, for several reasons, to possibly make
to smaller. We impose tq < t1, where t; (together with ¢;, which will be needed

) Tan— X] there exists to > 0 such that Ja(t) is decreasing on

below) is as in Sectlon 3| with (b replaced by the function Y p, extended to be in
C>(K), by setting it equal to 0 in the complement of D. This will be needed in
order to use the bounds obtained in Section [6.3] Moreover, in view of Section
we require that the mean curvature of the immersion is, in absolute value,
smaller than migié” for all ¢ € [0,tp]. This is possible, since miny g > 0, the
values of the mean curvature change continuously in ¢ and at t = 0 the immersion
is minimal. In the next remark we impose one further condition, which may require
to make ¢y smaller one last time.

Remark 6.3 (choice of 75). By making to smaller if necessary, we ensure that the
J g (0)~J g (to)

(positive) quantity f is smaller than 2H"(B). From now on we will
. . i, Ja (0)=Jg (to)
work with this (positive) t; and denote by 75 = % We then have

75 < 2H™(B); this will be used in Section

We point out, for future reference, that ¢; p and ¢ coincide in a neighbourhood

of &D in D. We now consider, for ¢ € [0, %], t € [0, 5;25—], the immersion from
DX

D into N given by

p=(y,v) € D — exp,((c+ txp(p))v). (43)

(For ¢ > 0 the image of such an immersion is embedded.) We denote by Js (¢, t)
the evaluation of Jg on the immersion 7 with reference to the oriented open

set F(D x [0,0k)). We recall that Ja (c, t) = A( t) — Vol (e, t), where A(c,t)
is the area of the immersion and Volg fF(S gd?-[”+1, with S, =

) o
{(y,s) € Dx[0,0k): s < c+tXD( )} (Note that J(0,1) agrees with Ja (t) used
above.) By continuity in ¢ and ¢, and by the decreasmg property of Jq (0,t) on
[0, o] obtained above, there exist ¢y € (0, Z<] such that for all ¢ € [0, ¢o] and for
all t € [O, to]

Jg (c,t) < Jg(0,0) + Jg (¢, tg) < Jg(0,0) — 7B, (44)

B

2 )
where 75 > 0 was fixed in Remark Note that J2 (0,0) = 2H"**(D), since the
term Volg vanishes for (g p = L|5.

Remark 6.4 (smallness of ¢p). By making ¢y smaller if necessary, we also assume

that cg < ¢1, where ¢ is chosen as in Section with qz replaced by the function
XD, extended to be in C°(K), by setting it equal to 0 in the complement of D.
This will permit the use of the bounds obtained in Section
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The geometric deformation of ¢|5 just described will now be replicated with a
family of functions in W2(F(D x [0,0k))), with bounds on F. that will replace
(and be deduced from) the estimates in ([44)). We define, initially, a one-parameter
family of functions on D x [0,0x) C V7 (where V7 is the extended domain of
the map F, see (34)), using coordinates (g, s), and then we pass the definition
to F (5 x [0,0k) ). In the following we assume € < €1, with 6e1|loge1| < c¢o.
We use the shorthand notation 2e A = 6¢|loge|. We set, for ¢ € [0,%y] and
(q,8) € D x (0,0k) (and for each € in the specified range)

@pa(g,5) = H (~distyrapnzc atixg) (@5)) - (45)

Here we are using the signed distance to graph(2e A 4ty ) that was discussed in
Section Note that although the distance is not defined for s = 0, the definition
in extends continuously from s > 0 to s > 0 with value 1 at s = 0; this follows
upon observing that liminf,_,q distgraph(ggAHXﬁ)(q, s) < —2¢e A and that H has
value 1 on [2€ A, 00). More precisely, H has vanishing derivative at 2¢ A. This
guarantees that the function defined in , extended to s = 0 with value 1,
passes to the quotient as a C'! function on the open set F' (D x [0,0x)) (this is a
tubular neighbourhood of D). With slight abuses of notation, we use the notation
wp,¢ also to denote this quotient and we write wp,; : F (D x [0,0k)) — R,

wp(z) = o (_diStKQSA,t,XB (sc)) . (46)

Here K2€A,t,><5 denotes, as in Section ﬁ the set F (graph(?a/\ + tXﬁ))ﬂ As
before, the function wp ; is extended in a C" fashion across D, with value 1 on
D.

We remark that for ¢ = 0 we have @po = G{lp(px(o,0x)), Where GG was
defined in (37). Moreover, we point out that (for each € considered) the assignment
t€[0,t] - wp € WHE(F(D x [0,0k)) is continuous.

The Allen-Cahn energy of wp,; can be computed using the coarea formula
(either with respect to the distance, for which the Jacobian factor is 1, or with
respect to the nearest point projection, using ) in a tubular neighbourhood of
KocptxsNE (D x [0,0k)) of semi-width 2 € A; away from this tubular neighbour-
hood, @wp is constantly +1, hence there is no energy contribution. The coarea
formula gives that there exists €5 > 0 such that for all € < €5 the following bound
holds:

E(wp) < (20)H" (KQEA,t7X5 NF (D x[0,0k))) + O(e |loge|). (47)
The set Kacpt,x; N F (D x [0,0k)) is the image of the immersion in with
¢ = 2e A (for which we obtained the estimates in — we will use these to
obtain below).

In order to get an estimate for F.(wp ;) we now consider fﬁx 0,0%) gwp tdH T

and relate this quantity to Volg(2¢ A,t). As in (44)), Voly(c,t) is the evaluation of
Vol, on the immersion and we are choosing ¢ = 2€ A. Let g denote the func-

tion that is +1 on {(g, s) € D x [0,0k) : distgraph(ggAHXE)((q, s)) <0} and —1 on
{(g,5) € Dx[0,0k) : distgraph(ze A+tx) ((¢,5)) > 0}. Then ff)x[O,aK) godH" ! =

5To be coherent with Section 6.3 X5 must be extended to a function in C£°(K), by setting it equal
to 0 in the complement of D and the graph in question must be considered as a graph on K. Then
the resulting distance, defined in Section on K x (0,0k), has to be restricted to D x (0,0k).

" As in the previous footnote, the graph is taken over K and X5 is extended to a function in C2°(K).
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12f{g:+1} gdHn ! — fﬁx[o7gl{) gdH" ™ =2Vol,(2e A, t) — fﬁx[o,gK) gdH™ . We
et

Ul,O = {(qa S) S 5 X [0,0'K) t—2eA < diStgraph(28A+tX5)((q7 S)) < 0}7

Uo—1 ={(g,5) € D x [0,0k) : 0 < diStyrapn(ze Atx ) (2 5)) < 26 A};
the function wp ; decreases, on these two sets, respectively from 1 to 0 and from
0 to —1 (as the distance increases respectively from —2¢ A to 0 and from 0 to
2e ), so that |wp — o] <1on Uy _1 UUp. On (5 X [O,OK)> \ (Up,—1 UUn,0),
on the other hand, we have wp; = 0. We then have

/~ gwp dH" T >

DX[0,0‘K)

2Voly(2e A, t) — /

gdH" ™t — H"TY(U o U Uy, _1)|supgl.
DX[O,UK) N

Using the coarea formula (with respect to distgraph(25A+tX5) or with respect to
I, recalling (40)), we obtain that H"(U1) and H"+1(Up 1) are bounded
above by 2e AH™ (graph(2e A + tx ) |5) + O(e|loge|). Moreover, from the area
formula we obtain H" (graph(2e A + tX5)|5) < H™(D)(1 + Cy,co,to,N)- In con-
clusion, there exists €2 > 0 such that for all € < €5 we have

/ gwp dH™ > 2Vol, (2 A, t) — / gdH™ ™ —|O(e | loge|)|.
Dx[0,0x) Dx[0,0x)
Putting this together with and we obtain that there exists €5 > 0

such that for all € < ey (here the energy is computed on the domain of wp , that
ison F(D x [0,0k)))

L F(wpa) < 74(0,0) +/ I 11 T L O |loge|) for all £ € [0, 4],
20 N , EX[O,UK) 20 2
—2%"(D)
1
— Fe(wpy) < Jg(0,0)—F/ I gyt — 15+ O(e|loge). (48)
20 ;/_, 5)([0,0’1() 20
—27{"(D)

6.6 One-parameter deformation, bumping downwards

In this section D will be as in Section |_6_._5_| and we will construct a deformation
that continues the one provided in Section to t < 0. More precisely, we will
construct, for each € € (0,&1] (for 1 as in Section a one-parameter deformation

te[-4c4,0] = @p, € W2 (D x[0,0x)) .

At t = 0 the resulting function will agree with G5 and therefore with the function
defined by for t = 0 (justifying the notation). We will then check that the
functions wp ¢ (for t € [—4¢ A,0]) pass to the quotient as W2 (actually W)

functions on F (f) X [(),ch)) and that the resulting deformation [-4€A,0] —

w2 (5 x [0, O’K)) is continuous in ¢.
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Let x5 : D — [0,1] be as in Sectionand ¥, :R—>Rasin 1) We define,
for t € [-4e A, 0] and (¢, s) € D x [0,0x),

@D,t(q:8) = ¥ty (g)(5) (49)
Since xp is even on D by construction, the function wp+(q, s) in passes to
the quotient in F (5 x [0, JK)>. We will now check that it is in fact Lipschitz on

F (5 x [0, G’K)). Note that at ¢ = 0 the function agrees with G6|F( see

B7).
We only need to check the Lipschitz property locally around a point = € D,
since the function is smooth in F (D x (0, UK)). Let (y,a) € By(z) X (—0Kk,0K)

Dx[0,0K)) (

denote Fermi coordinates centred at geodesic ball around x in D. Then the ex-
pression of the function obtained by passing wp ; to the quotient is W_;,(,(a),
because Uy is even for all s > 0. Moreover, W is Lipschitz for all s > 0; this implies
that the function W_;, () (a) is Lipschitz with respect to the product metric on
B,(z) X (—ok,0K). The distortion factor between the Riemannian metric on N
and this product metric is bounded by a geometric constant (that is fixed by the
choices of K and ok and only depends only on the geometry of F(K x [0,0k))),
hence the function wp ; passes to the quotient as a Lipschitz function. We also

point out that there exists a neighbourhood of F <3ﬁ X [O,UK)> in which the

function agrees with G for every ¢t € [—4¢€ A, 0].
Next we estimate the Allen—Cahn energy of wp ;. Denote by V, the metric

gradient in D x [0,0x) projected onto the level set {s = cnst}. Then

d
Vewp,(g,s) =—t %\I/a(s)

Vaxp(4; ),
a=—txp(q)
where we think temporarily of x7(¢,s) = x5(¢) as a function on D x [0,0k)
that only depends on the variable q. Recalling , we have ‘%\I’a(sﬂ =¥ (a+
|s)] < 2. Moreover we ensured |Vxp| < %, as a function on D, and therefore
\quD(q, s)| < Cé(, for a constant Cx that depends only on the Riemannian
metric on K x [0,0k). Therefore

9C%442 916 C%42
< £
eR2 — R?
for a constant C' > 0 that depends only on the choices of K and D (in particular,
it does not depend on €). Recalling that (for the Riemannian metric) the unit

vectors % are orthogonal to the level sets {s = cnst} we can write |Vwp (> =

e|V,wp . < A? = Celloge|?, (50)

\V,@p.il?+ ’%wat{g. We then compute the Allen-Cahn energy of wp ; by using
the coarea formula with respect to Ilg, recalling that V,wp: = 0 on B X [0,0K)
(since x5 =1 on B):

2
/ e + Wi@n) (51)
DX OG‘K) €

:/§</O°’ \JHK| ( ‘ Wy (s
+/f>\§ (/OUK) |JHK\ ( ‘388‘1’ x5 (@) ()

o
(D\B)x(0,0k)
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We consider the right-hand-side. The first term bounded by (1+kx € A)H"(B)(20),
by the observation following and by the bounds on IIx in . For the same
reason, the second term is bounded by (1 + kx e A)H™(D \ B)(20). In view of
the third term is O(e|loge|) (in fact, it is O(¢? |loge |*), by noticing that
the integrand vanishes on (D \ B) x (4¢A,0k)). We thus have that there exists
€9 € (0,&1] such that, for all € € (0, 3], the following bound holds independently
of t:

E(wpy) < (20)2H™(D) + O(e |loge]). (52)

One can easily obtain a finer bound by estimating the first term more precisely.
We only need to do so for t = —4 € A; in this case the first term vanishes, therefore

E(@p,—1:1) < (20)2H"(D\ B) + O(c |log ). (53)

To conclude this section, we estimate the energy F. of the functions wp;. A
very rough estimate will suffice for our purposes: since wp ; > —1 we have

/ ’WDytgdHnle > _/ gdHnJrl;
Dx[0,0x) Dx[0,0k)

together with and this gives, for all € < &5,

1
7]:5(WD,*45A> < 2Hn(D)_2Hn(B)+/ i dHn+1+O(8 ‘ 10g€ |)7 (54)
20 Dx[0,0) 20

1
— Fo(wp) < 2H™(D) —|—/ A dH" 1 +0(e|loge|) for all t € [~4¢e A, 0].
20 H/(—; Dx[0,0x) 20

=J4 (0,0

6.7 Avoiding the value 2H"(M) + . [ g

The value 2H™ (M) + % fN g is the peak that we wish to avoid with our path,
see the discussion before and after the statement of Proposition 6.1

Given a geodesic ball D C M (and denoting by D C K its double cover), in
Sections and we produced, for ¢ty > 0 (depending on D) and for every suf-

ficiently small € < &5, a continuous family ¢ € [~4¢e A, to] — W12 (f) X [O,JK)).
This family descends to a continuous one [—4 € A, to] — wp € W2 (F(ZN) x [0, UK)));

more precisely, the functions in the image of this curve are in W1 (F (15 x [0,0 K))) .

At t = 0 we have that wp o agrees with the restriction of G§ (defined in (37)). In
other words, we have a continuous two-sided deformation of G in F(D x [0,0k)).

By and the energy % Fe stays below

Jg(0,0)+/ L+t + I8 4 O(e | loge )
7 Dx[0,0x) 20 2

forallt € [-4¢ A, to] and, moreover, at the endpoints t = —4 ¢ A and t = ¢, we have
that the energy 5= F. is at most (recalling from Remark that 7p < 2H™(B))

DX[0,0’K) g

Jg(0,0)—TB-I-/ T a1+ 4+ O(e |loge ).

In this section we will consider two distinct geodesic balls and, around each
of them, we will produce a two-sided deformation of G as we did above. By
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suitably combining them, and extending to N, we will produce a continuous curve
into W12(N) (the functions are moreover Lipschitz on N) with the key property
that the energy 5- F. stays always below the value 2H™(M) — + [y 2% dH" ™! +
O(e|loge), for some ¢ > 0 that only depends on quantities determined by ¢, by
the choice of K and of the two geodesic balls; in particular, the energy bound
holds independently of €, for all sufficiently small €.

Let Dy CC M and Dy CC M be the geodesic balls chosen in Section [6.4]
We denote respetively by B; and By the concentric geodesic balls with half the
radius. The balls are chosen so that H™(B1) = H"(Bz). We denote the respective
double covers by ﬁl, Ds, Eh B, and we assumed that ﬁj CC K for j € {1,2}.
For each D; we can repeat the construction in Sections We let €1 denote

the smallest of the two €1 identified for j € {1,2}, and téj) the final time of the
deformation identified for D; (which was denoted by ¢y for D). We thus obtain,

for each € < 1 two continuous curves into W2 (F(ﬁj x [0, O'K))), respectively
for j=1,2:

te [—45A,t(()1)] —wp,t , LE [—45A,t(()2)] — WD, t-

We define, for ¢t € [—4eA — t(()l),élsA + téz)], the following continuou one-
parameter family of W2 functions on F' (51 x [0, UK)) UF (52 x [0,0k) ):

Dp e o F (Dix[0,0x))  fort e [—4eA—t5", )]
Wpy,—4eA O F Dy x [0,0K) fort € [-4de A — tél), ftél)]
Ty O F (D x[0,0x) for t € [—t(()l),O]
@Wpy—acn  on F (Dyx[0,0x) for t € [—tgl),O]
L= @yt on F (D x [0,0k) for t € [0,4¢€ A]
Wpyt—aepr  O0 F (Do x[0,0k) for t € [0,4¢ A]
@y ) on F (Dy x [0,0x) fort € [45A,45A+t(()2)]
Wpyt—4ep ORF Dy x [0,0K) fort € [deA,de A+ t(()z)]

(55)

The idea is that for every ¢, in one of the two subdomains F(ﬁj x [0,0K)),
the function agrees with one of the endpoints of the curve wp, . Recall that
7B, < 2H"(B;) by the choice made in Section moreover we ensured H"™(By) =
H"(Bz). Thanks to and we can estimate, for € < 5, the energy % Fe (lt)

on the set F' (151 x [0, UK)) UF (51 X [O,O’K)) from above with the quantity

2H™(Dy) + 2H™(Ds) + /N 2icm"+1+ /N Qicm”“
Dix[0,0x) 20 Dax[0,0x) 40
. TB, TB,
_mm{ - }+O(5|log6|). (56)

Each 7, is in fact, on F <151 X [O,JK)) UF (51 X [O,JK)), a Lipschitz func-
tion. Our next aim is to extend Yy for each t, to a Lipschitz function on N,
obtaining a continuous curve from [—4¢ A — t(()l), de A+ t(()Q)] into WH2(N). In or-
der to do that, we recall that there exists a neighbourhood of F (8ﬁ1 x [0, JK)> U

8Continuity is immediate from the continuity of each wp ;¢ in their respective (disjoint) domains.
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) (i)

(iii) (iv)

(v) (vi)

Figure 3: Schematic picture representing the ¢ — 0 limit of the path 7, defined
above. The order (i) — (ii) — (iii) — (iv) — (v) — (vi) represents increasing t.
The deformation (i) — (ii), for instance, represents the ¢ — 0% limit of the top two
lines of the piecewise definition of v,; likewise, (ii) — (iii) corresponds to the third
and fourth lines of the definition, etc. The deformations (i) — (ii), and (iii) — (iv)
are instantaneous “jumps” in the e — 0 limit (and therefore discontinuous), but
the corresponding deformation ¢ — 7, are continuous in ¢ for fixed e = ¢; > 0. The
evolution ¢ — v, (for fixed € = €; > 0) corresponding to “(vi) onwards” in the picture
is carried out by the negative gradient flow of 7, and converges to the stable solution
ve;, as described in Section below.

F (aﬁ1 X [O,UK)) in which 7, agrees with Gj for every t. This implies that we
can define a Lipschitz function on N that extends 7, by setting

Vt(x) forx e I (51 X [O,UK)> UF (52 X [0,01{))

C;E(x) for z € N'\ (F (51 x [Ova'K)) UF (52 y [070'}{))) - (57)

Y (7) =

The continuity of t € [-4e A — t((Jl), de A+ t((f)] — v € WH2(N) is also immediate
from the continuity of Yy

We next estimate the Allen—Cahn energy of «;. For that purpose, we first give
a lower bound on the Allen-Cahn energy of G§ on the sets F (51 x [0, O'K)) and

F (152 X [O,UK)). We follow the argument in Section that led to , this

time using the bound Ricy < C} this is true for some C > 0 because N is compact.
Integrating Riccati’s equation we get H; < v/Ctan(v/Ct), where H, denotes the
scalar mean curvature of the level set of dy; at distance ¢ (computed with respect
to the unit normal that points away from M, equivalently with respect to % in
K x[0,0k)). The ODE for the area element 6, then leads to the following bound

for the evolution of #, along a geodesic orthogonal to M: 0s > 6y (1 — 0232).
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Therefore )
n" (f)j X {s}) > (1 - C;) e (f)j X {0}) .

Then the coarea formula, used for the function dy; gives for j € {1,2} (similarly

to Section :

€12 € oK €12 €
[ VG WG ([ VG W) ,,
F(D;x[0,0%)) 2 € 0 Djx{s} 2 €

(58)

€

_ / (/ CE (), WE <s>>> i >
—2eA \JD;x{2eA—s} 2 €

el

> 2 (1 - M) H"(D;) (/M CH W(HE)> > 2(20)H™(D;)—|0(e | loge )]

2 —2e A 2 €
The last inequality holds for € < €5 for a suitable choice of €5. The bound for
E:(G}) obtained in Section together with , gives an upper bound for Gj
on the set N\ (F (151 x [0, O’K)> UF (151 X [O,JK)>): the Allen—Cahn energy of

G on this set is at most
220)H™" (M) — 2(20)H™(D1) — 2(20)H" (D2) + O(e | loge ).

In order to estimate F. on this same set we note that G§ > —1 and therefore

/ - - ggdan-‘ﬂ
N\(F(D1x[0,0x))UF(D1x[0,0K)))

>

_/ - - gden-ﬁ-l.
N\(F(D1x[0,0x))UF(D1x[0,0x)))
Recalling and the bound , the last two estimates imply that there exists

€9 > 0 such that for all € < &5 the family t € [-4e A — t(()l),élaA + t(()Q)] — Y €
W12(N) (recall that v; = 7¢ is constructed for each fixed € in the chosen range)
satisfies

20 20 27 2
=¢>0

1
— Fe(m) < 2H™(M) +/ I g+t —min{TBl TB2}+O(5|1ogs|) (59)
N
—_————

for all t € [-4e A — t((Jl)7 de A+ téQ)], as claimed in the beginning of this section.

6.8 Path to a.

In this section we exhibit, for each sufficiently small €, a continuous path in
W12(N) that connects the function a. (the first endpoint of the class of admissible
paths, see Section D to the function v_, _, ) obtained in Section W ensuring

0
that F. along this path remains bounded by the right-hand-side of . To
ease notation, in this section we will denote simply by fo : N — R the function

Y 4en_ym- We rewrite the definition of fy as follows, recalling , and
0
(B7):
o) Uicayy ((s)  for 3= Flg,s),(q,5) € D; x [0,0x), j €{1,2}
olz) = !

Uo(dep(z))  forze N\ (F(ﬁ1 x [0,0)) U F(Dy x [O,UK)))
(60)
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We define, for r € [0,4€ A]

\II4EAX'D\Jj(Q)+T(S) for z = F(st)v (Q7s) € B; X [OaUK)7 ] € {LQ}
U, (dp(x))  forz e N\ (F(ﬁ1 x [0,0%)) U F(Dy x [O,UK)))
(61)
The first line is well-defined thanks to the fact that x5 is even on M; note that
for r = 0 the definition in agrees with the one in , justifying the notation.

Since x5 € C&(D;) for j € {1,2}, the definition in the first line agrees with
J

VU, (dyz(x)) when (g,s) is in a neighbourhood of 65} x [0,0k). Thanks to the
fact that W, is Lipschitz, one can check that each f,. is a Lipschitz function on N.
Moreover, the mapping r € [0,4¢ A] — f, € WH2(N) is continuous. Note that
f45A = -1

To compute & (f,) we employ the coarea formula, with respect to the function

fr(@) =

Mg on U?ZIF (bvj X [0,4€A)) and with respect to dy; on the complementary
domain in {d3; < 4¢ A} (there is no energy contribution in {dz; > 4e A}, since
fr = —1 there). The key observation is that the one-dimensional profile that
appears for f,. (with » > 0) in the normal bundle to M carries less energy than
the one that appears for fy. Indeed, and show that the profile ¥
for fy is replaced by ¥, for f., and the profile ¥, Axs; (@) for fy is replaced

by \IJ4EAXBJ: (¢)4r for fr. Then a computation analogous to in combination
with the observation that follows gives that E.(f,) < & (fo) in the domain
r ((51 x [0,0x)) U (Dy x [0, JK))); similarly, using the coarea formula for dy,
we get E(fr) < E(fo) in the complementary domain. Moreover, we note that

fr = —1 and therefore [y f, gdH"** > — [\ gdH" . Therefore we obtain that
there exists €5 > 0 such that for all € < g5 the following bound holds

g Fe(F) < 2HI(M) = 21 (B) 21 (B) + [ L aH T+ O(e loge ) (62)
20 N 20

for all r € [0,4€ A]. (It should be kept in mind that f,. = f; is built for each fixed
¢ in the chosen range.)

We next connect fi.ps = —1 to a, continuously in W2, For this it suffices
to recall that a. was defined as limit of the negative F.-gradient flow with initial
condition —1; we denote by [0, T,] the time intervaﬂ on which this flow is defined.
The same flow (translated by 4¢ A) provides the continuation of f, to an interval
[0,4& A +T,] with the property that the family r € [0,4e A+T,] — f. € WH2(N)
is a continuous path that satisfies the bound in for all r» and such that fy =
7746A7t(()1> and f4EA+Ta = Q¢.

6.9 Flow to a stable solution

In this section we produce a continuous path in W12(N) that starts at the
function v, _, e obtained in Section |BF;7| and ends at a stable solution v. of
F.=0.

To ease notation, we denote by h the function Vieat®- Recalling and

9 Although irrelevant for our construction, it is easy to check that T, tends to 0 as € — 0.
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, h is given by

EE(—diStK )
hz) = 2enl) g, N -
U (dyp(z)) forx € N\ (F(Dy x [0,0k))UF(D3 x [0,0k))).
(63)
The first line is well-defined thanks to the fact that x D, is even on M. Since

X5, € CSO(Ej) for j € {1,2}, the definition in the first line agrees with W (dy;(x))

(z)) for x =F(q,s),(g,s) € D; x [0,0),j € {1,2},

(and thus with G§) when (g, s) is in a neighbourhood of 8bvj x [0,0k). In view
of this, we will compute separately the first variation of A with respect to & in
the domains that appear in the first and second line of . For the second line,
it suffices to recall (39). For the first, we need to estimate, for any sufficiently
small €, the mean curvature of the embedded hypersurfaces given by level sets of
the distance to F' (graph(? eN+ tél)xﬁl + téQ)X52)) , where the graph is intended
over Int(K). Recall Remark and the fact that M is minimal. Then, choosing
€9 sufficiently small, we can ensure that for all ¢ < €5 the mean curvature of
the embedded hypersurfaces {distx =d} for d € [-2e A,2e A] are, in

25A,t0 X5
absolute value, smaller than %. With a computation similar to , with

the distance distg in place of dy;, we obtain that, on the set F(bvl X
2

(J)
<ALt X5,

[0,0k))U F(B; x [0,0K)), and for all € < &g,

miny g

E'<(h) >

— |O(e[loge ).

Together with , this implies that F'.(h) > 22229 _ |O(c |loge|)| on N for
all € < €1 and therefore there exists €9 > 0 such that for all € < eq

miny g

F'e(h) > >0 on N. (64)
(As in 7 this is understood to be an inequality between Radon measures.)

We will now produce the path mentioned at the beginning of this section, by
means of a negative gradient flow (with respect to the functional F;). If n < 6,
then the function A is smooth (because so it d3; in a tubular neighbourhood of
M = M) and we can use it as initial condition for the flow. For the general case,
we first need a smoothing of A with the key property that it preserves the positivity
of the first variation . We refer to [Bel, Appendix A] for the definition of the
mollifiers ps : N x N — R used for the smoothing operation. For each sufficiently
small € there exists § > 0 such that the convolution hs = h x ps is a smooth
function on N and satisfies

/
h
“F'(hg) = & Ahg — @ﬂpo (65)

(see [Bel, Lemma A.2], this uses that h is Lipschitz). Moreover, r € (0,d] — h, =
hx p, is continuous in W12(NN) and extends by continuity at r = 0 with hg = h
(see [Bel, Lemma A.1]). Still by continuity in r of the convolution (|Bel, Lemma

A.1]), upon choosing ¢ sufficiently small we can also ensure that a bound of the
form continues to hold for h,., i.e.

1 g 2
. < n I n+l <
9 Fe(hr) <2H™(M) + /N 2 dH 3¢ + O(e|loge|) (66)

for all r € [0, 4].
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We need to ensure two more conditions on hg, for which we may have to make
0 smaller (the choice of § is allowed to depend on €). Recall that by construction
h =1 on the fixed non-empty open set

F ({(q, s):q€D1UDs0<s <ti s, +t§f>xﬁ2}) .

By continuity, if § is chosen sufficiently small, then A ps > 3/4 on the same open
set. By construction, h < 1. Recall that the stable solution b. to F'c = 0 lies
(strictly) above 1. Therefore, with a suitable small choice of 0, h * ps < be.

We will use the function hs just identified as initial condition for the negative
gradient flow (with respect to F.), defined for ¢ > ¢ by

{ Eatht:&‘Aht—erg

67
ht|t:5=h*p5=h5 ( )

This flow is well-defined and smooth for all times by standard semi-linear parabolic
theory. Moreover, it is mean-convex with respect to F¢, i.e.

F'e(hy) > 0 for all ¢ € [§,00).

To see this, notice that Fy = € Ah; — W' () + ¢ is smooth on N for all ¢t > §

€

and Fy > 0 by (63). Since h; solves (67), then the PDE 8,U; = AU, — W hadp,
is solved by U; = F;. Another solution is given by U; = 0. By the parabolic
maximum principle, the condition F; > 0 holds for all ¢ > 4, since it holds for
t=39.

The mean-convexity guarantees, in a first instance, that the functions h; : N —
R are increasing in ¢ and the limit A, for ¢t — oo is well-defined. The function A,
is a solution of the elliptic PDE F'c(ho) = 0; the mean-convexity further gives

the following.

Lemma 6.1. The function ho = limy_,o by 15 a stable solution of F'c = 0. Mo-
rover, there exists a fized non-empty open set (independent of €) that is contained
in {hoo > 2}.

Proof. To prove stability, we recall that the second variation of F. at h., is given
by the quadratic form Q(¢, ®) = fN e|Ve|? — %gfﬁ and that the associated
Jacobi operator is — e A¢p+ %(ﬁ. Letting p; denote the first eigenfunction and
A1 the associated eigenvalue, if \; < 0 we can find s > 0 sufficiently small so that
F'e(hoo —sp1) < 0on N. Since hs < ho, we can also ensure that hs < hoo — $p1.
We then consider the solution to and let T be the first time such that hy =
heo — $p1 at a point © € N. At this point we must then have Ahy < A(ho — sp1)
and W' (hy) = W/(hoo — sp1), therefore F'e(hoo — sp1) > F'c(h7) > 0 at 2. This
contradicts A\ < 0.

To prove the second statement, we recall that hs > 3/4 on the (fixed) non-
empty open set F’ ({(q, s):q€ Dy U 152, 0<s< t(()l)xﬁl + t(()z)xﬁ2}). The condi-
tion that h; increases along the flow guarantees the conclusion. O

Remark 6.5. As F. decreases along the flow, holds for all » > 0.

Remark 6.6. By construction hs < b, and since b, is a stationary solution to the
PDE in the first line of , be acts as a barrier for the flow h;. In particular,
hoo < be.
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6.10 Concluding argument for the proof of Proposition [6.1

By reversing the path f,. in Section[6.8/and composing it with the one produced
in Section[6.7]and the one in Section we obtain a continuous path in W2(N)
that starts at a. and ends at a stable critical point hy, of F.. This path can be
produced for all € sufficiently small. Moreover, from , , and Remark
there exists €2 > 0 such that, for all € < €5 we have, all along this path,
the upper bound 5= F. < 2H"(M) + [ 2ZZdH" ! — 2¢ + O(e|loge|), with ¢ > 0
independent of €. By choosing a suitable €3 < €5, we then have, for all € < €3,
and all along the path,

1
= F. < 2H"(M) +/ I gyt~ 2
20' N

20 2 (68)

We now proceed to conclude the proof of Proposition[6.1} Recalling the assumption
set up at the beginning of Section @ the min-max solutions wue, (obtained in
Proposition [5.1) have the property that lim; .o ue;, = us = —1 and

1
liminf o~ F.(ue,) > 2H" (M) + /N oL dn,
This implies that, for € = ¢;, the function ho cannot be b.; otherwise, the con-
tinuous path in w2 (N) that starts at a. and ends at b and satisfies would
contradict the minmax characterization of u.. Therefore ho, is a stable solution
to F'- = 0 that does not coincide with b.. We now make the dependence on ¢
explicit, and denote ho, by ve: we check next that the stable solutions v.; indeed
complete the proof.
The solutions ve; have a uniform upper bound on Esj (1)5].)7 because

1 g S
- V<2 n M 7 n+l _ >
5 Fe(ve,) < 2H' )+/N2aom 5 (69)
and
-1 <o, <b., <1+cwey. (70)

The condition in Lemma gives a fixed non-empty open set on which v, > %
for all j.

It only remains to prove that & (ve,) is bounded away from 0. To see this, we
will prove first of all that if & (w;) — 0 with &; — 0 for a sequence w; € WH2(N)
satisfying F'c, 4(w;) = 0 and limsup,_,., supy |w;| < oo, then we must have
that {w; = 0} = 0 for all sufficiently large j. If this is false, then passing to
a subsequence without relabelling, we find points y; such that w;(y;) = 0. Let
ro € (0,inj(N)). Let w; : BY%(0) — R be defined by w;(x) = w;(exp,, (5;7)).

Then @; solves the PDE Aw; — W'(w;) = —¢;g on By (0), where A is the

J
Laplace-Beltrami operator with respect to the metric obtained by pulling-back the
Riemannian metric to B (0) via the map = — expy, (€;x). Note that w;(0) =0

for all j and that for any compact set K C R™"! we have that [, 3|Vw;|*> +
W(w;) — 0 as j — oo. Since w; is bounded, it follows from the De Giorgi-
Nash-Moser estimates that w; is locally uniformly Holder continuous on R+,
By Schauder theory, we then have in fact that wj; is locally uniformly bounded
in 0% for any a € (0,1). Using a diagonal argument, we then obtain an entire
C?%“ solution w to Aw — W'(w) = 0 on R"*! such that [, 3|Vw|* + W(w) = 0.
This forces w = 1 or w = —1. But this is impossible since we must also have
w(0) = 0. Thus we have {w; = 0} = 0 as asserted. Returning to the sequence
(ve;), if liminf; o &, (ve,) = 0, then passing to subsequence and taking w; = v,
in the preceding discussion, we see that since ve; is somewhere positive by Lemma
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we must have that infy ve; > 0 for all sufficiently large j. Since v., satisfies
£;Av,, —€;1W/(v5j)+g = 0on N, evaluating at any z € N with v.,(2) = infy v,
we see that W' (infy ve,) = e7Ave,(2) +¢59(2) > 0. Since W'(t) <0 for ¢ € [0,1]
and infy ve, > 0 for all sufficiently large j, this implies that infx v.; > 1 for all
sufficiently large j. To complete the argument, note that the negative gradient
flow of F., with initial condition 1 tends to b, (by the definition of the latter). We
consider the negative gradient flow for .7-"5 Wlth initial condition Ve, this flow is
time-independent. Recalling that 1 < v, § b ;, the parabolic maximum principle
then implies that Ve, = bgj.

We have thus shown that if liminf; . &, (ve;) = 0 then along a subsequence

we have v, = b, a possibility we have excluded earlier in this section. There-
fore we must have that liminf; .o & (ve;) > 0. This concludes the proof of
Proposition [6.1}
Remark 6.7 (The case Ricy > 0, g = cnst). In the case in which N has positive
Ricci curvature and g = A € (0, 00), it follows from the expression of the second
variation of F; ) that stable solutions to F’c x = 0 must be constant functions on
N (see e.g. [Bel, Proposition 7.1]). It is then easy to check that there are only
two stable solutions to F'. » = 0, one of which is a constant close to —1 and the
other is a constant close to +1. Then the first solution has to be the function
that we denoted by a., while the second is the function that we denoted by b..
In particular, in the argument given at the beginning of this section, the function
hs = v had to agree with b, giving a contradiction. We therefore conclude that
when N has positive Ricci curvature and g = A € (0,00) the minmax solutions
ue produced by Proposition cannot yield (through their associated varifolds)
a completely minimal hypersurface, in other words the open set {us = +1} is
non-empty.

7 Extension to the case of non-negative Lipschitz g

We shall continue to assume that N is a compact Riemannian manifold. Having
completed (in Section @ the proof of Theorem for g € CH1(N) with g > 0,
we can now use a fairly straightforward approximation argument, based on the
estimates of Theorem [£.3] to generalise Theorem [I.1] to the case of Lipschitz g
with g > 0. This will establish Theorem [[.I]in the stated generality.

Let g : N — [0,00) be Lipschitz. Choose g; € C*(N) such that g; > 0 and
g; = g in C°(N) as j — oo, with sup; [|gjllcr(vy < T, where T' = supy [g| +
Lip (9) + 1. (To this end, it suffices to consider g + d; for a sequence of positive
numbers (§;) with §; — 0 as j — oo and then define g; to be the convolution of
g+ 0; with an appropriate mollifier.) By applying the main results of Sections
and |§| taking g; in place of g we get that for every j, there exist a sequence
(e]) with €] — 0% as k — oo and a sequence of critical points u_j : N — R of

F i ; with Morse index at most 1 with the following property: the associated

€1,09
varifolds ij =V satisfy ij — oV as k — oo, where V7 is a non-zero integral
n-varifold that can be written in the form VI = Vj +Vi such that the conclusions
of Theorem 4.1 hold with VOJ, VJ oV in place of Vp, Vg, V respectively, and with

VJ # 0. Indeed for each j, we have one of the following two possibilities for the
sequence (u, ) Palty:

(i ) for each k, u,_ i is a min-max critical point of F_ i

1| taken w1th €= 5k7 or,

(ii) for each k, Uy = where Ues .is the stable critical point of J:Ei,o'gj given
by Proposition taken with &, in place of ;.

o, given by Proposition

69



To produce the desired hypersurface with mean curvature prescribed by g, we
wish to take the varifold limit of (a subsequence of) the sequence (ng;_ ). How-
ever, since we have not established a uniform upper bound on the Morse index of
gen-reg Vi (with respect to the functional A — Vol ), there is not enough infor-
mation in the sequence (V) to immediately yield regularity of lim;_o V. To
circumvent this issue we proceed slightly differently as in the following outline: we
take the varifold limit of (a subsequence of) the sequence (V) (with V7 including
both ng}_ and the possible minimal portions Vy), and exploit the index bound on
U to deduce regularity of V' = lim;_,o, V/ (namely, that away from a genuine

singular set sing V' of Hausdorff dimension < n — 7, spt |V]| is locally given by the
union of a finite number of—in fact at most three—C? embedded ordered graphs)
and that the convergence V7 — V is locally graphical and in C? away from sing V/
and away from possibly one additional point. It then readily follows that ng -V
locally in C? away from a closed set of singularities sing V; of Hausdorff dimension
< n — 7 and away from one possible additional point, and that spt ||V, \ sing V;
is the desired immersed, quasi-embedded hypersurface. The fact that V, # 0 is an
easy consequence of the monotonicity formula. We now provide a more detailed
exposition of these steps.

By construction, the varifolds V7 are integral, with generalised mean curvature
uniformly bounded by supy |g| + 1. Moreover V7 have mass ||V7||(N) uniformly
bounded from above; this follows from Lemma in case the sequence u_; cor-

k

responding to V7 consists of min-max critical points as in (i) above, or from
inequalities 1@) and 1} in case the sequence u_; corresponding to V7 consists
k

of stable critical points as in (ii) above. Hence by Allard’s compactness theorem,
upon extracting a subsequence that we do not relabel, we have V7 — V with V a
non-zero integral varifold and having first variation in L (||V]]).

Lemma 7.1. Let V' be as above, and let C be a tangent cone to V at a point
p € spt||V||. Then C is a stationary integral n-varifold on T, N ~ R™ ™! with
stable regular part and no classical singularities.

Proof. Let (V7) be the sequence of limit(g;,0)-varifolds as above so that V =
lim; o0 V3 on N. It follows from this and the definition of tangent cone that
there is a sequence of numbers p; — 07 and a subsequence (V7¢) such that

(M0,p, 0 €xp, ") VI* = C (71)

. [ee] .
as varifolds on R™*!. For each ¢, there is a sequence (Eff) with € — 07
k=1

. . ¢ - .
as k — oo and critical points ué) = uz, of Fip 5 asin (i) or (ii) above
k k Je

(with j, in place of j), such that V7¢ is the limit varifold corresponding to the

sequence (ug))z’;l. Since the Morse index of u,(f) is < 1, we have that either (a)

(£)yoo
K )Re1
is stable in N \ NV, /2(p). Since (a) or (b) must hold for infinitely many ¢, we

may pick an appropriate diagonal subsequence (u,(f))fil and argue exactly as in

the proof of Theorem part (ii), to first conclude that either CI_B?/JQ1 (0) has

stable regular part and no classical singularities, or that CL (R"+1 \B{‘E%O))
has stable regular part and no classical singularities. Since C is a cone, either of
these possibilities implies the full conclusion of the lemma. O

a subsequence of (ugf)),;";l is stable in NV, /2(p), or (b) a subsequence of (u

In order to establish regularity of V', it is convenient to first prove the following
lemma which concerns the “stable case;” this lemma can then be used in a fairly
standard way to handle the Morse index < 1 situation at hand.
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Lemma 7.2. Let g, g; be as above so that g; € C»Y(N) with g; > 0 for j € N,
sup; |lgjllcr(nvy < T for some T > 0 and g; — g in CO(N). Let V7, V be the
varifolds as above, and let U C N be open. For each j, assume that VIL_U
is a stable limit (g;,0)-varifold in U (in the sense that there is a sequence of
critical points u . of ]-'J 00 corresponding to V7 such that u < are stable in U

fork=1,2,3,. ) Then singVNU (= (spt ||V \ gen-reg V) N U) has Hausdorff
dimension < n-—"7T (and is empty if 2 < n < 6). Moreover, the convergence
VI — V is graphical and in C? in any compact subset of U \ sing V.

Proof. First consider a point p € spt ||V|| NU such that at least one tangent cone
to V at p is supported on a plane P. Let ¢ = O(||V],p) (a positive integer).
Let g = €o(n,q,N,T") and g = p(n, N,T') be the constants as in Theorem
taken with p = inj N. Identify T, N with R"™! such that P is identified with the
hyperplane R™ x {0}. By the definition of tangent cone, we can choose sufficiently
small r = r(p) > 0 with 7 < 1 min{inj(IN'), dist(p, 8U)} so that if V is the pull back

~ n+1
of VL By,.(p) by the exponential map at p, then V satisfies WH(E;W(O)) <gq+1/4,

IVII((Br(0)xR)NB3," (0))

qg—1/4< — < g+ 1/4 and

Qpr + (2r) "2 |22 d|| V|| < e0/2.

/(B?(O)XR)QBST“(O)
Then by varifold convergence, it follows that for all sufficiently large 7,

IV7)1(B5," (0))

< 1/2
wn(2r)" <g¢+1/2,

IV ((BE(0)xR)NB3 T (0))

wpT™

qg—1/2< <q+1/2 and

2ur + (2r) "2 lz" 2 d|| V|| < e

/(Bn(o)xR)nB"“(o)

where V7 is the pull back of V7L By,.(p) by the exponential map at p. We can
therefore apply Theorem part (ii) to conclude that for any given 6 € (0,1)
and all j sufficiently large, V7 I_(BT’}/2 (0) x R) N BZF(0) is made up of graphs of ¢
ordered functions over B;L/z(O), of class C%*? with C%*? norm bounded from above
independently of j. (To this end, note that the constant C' on the right-hand-side
of the estimate in Theorem [4.3| part (ii) depends on g; only in terms of an upper
bound on |[|g;||¢1(n), and we have by assumption that |g;[lc1(ny < T.) By the
Arzela—Ascoli theorem, it follows that VI_(B"/2( ) x R) N BZ(0) is the sum of
multiplicity 1 varifolds associated with graphs of ¢ ordered functions over B,./5(0)
of class C?*?. Thus p € gen-reg V.

Let ¥ C spt||V]| N U be the set of points where no tangent cone to V is
supported on a hyperplane. Then by the above ¥ = sing VNU, and by Lemmal[7.1]
Theorem and Lemma we have that ¥ = () if 2 < n < 6 and dimy (X) <
n — 7 if n > 7. The final conclusion of the lemma asserting the C? convergence
Vi — V locally away from sing V follows from the discussion in the preceding
paragraph. L

Returning to the analysis of V/ — V on N, we next fix a small arbitrary
7 € (0,inj(N)) and a (finite) cover of spt||V| by open balls N, o(pf), k& =
1,2,...,N(r), with radius 7/2 and centre pj, € spt|V|. We then consider the
following two possibilities, one of which must hold:
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(a) there exists a subsequence (j¢)72; of the sequence (j)52; such that for every
ke {1,2,...,N(7)} and every ¢ > 1, the restriction V7¢L_N,(p}) is a stable
limit (gj,,0)-varifold in N7 (p});

(b) thereis jo = jo(7) € Nsuch that for every j > jg thereis k(j) € {1,2,...,N(7)}
such that VIL N, (Pr(j)) is not a stable limit (g, 0)-varifold in NV-(pf;)).

Remark 7.1. If for some fixed j and some point p € N the varifold V7L N, (p) is
not a stable limit (g;,0)-varifold in N;(p), then no subsequence of the sequence

(uai)i‘;l can be stable (with respect to fei,agj) in N;-(p). In this case, since

Ugg has Morse index < 1 in N, it follows that ugg s stable in N \ N;(p) for all

sufficiently large k, and hence VIL(N \ N, (p)) is a stable limit (g;,0)-varifold in
NAN:(p).

If case (a) occurs for some 7 € (0,inj (NV)), then for every k € {1,2,...,N(7)}
we can apply Lemma [7.2] with U = N (p}) to conclude the following:

(a’) sing V has Hausdorff dimension < n—7ifn > 7 and singV = 0 if 2 < n < 6;
moreover, there is a subsequence (V7¢) of (V7) such that the convergence
Vit — Visin C? (as ordered graphs) in each compact subset K C N\sing V.

Remark 7.2. In the last part of this section we will point out that sing V' is in fact
finite if n = 7.

If case (a) fails for every 7 € (0,inj(NN)), then for an arbitrary sequence of
positive numbers (7¢)72, with 7, — 0, case (b) holds with 7 = 7, for every ¢ > 1.
In this case, by Remark there is a subsequence (V7¢) of the sequence (V7)
such that for each £ > 1 and some py, € spt ||V||, VI¢L(N\N,(p¢)) is a stable limit
(9j,,0)-varifold in N \ N, (p¢). Then, since spt ||V is compact, there is a point
Doo € spt ||V]] such that passing to a subsequence which we index by ¢ again, we
have that p; — po whence, for any § > 0, the ball N5(ps) contains N, (p,) for
all sufficiently large ¢. Consequently, V7L (N \ Nj5(poo)) is a stable limit (g;,,0)-
varifold for each 6 > 0 and sufficiently large ¢ (depending on 4). Since 6 > 0 is
arbitrary, we may again apply Lemma to conclude the following;:

(b’) there is a point ps, € spt||V| and a subsequence (V7¢) of the sequence
(V7) such that for each § > 0 and sufficiently large ¢ (depending on §), the
varifold V7¢ is a stable limit (gj,,0)-varifold in N \ Nj(peo); consequently,
the convergence V7¢ — V is in C? (as ordered graphs) in each compact set
K C N\ (singV U {po}); moreover, if n > 7, then sing V (which may or
may not include ps ) has Hausdorfl dimension < n — 7; if 2 < n < 6, then
singV C {poo}-

Remark 7.3. In the last part of this section we will improve this to say that sing V'

is finite if n = 7 and empty if 2 < n < 6.

Note that since (a) or (b) holds, either (a’) or (b’) must hold. For notational
convenience, let us relabel the subsequence (V7¢)2 in either case as (V7 )51, and
the subsequence (g;,)72; as (g;)521-

Now let V,; be the varifold limit in N of the sequence (ngj), and note that
Vy # 0 because ngj # 0 for all j and, in view of the uniform L* bound on
(gj), there is a uniform positive lower bound for ||VqJJ [I(N) by the monotonicity
formula applied in a ball of radius inj (V) around an arbitrary point of spt ||Vgi II.
Moreover, the local C? convergence V7/ — V away from sing V' (in case (a’)) or
away from sing V' U {ps} (in case (b’)) implies that the convergence Vg];, — Vg is
also locally in C? away from sing V' (in case (a')) or away from sing V U {p} (in
case (b’)). In view of this local C? convergence, and the fact that the C? graphs
locally describing VgJ; on N\ singV (in case (a’)) or on N \ (singV U {pso}) (in
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case (b’)) have scalar mean curvature g;, we conclude that Vj is, away from sing V,
locally given by a union of C2? graphs each having mean curvature g for one of
the two choices of unit normal 7 on each graph. Since g is Lipschitz, it follows
from this that Vj is of class C** for any o € (0,1) away from sing V. It also follows
from this and the Hopf boundary point lemma that gen-reg V, = spt || V|| \ sing V'
is quasi-embedded (in the sense defined in Remark .

It now follows from Theorem that V, has multiplicity 1 on reg V; N{g > 0}
(where reg V; is the embedded part of spt ||V;||). For if not, then there is a point
y eregV,N{g > 0} and a ball B = N,(y) with spt ||V || " N2,(y) C regV,, with
Poo € N\ Nap(y) in case (b'), and with g > 0 on B such that VL B has integer
multiplicity & > 2 and spt |V|| N B has mean curvature gn for some choice of
continuous unit normal 7. By the C? convergence ng;_ — Vg in B, it follows that
there is an open set Q C N with spt ||V, | VN, /2(y) C © and VL Q consisting of
k normal graphs G%, £ = 1,2,..., k, of class C?, over spt [|V||N B, /2(y), with each
Gﬁ converging in C? to spt ||V, || N B, /2(y) as j — co. Furthermore, since g; > 0 in
B, it follows by Theorem (iii) that for each j,Zthe graphs Gf, £=1,2,...k, ar(z

J

distinct, and have mean curvature given by g;v; with the unit normal vectors v;

to Gg close to 7 (by the C? convergence). Since ULF:lG? is contained in the phase
boundary, this contradicts Theorem (iii) which says that the mean curvature
vector must point into the +1 phase everywhere on the phase boundary. Thus V
has multiplicity 1 on reg V, N {g > 0} as claimed.

The local C? convergence VJ, — V, on N \ singV' (in case (a’)) or on N\
(sing V U{ps}) (in case (b')) further gives that condition (T) of [BelWic-2, Sec-
tion 1.3] is satisfied by V. We can then apply [BelWic-2, Theorem 4.1] and
[BelWic-2, Remark 4.6] (the validity of which extends, with the same reason-
ing as in [BelWic-2], to the case of Lipschitz g) to conclude that the varifold
VyL(N \sing V) in case (a’) or V,L(IV\ (sing V U {po})) in case (b') can be real-
ized as the pushforward of an oriented n-manifold via a two-sided immersion with
mean curvature given by g, where v is a choice of unit normal to the immersion.
Since both sing V' in case (a’) and sing VU{ps } in case (b’) are lower dimensional,
Vy is realized by the same pushforward.

If case (a’) arises, then the proof of Theorem is now complete with M =
spt || Vgl \ sing V' except when n = 7 (in which case it remains to show that sing V'
is finite).

If case (b') arises and n > 8, then the proof is complete with M = spt ||V, ]| \
sing V.

If n = 7, sing V must be finite (in either of the cases (a’) and (b")) by essentially
the same argument as for the corresponding claim in Theorem [4.2) part (iv).
This goes as follows: if sing V' is an infinite set, then since spt ||V|| is compact,
there are points y,y, € singV for k = 1,2,3,... with y # y and yx, — y as
k — oo. Rescaling (exp;l)# V about the origin (in T, N ~ R®) by the sequence
pr = |exp, L(yx)| produces, after passing to a subsequence, a tangent cone C =
limy o0 70,0, # (€xp, ') 4 V. Note that we have of course that po, & Nap, (y) \

N, /a(y) for all sufficiently large k, and hence, for each £ and all sufficiently

large j, the varifolds V7 are stable limit (g;,0)-varifolds in Na,, (y) \ N, 4(y).

Thus if CI_(B;}/J;l (0)\ B?/ng (0)) were regular, it would follow from Theorem

part (i) that VL (N3, /2(y) \ Ny, /2(y)) would be regular, contrary to the the
fact that y, € singV. Hence there is a point z € sing C \ {0} whence the ray
{Az : A > 0} C singC. This is impossible by Lemma and Theorem
according to which sing C must be 0-dimensional.

The only remaining case to analyse is when (b’) arises and n € {2,3,...,6}.
In this case, the proof of Theorem would be complete with M = spt ||V ]|
provided we can check that p,, € gen-reg V. To see this, consider any tangent
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cone C to V at ps. By Lemma [7.1] and Theorem
C=q|P|

for some hyperplane P of T}, N and a positive integer g. With ¢, P as above, we
can now argue essentially as in the proof of Theorem part (iii). First apply
Theorem with V = {V}, Uy = N, Xg = poo and B = (1 + u)teg where
uw = p(n,N,T'), € = ¢¢g(n,q, N,T') are as in Theorem taken with p = inj N,
to conclude that (exp,!)xV near the origin 0 € R"*" ~ T, N is the sum
of ¢ multiplicity 1 varifolds associated with ordered C'® functions u; < ug <
... < ug over a ball B} (0) C P ~ R" x {0}. Note that in this application of
Theorem hypothesis (b) holds because all tangent cones to V' (including at
Poo) are supported on hyperplanes, and hypothesis (c) (for the above choice of j3)
is verified by applying Theorem [4.3] part (ii) to the approximating varifolds V7.
Indeed, since © (||V||, pso) = ¢, the density assumption in hypothesis (c), namely,
that ®(||770,p#‘~/||, Y) < gforallY € BI(0) where V = (To exp;(l)# VLN, (X)
(notation as in hypothesis (c)), guarantees that p. & N,(X), ensuring that for
each ¢ € (0,1/2) and sufficiently large j (depending on § and p), V7 are stable
limit (g, 0)-varifolds in N(;_s),(X). Hence Theoremis applicable to V7 in the
ball N(1_),(X) for any § € (0,1/2), and letting first j — co and then § — 0 (for
fixed p) we see that V satisfies hypothesis (c) of Theorem[3.2] Finally, since V' is of
class C? away from poo, we see that the functions u; are of class C? away from peo.
It then follows by a standard cut-off function argument that each u; separately is
a weak solution to one of the three equations in (18)) on B} (0), and hence, since
g is Lipschitz, that u; € C?? for each j and each o € (0,1). This concludes the
proof of everywhere C** regularity of V, and hence of V,, in case (b’) and in
dimensions n € {2,3,...,6}. The proof of Theorem is now complete.

8 Appendix: index of notation and definitions

The following notation and definitions are used throughout the article. Here
N is an (n + 1)-dimensional Riemannian manifold.

e injy N: injectivity radius of V at X € N.

e inj N: the injectivity radius of V.

e M: closure in N of M C N.

e w,: Lebesgue measure of the unit ball in R".

e H*: k-dimensional Hausdorff measure on N with respect to the Riemannian
metric on N.

o H™L M: the restriction of H™ to M C N, defined by H" L M(A) = H" (AN
M) for AC N.

e dimy (A): Hausdorff dimension of A C N.

e |M|: multiplicity 1 n-varifold on N associated with the n-rectifiable subset
M CN.

o |V||: weight-measure on N associated with the varifold V on N.
e VL O: restriction of varifold V on N to open subset O C N.

e fuV: push-forward of varifold V' on N by difficomorphism f : N — N’
between manifolds.

e 0*F: reduced boundary of the Caccioppoli set & C N.
e N,(X): normal coordinate ball in N of radius p > 0 and centre X.
e limit (g,0)-varifold: Definition [I] (Section [3.T)).
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e stable limit (g, 0)-varifold: Definition |1| (Section |3.1)).
e classical singularity: Definition 2] (Section [3.2)).

e (g, B)-separation property: Defintion [3| (Section .
e quasi-embedded point: Definition [4| (Section .

e gen-reg V: Definition [ (Section [3.2)).

e singV:

Definition [6] (Section [3.2).

e reg V: Definition [7] (Section [3.2)).

e quasi-embedded PMC (g,0) structure: Definition [§] (Section [4.1]).
e A in Sections [5] and [6} shorthand notation for 3|loge |.

e H, H°: functions defined in Section

o U U,: functions defined in — (Section .

e dy7: (unsigned) Riemannian distance to M (Section .

e M: oriented double cover of M (Section EI)

e : M — N: (minimal) immersion of M into N.

o diffeomorphism F' and its domain V37: Section

e K: compact subset of M chosen in Section [6.3

e B; C D; (j € {1,2}): geodesic balls in K chosen in Section
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