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Abstract

In [BelWic-1] we developed a regularity and compactness theory in Euclidean
ambient spaces for codimension 1 weakly stable CMC integral varifolds satisfying
two (necessary) structural conditions. Here we generalize this theory to the setting
where the mean curvature (of the regular part of the varifold) is prescribed by
a given O ambient function g and the ambient space is a general (n + 1)-
dimensional Riemannian manifold; we give general conditions that imply that the
support of the varifold, away from a possible singular set of dimension < n — 7, is
the image of a C2 immersion with continuous unit normal v and mean curvature
gv. These conditions also identify a compact class of varifolds subject to an
additional uniform mass bound.

If g does not vanish anywhere, or more generally if the set {g = 0} is suffi-
ciently small (e.g. if H™ ({g = 0}) = 0), then the results (Theorems
and below) and their proofs are quite analogous to the CMC case. When g¢ is
arbitrary however, a number of additional considerations must be taken into ac-
count: first, the correct second variation assumption is that of finite Morse index
(rather than weak stability); secondly, to have a geometrically useful theory with
compactness conclusions, one of the two structural conditions on the varifold must
be weakened; thirdly, in view of easy examples, this weakening of a structural hy-
pothesis necessitates additional hypotheses in order to reach the same conclusion.
We identify two sets of additional assumptions under which this conclusion holds
for general g: one in Theorems (giving regularity and compactness) and
the other in Theorems 1.5[] (giving regularity only). We also provide corol-
laries for multiplicity 1 varifolds associated to reduced boundaries of Caccioppoli
sets. In these cases, some or all of the structural assumptions become redundant.

Finally, as a direct corollary of the methods used in the proofs of the above
theorems, we obtain an abstract varifold regularity theorem (Theorem [9.1)) which
does not require the varifold to be a critical point of a functional. This theorem
plays a key role in the analysis of varifolds arising in certain phase transition
problems, which in turn forms the basis of a PDE theoretic proof of the existence
of prescribed mean curvature hypersurfaces in compact Riemannian manifolds
([BelWic-2]).
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1 Introduction

In the authors developed a sharp regularity and compactness theory in
open subsets of the (n + 1)-dimensional Euclidean space (n > 2) for a general class
of integral m-varifolds having (generalised) mean curvature locally summable to an
exponent p > n and satisfying certain structural and variational hypotheses. The
structural conditions—of which there are two—are local conditions that only concern
parts of the varifold that a priori have a “Ch® structure”; specifically, they require
that:

(i) the varifolds have no classical singularities (see Definition [1.5( below) and

(ii) the coincidence set near every touching singularity (Definition [L.6] below) is H"-
null.

The variational hypotheses require, roughly speaking, that the orientable regular parts
of the varifold (non-empty by Allard theory, but may a priori be small in measure)
are stationary and stable with respect to the area functional for volume-preserving
deformations. This stationarity condition is well-known to lead to a CMC condition
(constant scalar mean curvature with respect to a continuous choice of unit normal) on



the regular orientable parts. In fact it is equivalent to stationarity, for some constant
A, with respect to the functional

J=A+ AVol

for unconstrained compactly supported deformations, and moreover, an oriented im-
mersion is stationary with respect to J if and only if, with respect to some choice of
unit normal, it has scalar mean curvature equal to A. Here A, Vol denote the area
functional and the enclosed volume functional respectively. The main regularity result
of [BelWic-1] states that a varifold satisfying the above structural and variational hy-
potheses is supported on the image of a smooth, proper CMC immersion away from a
possible “genuine” singular set ¥ of codimension at least 7, and that its support away
from ¥ is in fact quasi-embedded, meaning that it may fail to be embedded only at
points where (locally) the support consists of precisely two smooth embedded CMC
disks intersecting tangentially and each lying on one side of the other. The associated
compactness theorem of [BelWic-1] says that any family of such varifolds that addi-
tionally satisfies locally uniform mass bounds and a uniform mean curvature bound is
compact in the topology of varifold convergence.

In the present paper we generalise the theory of [BelWic-1] to the setting where the
mean curvature is prescribed by a C® function g on the ambient space. This condition
on the mean curvature has a variational formulation: An orientable immersion has
scalar mean curvature, with respect to a choice of orientation, equal to g everywhere
if and only if it is stationary with respect to the functional

Jyg = A+ Volg,

where Vol is the relative enclosed g-volume (see Definition below). Thus we here
study codimension 1 integral n-varifolds with generalised mean curvature locally in LP
for some p > n and satisfying two structural conditions ((i) above and (ii) appropriately
weakened in case {g = 0}) # 0) whose orientable regular parts are stationary and
stable in an appropriate sense with respect to J;. We shall, at the same time, treat
here the case of a general (n + 1)-dimensional Riemannian ambient space N. We
achieve the latter generalisation by considering (cf. [SchSim8&1], [Wic14]), locally near
any given point X € NN, the pull back, via the exponential map, of the functional J,
to the tangent space Tx, N (identified with R™"*1). Since the pull back of Vol, (on
hypersurfaces in N) is equal to a functional of the same type, namely, to Vol N

| ] goexp x
(on hypersurfaces in a ball in R"*! taken with the Euclidean metric) where £ is th((;
Riemannian matric on IV, it is convenient and efficient to handle, as we do here, both
generalisations simultaneously.

If g is non-zero everywhere, these generalisations are straightforward, and the reg-
ularity and compactness theorems (Theorems and below) and their proofs are
indeed completely analogous to those in the CMC case treated in [BelWic-1]; slightly
more generally, these results carry over to the case H"({g = 0}) = 0 just as eas-
ily (Theorems [A.1] and [A.2) with one additional mild assumption (hypothesis (b”) of
Theorems M and M When ¢ is an arbitrary C1® function on N however, there
are a number of subtleties that enter both the statements of the theorems and their
proofs. For that reason, we shall discuss the results for arbitrary g (Theorems
and separately.

The methods employed in the proofs of the above results lead very directly to a
certain abstract regularity theorem (Theorem for codimension 1 integral varifolds




V' with no classical singularities in a Euclidean space. This theorem can be regarded
as a higher-multiplicity version of the codimension 1 Allard regularity theorem. Like
the Allard regularity theorem, it does not require V' to be a stationary point of a
functional, but instead assumes a certain condition on the first variation of V with
respect to the area functional. When V is the pull-back under the exponential map of
(a portion of) a varifold V on an (n+41)-dimemsional Riemannian manifold N, this first
variation condition is implied by summability to a power p > n of the generalised mean
curvature of V in N. In place of the second variation hypotheses imposed in the results
proved elsewhere in the present work, this theorem makes a hypothesis of a topological
nature. Because of the “non-variational” nature of the hypotheses, this theorem is
of fundamental importance in our work [BelWic-2] that establishes regularity of limit
varifolds associated with sequences of Morse index bounded solutions to inhomogeneous
Allen—Cahn equations. The study of these limit varifolds (without any second variation
hypotheses) was initiated in [RogTon08], [Ton05] and [HutTon00]. These works left
open the possibility that higher (even) multiplicity, zero-mean-curvature portions may
appear in the limit and that these pieces may merge with the phase boundary on a
large set in an irregular fashion. As shown in [BelWic-2], these extraneous minimal
portions can be smoothly removed subject to a Morse index bound on the Allen—Cahn
solutions, and Theorem is a key ingredient in that analysis.

The present article should be taken in conjunction with [BelWic-1] as well as with
[Wicl4]. The latter treated the case g = 0 of our results here for prescribed mean cur-
vature varifolds. It established regularity and compactness theorems, similar to those
here, for area-stationary codimension 1 integral varifolds with no classical singularities
and stable regular parts; in the case g = 0, the maximum principle implies that there
are no touching singularities, so the structural condition (ii) is automatically satisfied.
As regards work that concerns embeddedness criteria for mean curvature controlled
hypersurfaces, the present work may be viewed a natural completion of a theory, follow-
ing [Wicl4] and [BelWic-1], that unifies and extends three earlier well-known theories
dating back to the period from early 1960’s to early 1980’s: the regularity theory for lo-
cally area minimizing hypersurfaces (due to the combined work of De Giorgi ([DeG61]),
Federer ([Fed70]) and Simons ([JSim68§])), the compactness theory for locally uniformly
area bounded stable hypersurfaces with small singular sets (due to Schoen—Simon—Yau
([SSY75]) in low dimensions and Schoen—Simon ([SchSim81]) in general dimensions)
and the regularity theory for boundaries of Caccioppoli sets minimizing area subject
to fixed enclosed volume (due to Gonzalez-Massari-Tamanini ([GMTS0], [GMTS3])).
The present work relies on the techniques developed in the first two of these earlier
works as well as on those developed in [Wicl4] and [BelWic-1].
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vanced Study, Princeton. The authors gratefully acknowledge the excellent research
environment and the support provided by the Institute, and the support by the Na-
tional Science Foundation under Grant No. DMS-1638352.

1.1 Relative enclosed g-volume and other definitions

Let N be a smooth Riemannian manifold of dimension n+1 > 3 andletg : N - R
be a given function of class C%®. In order to characterize variationally the condition
that the mean curvature of an immersed hypersurface in NV is prescribed by g, we will



need the following notion, which extends the definition of enclosed volume ([BDESS,
Section 2]):

Definition 1.1 (relative enclosed g-volume). Let ¢ : S — N be a C! immersion of an
n-dimensional manifold S into N. Let () CC N be an orientable open set such that
So = 171(©) is orientable and has compact closure in S. When these conditions are
met we always assume that the orientations of Sy, @ and the unit normal v to Sy are
chosen so that the frame da(go) A v is positive with respect to the orientation of O.
For € > 0, let ¢ : (—¢,€) x S — N be a C! map such that ¢;(-) = ¥(t,:) : S — N is
an immersion for each t € (—e¢,€), Yo = ¢, Y(z) = o(z) for all (¢,x) € (—€,¢) x S\ Sp
and Y(z) € O for all (t,z) € (—€,€) x Sp). We define relative enclosed g-volume of
¥¢(S) in the oriented manifold O, denoted Vol,(t), by

Vol (t) 1:/ V™ (g xodvoly),
[O,t]XSO

where ypdvoly is the volume form on @ C N induced by the Riemannian metric.

An important class of one-parameter family of immersions is given by pushforwards
by ambient deformations induced by a tangential vector field on N, compactly sup-
ported in ©. When the hypersurface is embedded and agrees with the C' boundary
of a Caccioppoli set E, and when ( is bounded and 1, is an ambient deformation, it
can be checked, writing E; = 94(E), that Voly(t) = fo nE, gdH " — fOﬁEgalH"Jrl
(this justifies the terminology).

With notation as in Definition [1.1} denote by A(t) the area of the immersed hyper-

surface ¢(S) in O, so
A(t) :/ dSt,
Sn=1(0)

where dS; is the n-volume induced on S by v; and by the Riemannian metric on
N; equivalently, denoting by 1) 4|S| the integral varifold V' = (¢4(S5),6y,) where

Op, (Vi(x)) = #{y € S : Yi(y) = (x)}, we have that

e #IS111(0) = / 0, dH"L(44(5) N 0) = A(1).

Let
Jg(t) = A(t) + Voly(2).

Definition 1.2 (Stationarity). Let ¢ : S — N be as in Definition [L.1] above. We say
that ¢ is stationary with respect to J, if for any orientable open subset © CC N such
that Sp = ¢1(©) is orientable and has compact closure in S, there exist orientations
on O and Sy such that for any deformation 1 as in Definition [1.1} we have that

J1(0) = 0.

Note that the condition that a two-sided immersion ¢ : S — N, with unit normal
v, has mean curvature gv is equivalent to requiring a stationarity condition on ¢ with

respect to J, (see Section [2.1)).

Remark 1.1. This variational condition implies in particular stationarity with respect
to the area functional for deformations that preserve Voly, i.e. deformations ¥ (t, ) for
which Voly(t) is constant. The converse of this is “essentially true” in the case g > 0,
on which we will focus in Section but not for arbitrary g, as we will discuss in
later sections (see Remark [1.11]).



Throughout this paper, we will use terminology (essentially) as in [BelWic-1l, Def-
initions 2.1, 2.2, 2.3, 2.4, 2.5]; the only difference is that when g is of class Ch®, the
definitions of reg V and gen-reg V here will require C-regularity instead of smoothness
as in [BelWic-1, Definitions 2.1, 2.5]. This is because standard elliptic theory implies
that the regularity to expect (for our varifolds) is C? (in fact C*®) rather than C°.
Higher regularity can then be deduced from elliptic theory whenever higher regularity
of g is assumed.

The precise terminology we shall use is as follows:

Let V' be an integral varifold of dimension n on N, and let ||V|| denote the weight
measure associated with V.

Definition 1.3 (Regular set reg V' and singular set singV). A point X € N is a
regular point of V' if X € spt||V|| and if there exists o > 0 such that spt ||V|| N B,(X)
is an embedded C? hypersurface of B,(X). The regular set of V, denoted regV, is
the set of all regular points of V. The (interior) singular set of V', denoted sing V', is
(spt ||V]] \ reg V') N N. By definition, reg V is relatively open in spt ||V]| and sing V' is
relatively closed in V.

Definition 1.4 (C'-regular set reg;V'). We define reg,V to be the set of points X &
spt ||V'|| with the property that there is ¢ > 0 such that spt || V'||NB,(X) is an embedded
hypersurface of B,(X) of class C'.

Definition 1.5 (Set of classical singularities singo V). A point X € sing V' is a classi-
cal singularity of V' if there exists o > 0 such that, for some a € (0, 1], spt ||V ||N B, (X)
is the union of three or more embedded C'® hypersurfaces-with-boundary meeting
pairwise only along their common C® boundary + containing X and such that at
least one pair of the hypersurfaces-with-boundary meet transversely everywhere along
7.

The set of all classical singularities of V' will be denoted by sing. V.

Definition 1.6 (Set of touching singularities singpV and the coincidence set). A
point X € singV \ reg;V is a touching singularity of V' if X ¢ sing- V and if there
exists ¢ > 0 such that

spt ||V|| ﬂNU(X) = M7 U M,

where M; is an embedded C1*hypersurfaces of N, (X) with (M; \ M;) NN, (X) =0
for j =1,2.

The set of all touching singularities of V' will be denoted by singr V.

If X € singy V and My, My, o are as above, then for any o; € (0, 0], the coincidence
set of V in By, (X) is the set My N M N By, (X).

Remark 1.2 (Graph structure around a point X € singp V). If X € sing;V then each of
the two C1*hypersurfaces My, Ms corresponding to X (as in Definition contains
X and they are tangential to each other at X; the former is implied by the fact that
X € singV'\reg; V and the latter by the fact that X ¢ sing~ V. Let L be the common
tangent plane to Mp, My at X. Identifying Tx N with R"™! so that L is identified
with R™ x {0}, we then have that for o sufficiently small,

exp)}l spt ||[V][ N B2+1(o) = (graphuj U graphug) N B;H'l(())

for two functions
ur,ug : Br(0) = R



of class C1® such that u1(0) = uz(0) and Duy(0) = Duz(0) = 0. Note that u; # us
since X € singV \reg; V. Note also that we can always choose u1, uz such that u; < us.

Definition 1.7 (Generalized regular set gen-regV'). A point X € spt||V|| is a gener-
alized regular point if either (i) X € regV or (ii) X € sing;V and we may choose C?
functions u; and ug corresponding to X as in Remark such that u; > us. The set
of generalised regular points will be denoted by gen-reg V.

1.2 Regularity and compactness for g > 0

Definition 1.8 (Weak stability). Let + : S — N be an oriented proper C? immersion
as in Definition and suppose that ¢ is stationary with respect to J,. We say that
L is weakly stablf

J;(0) >0

for all deformations v as in Definition satisfying additionally that Voly(-) is con-
stant.

Remark 1.3 (Stationarity and stability for Voly-preserving deformations). For g > 0,
stationarity of an immersion with respect to the area functional A(t) for Volg-preserving
deformations is equivalent to the fact that the mean curvature of the immersion is
given by Ag for some constant A € R (see Section which in turn is equivalent
to stationarity with respect to Jy, for arbitrary deformations. As regards second
variation, however, stability with respect to Jy, for arbitrary deformations is in general
a strictly more restrictive requirement than weak stability (the former notion is in fact
referred to as strong stability).

We begin by stating some natural generalizations of the results in [BelWic-1] for the
case in which we have strictly positive ambient functions g; these are special instances
of the general theorems (Theorems and below) proved in this work.

Theorem 1.1 (regularity: special case g > 0). Forn > 2 let N be a Riemannian
manifold of dimensionn +1 and g: N — R, g > 0 be a CY® function. Let V be an
integral n-varifold in N such that

(al) the first variation of V is in LY (||V'||) for some p > n;
(a2) singc V =0 (definition [1.5);

(a3) every touching singularity has a neighborhood in which the coincidence set of V
has zero H™ measure (definition @);

Suppose moreover that the following variational assumptions are satisfied:

(b) the (embedded) C' hypersurface S = reg, V is stationary with respect to Jy in
the sense of Definition[I.3 taken with v : S — N equal to the inclusion map;

(c) for each orientable open set © C N\ (spt||V|| \ gen-reg V') such that gen-regV N
O is the image of an orientable proper C? immersion 1o : So — O that is
stationary with respect to Jg, the immersion v» is weakly stable.

!This terminology is customary in the literature at least when g is a constant: we use it also for
any g > 0.



Then there is a closed set ¥ C spt ||V| with ¥ =0 if n < 6, ¥ discrete if n = 7 and
dimy (3) <n—7 if n > 8 such that:

(i) locally near each point p € spt||V| \ ¥, either spt||V| is a single C* embedded
disk or spt || V|| is precisely two C? embedded disks with only tangential intersec-
tion; moreover the set where two such disks intersect is locally contained in a
submanifold of dimension n — 1;

(i3) spt |[VI\Z (= gen-regV ) is the image of a proper C? immersiont : Sy — N and
there is a continuous choice of unit normal v to v such that the mean curvature
Hy (z) of Sy at any x € Sy is given by Hy(x) = g(u(x))v(z).

Remark 1.4. Note that it follows from hypothesis (al) and Allard’s regularity theory
that reg; V' is non-empty, and thus the stationarity hypothesis (b) is never vacuously
true; moreover, since g € C1<, it follows from standard elliptic theory that reg; V is of
class C>®. Also, we shall show (see Remark that whenever ©® C N is orientable,
gen-reg V N O is the image of an orientable proper C? immersion 1 : Sp — © that
is stationary with respect to J,, so that hypothesis (c) indeed contains information
beyond weak stability of reg, V.

Remark 1.5 (A more geometric (smaller) class of varifolds). As pointed out in the
Euclidean CMC framework (see [BelWic-1, Remarks 2.16, 2.17]), we may consider the
restricted class of varifolds satisfying the assumptions of Theorem and the following
additional constraint:

(m) for p € singy V N gen-regV, let Gy = exp,, (graph(uy)), for £ = 1,2, denote the
two embedded C? hypersurfaces that are tangential at p and whose union is
spt |V]| in a neighbourhood of p (notation as in Remark [1.2)). Then the density
function y — O(||V]|,y) is constant on Gy \ singy V for each ¢. (In other words,
the two hypersurfaces have separately constant integer multiplicity).

Condition (m) rules out examples such as that in [BelWic-1, Figure 3]. For the
(smaller) family of varifolds that satisfy (m) in addition to the hypotheses of The-
orem conclusion (%i) of Theorem can be strengthened to the following: there
exists an oriented n-manifold Sy and a C? immersion v : Sy — N that is stationary
and weakly stable with respect to Jg such that V- = 14(|Sv|), gen-regV = 1(Sy) and

the orientation of Sy agrees with g. It is this formulation of the regularity result that
we will generalize to arbitrary g in Theorem

Subject to locally uniform mass and mean curvature bounds, both the class of
integral n-varifolds satisfying the hypotheses of Theorem and the smaller class of
integral n-varifolds identified in Remark are compact in the varifold topology.

Theorem 1.2 (compactness: special case g > 0). Let n > 2 and N be a Rie-
mannian manifold of dimension n+1, let g; : N — R and goo : N — R be positive
functions in CY*(N) such that g; — goo in CY¥(K) for each compact K C N. Let
(V) be a sequence of integral n-varifolds that satisfy the assumptions of Theor@m
with g; in place of g and have locally uniformly bounded mass, i.e. sup; [|V;|(K) < oo
for each compact K C N. Then:

(a) there is a subsequence of (V}) that converges in the varifold topology to an integral
n-varifold Voo that satisfies the assumptions (and conclusions) of Theorem
with g« in place of g;



b) if additionally condition (m) holds with V; in place of V', then condition (m
J
also holds with V in place of V.

In either case (a) or (b), the possibility goo = 0 is allowed, in which case singp Voo = 0.

Remark 1.6 (varifold limit of embedded J,-stationary weakly stable hypersurfaces).
Theorem answers in particular the natural question of characterising, for an ori-
entable ambient space IV, the varifold limit of a sequence of orientable properly embed-
ded hypersurfaces M; with mean curvature g;v; for some continuous unit normal v;
(or equivalently, Jg,-stationary properly embedded hypersurfaces M;) that are weakly
Jy;-stable (i.e. stable for Voly -preserving deformations). Adding assumption (m) as
in (b) identifies a smaller compact class that contains embedded weakly stable hyper-
surfaces.

Remark 1.7 (Stability for ambient test functions). We point out that for the proof
of Theorem a weaker version of the stability hypothesis (c) suffices: namely, it
is enough to assume stability for Volg-preserving deformations of gen-regV (as an
immersion) of a specific type, i.e. those that are induced by any ambient function
¢ € CHO) with fen—regVﬁ(’) ¢gdH" = 0 (here O is as in the theorem). As we will
discuss in Section this integral constraint guarantees that there exists a Volg-
preserving deformation, as an immersion, whose initial velocity is ¢v, where v is the
orientation of gen-reg V' in O given by %.

If (m) is additionally assumed in Theorem then the weakening of (c) just
discussed can be expressed more intrinsically for the varifold by requiring the constraint
on ¢ to take the form [, ¢gd||V|| = 0.

Remark 1.8. In view of Remark an alternative statement can be obtained by
replacing (b) of Theorem u with the requirement of stationarity with respect to the
area functional for Volg-preserving deformations; the conclusion is the same except for
the fact that the mean curvature of gen-reg V' is Ag, for some A € R (c.f. [BelWic-1]).

Remark 1.9 (finite Morse index). Weak g-stability implies that the Morse index with
respect to J, is at most 1. In Section we point out the well-known fact that weak
g-stability, or more generally finiteness of the Morse index with respect to J;, implies
very directly that about any point there exists a ball in which strong stability holds,
i.e. the validity of the stability inequality for all test functions compactly supported in
the ball. This local consequence is the only implication of weak g-stability we will need
for the proof of the regularity conclusion in Theorem (1.1} (The same remark applies
to the other regularity results that we will present).

Remark 1.10 (a more general version of Theorem. It is immediate that the results
of this section also hold if g is strictly negative, rather than strictly positive. The
non-vanishing of ¢ is not the optimal assumption in Theorem which in fact holds
true if g > 0 and reg1 V N {g = 0} has empty interior in reg; V', see Theorem [A.1

1.3 Generalization to arbitrary g € ¢, part I

Remark 1.11 (Voly-preserving deformations, arbitrary g). We begin with the remark
that, when g € C1 is arbitrary, Volg-preserving deformations might not exist at all.
For example, in R? with cordinates (z,v,z2), let ¢ < 0 for x < 0, g = 0 for = 0,
g > 0 for x > 0 and consider the hypersurface given by the plane {z = 0} oriented



by choosing the normal (1,0,0): then every deformations strictly increases Volg, so
stationarity for Volg-preserving deformations has no content.

Moreover, even if Vol,-preserving deformations exist, stationarity with respect to
area for Vol, preserving deformations does not imply, for any choice of constant A,
stationarity with respect to Jy4. Consider the following example (where g > 0): let
g>0in{(z,y,2): 22+y?>+22 < 1}and g = O on {(=,y) : 22+y?+2% > 1} and consider
the unit sphere S. Then any Volg-preserving deformation of S must be one-sided,
i.e. parametrized on ¢ € [0, ), with initial velocity pointing outward. (If we push S to
the interior of the unit ball in a neighborhood of any point, then the enclosed volume
strictly decreases, and cannot be balanced by pushing S into the exterior somewhere
else.) In fact S is a minimizer of area for Volg-preserving deformations. However, S
does not satisfy %’ r—0Irg(t) = 0 (for any ) for if it did, then the mean curvature
must be equal to Ag which vanishes on S. Thus weak g-stability (i.e. stability for Vol,
preserving deformations) is not the correct notion of stability to consider for general
g. Recalling Remark (which says that in case g > 0 weak g-stability implies Morse
index 1 with respect to J;), we shall consider, for general g, the class of stationary
points of .J; with Morse index 1, or more generally, bounded Morse index.

Definition 1.9 (Finite Morse index relative to ambient functions). Let s be a non-
negative integer, @ C N be an orientable open set and let ¢ : S — (© be an oriented,
proper C2? immersion, with unit normal v, that is stationary with respect to Jg. We
say that ¢ has Morse index s in O relative to ambient functions if s is the dimension
of the largest subspace F of C}(©) such that for each ¢ € F,

J5(0) <0

for (normal) deformations v given by ¢ (¢,z) = exp, () (e(x) + (¢ o 1(x))(vy(x))) Where
x € Sandte (—e ) for some e > 0.

Concerning the structural hypotheses, we shall continue to assume (a2) of Theo-
rem i.e. that sing V' = 0, and this is of course necessary. As regards the struc-
tural hypothesis (a3) of Theorem note that no class of hypersurfaces satisfying
this condition literally can be compact: consider g a smooth non-negative function
that vanishes in the closure of a non-empty open set U, and a sequence of embedded
hypersurfaces with mean curvature prescribed by g, that are stable with respect to J,
and have uniformly bounded area. As illustrated in Figure[l] it is easy to produce an
example in which they converge to a limiting varifold that has a multiplicity 2 minimal
hypersurface in U, with touching singularities on OU (picture on the right of Figure
[). Here (a3) of Theorem [1.1] clearly fails on the limit varifold.

A similar example can be constructed in the case that {g = 0} = C' x R, where C
is a Cantor set with positive measure in R. For the limit varifold we may have that
C x {0} is in the support with multiplicity 2, and that every point in C' x {0} is a
touching singularity for which (a3) of Theorem [1.1|fails. Note that in this example the
set {g =0} Nreg; V has no interior in reg, V.

As it turn out, the remedy for this issue is the following weakening of (a3) of
Theorem which suffices for regularity and compactness theorems in the case of
general g:

(T) Every touching singularity p € singy V' has a neighborhood U, such that the
coincidence set Cy, of V' in U, satisfies H™ (C, N {g # 0}) = 0 (see Definition [L.6));

10
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Figure 1: The embedded hypersurface depicted on the left belongs to a sequence V; converging
in varifold sense to the integral varifold V' on the right, that has a minimal portion with
multiplicity 2. Condition (a3) of Theorem fails for V on 0{g = 0}.

In particular, if ¢ > 0 as considered in Theorem then the two conditions are
the same [

The following regularity and compactness results for arbitrary g are proved in the
present work and provide a general framework to answer the compactness question
raised earlier.

Theorem 1.3 (regularity of finite index J,-stationary hypersurfaces, I). For
n > 2 let N be a Riemannian manifold of dimension n+1 and g: N — R be a C1©
function. Let V' be an integral n-varifold in N such that

(al) the first variation of V in LY (||[V|) for some p > n;

loc

(a2) no point of spt ||V is a classical singularity of spt ||V||;
(a3) V satisfies (T).
Suppose moreover that:

(b) the (embedded) C' hypersurface S = reg, V is stationary with respect to Jy in
the sense of Definition[I.3 taken with v : S — N equal to the inclusion map;

(b") (redundant if g > 0) each touching singularity y € sing; V' has a neighbor-
hood O such that writing exp, ' (spt||[V| N ©) = graphu; U graphugy for CH*
functions u; < u2E| we have that for j = 1,2, the stationarity of S; = reg1V N
exp,, graph(u;) (which follows from (b)) holds for the orientation that agrees with
one of the two possible orientations of exp, graph(u;);

(v*) (implied by (m) if g > 0) for each orientable open set @ C N \ (spt||V] \
gen-reg V') there exist an oriented n-manifold S and a proper C? immersion
Lo So = O with VLO = (to)#(|Sol) such that 1o is stationary with respect
to Jg;

(c) for each orientable open set @ CC N, letting @ = O\ (spt ||V \ gen-reg V) and
to: Sp = N be as in (b*), 1p has finite Morse index in O relative to ambient

functions (Definition .

2To avoid confusion, we remark that in the interior of {g = 0} there are no touching singularities
by the maximum principle for minimal hypersurfaces (and therefore (T) is redundant there), so it is
really on the boundary of {g = 0} that (a3) of Theorem [I.1| has to be replaced by (T).

3Such uy,us always exist by the definition of touching singularity; see remark
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Then there is a closed set ¥ C spt ||V| with ¥ =0 if n < 6, ¥ discrete if n = 7 and
dimy (3) <n—7 if n > 8 such that:

(i) locally near each point p € spt ||V||\ X, either spt ||V]| is a single smoothly embed-
ded disk or spt || V|| is precisely two smoothly embedded disks with only tangential
intersection; if we are in the second alternative and if g(p) # 0, then locally
around p the intersection of the two disks is contained in an (n — 1)-dimensional
submanifold;

(ii) if N is orientable then there exist an oriented n-manifold Sy, a proper C? im-
mersion ¢ : Sy — N and a global choice of unit normal v on Sy such that
V =14(ISv]), spt ||V|\ X = ¢«(Sy) and the mean curvature Hy () of the immer-
sion at x € Sy is giwen by Hy (x) = g(v(x))v(x); for arbitrary N, this conclusion
applies to VI (N \ {g = 0}).

Theorem 1.4 (compactness). Let n > 2 and N be a Riemannian manifold of di-
mension n + 1, let gj : N — R and goo : N — R be CY® functions such that
9ji — Joo N Cllo’f‘. Let V; be a sequence of integral m-varifolds such that the hy-
potheses of Theorem are satisfied with V; in pace of V and g; in place of g.
Suppose also that we have limsup;_, . [|Vj|[(K) < oo for each compact set K C N
and that limsup;_, ., Morse Index(tp;) < oo for each orientable open set O CC N,
where ©O; = O\ (spt ||V;|| \ gen-regV;) and Lo, 15 as in hypothesis (c) of Theorem .
Then there is a subsequence (V) of (V;) that converges in the varifold topology to
a varifold V' that satisfies the assumptions (and conclusions) of Theorem taken
with goo in place of g. Furthermore, we have that for each orientable open O CC N,
Morse Indez(10) < liminfj_,o; Morse Index (1o, ) where O = O\ (spt || V||\ gen-reg V)
and 1o is as in hypothesis (c¢) of Theorem .

Remark 1.12 (varifold limit of embedded finite-index J,-stationary hypersurfaces). Let
gj = gin Cllof (N), where N is an oriented (n+1)-manifold, and let (M;) be a sequence
of C? oriented embedded hypersurfaces in N such that M; = M; and M; is stationary
with respect to Jy;. Assume that the Morse index of M; with respect to Jy, is locally
bounded uniformly in j. Then for any integral n-varifold V arising as the varifold limit
of a subsequence of the sequence (|M;]) (at least one such V exists if | M;| have locally
uniformly bounded mass in ), we have by Theorem that V is a C? immersion,
ie. V. = 14|S5|, where S is an oriented n-dimensional manifold (possibly with many
connected components), ¢ : S — N is a C? immersion that is stationary and has locally

bounded Morse index with respect to J,;. Moreover dimy, (L(S) \ L(S)) <n—7and

the lack of embeddedness of ¢ can only arise in the manner described in (i) of Theorem
(Within the proof of Theorem see Remark we will also obtain finer
information on the convergence, in particular we will see that it is locally graphical
and C?, possibly with multiplicity, except for a finite set of points in ¢+(S).)

Therefore Theorem characterizes (analogously to what was observed in Remark
the varifold limit of embedded hypersurfaces that are stationary and stable with
respect to the functional J,; under a uniform area bound (a mean curvature bound is
implicilty assumed by requiring g; — ¢ in CH®(N)).

Remark 1.13 (Non-orientable ambient spaces). Consider N that is not necessarily ori-
entable, and let g;, g be as in the preceding remark. Let M; be a sequence of two-sided,
embedded hypersurfaces of N with M; = M; such that the mean curvature of M; is
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gj(z)v;(z) for every x € M; where v; is a continuous unit normal to M;. Then the rela-
tive enclosed volume Voly, need not be well-defined for arbitrary compactly supported
deformations of M; so we cannot speak of stationarity of M; in N with respect to J;.
For deformations supported in any small geodesic ball however Jy; is well-defined and
with respect to such deformations stationarity of M; holds. If additionally the Morse
index of Mj; in any given small geodesic ball is uniformly bounded independently of j,
and if V' is an integral varifold arising as the varifold limit of a subsequence of (|M;]),
it follows from Theorem that V satisfies all of the properties described in the pre-
ceding remark except that in place of orientability of S we have that there exists a
continuous (on S) unit normal to ¢.

Remark 1.14 (On the stationarity assumptions). Assumptions (b*) and (b”) in The-
orem were not required in Theorem The reason for (b”) in the case when g
can take both positive and negative values is the fact that the one-sided maximum
principle does not hold with the same strength as in the case g > 0; we will discuss
this further in Sections [3.2] and Appendix

The fact that hypothesis (b*) is implied by hypothesis (m) when g > 0 will be
discussed in Remark Let us now describe the reasons for assuming (b*). To
simplify the discussion, let g > 0 and consider the varifold in Figure [2| (we may take
a trivial product with R to make n > 2 as in our theorems), with the multiplicities
indicated: here (al), (a2), (a3) are satisfied and there is no “genuine” singular set,
i.e. spt ||V = gen-reg V. Moreover, the varifold satisfies the stationarity assumption
(b) with respect to Jy on regy V' (for an appropriate choice of g > 0).

Figure 2: For this varifold, with the multiplicities as indicated, (T) is satisfied but (b*) is not.
Indeed, writing the varifold as the pushforward via a C? immersion, or writing its support
as the image of a C? immersion, one of the connected components of the immersion is not

stationary for Jg; it is orientable but no orientation agrees with g on {g # 0}.

Note that, around every point, there is a neighbourhood in which spt ||V]] is the
image of a C? immersion that is stationary with respect to .J; (in fact, for g > 0 and
assuming (T), it follows from the one-sided maximum principle in Section that
stationarity of reg V implies that locally around any point gen-reg V' agrees with the
image of a Jy-stationary immersion whose domain is the union of two disks). Also,
locally in a neighborhood of every point, V is realized as the push-forward of an
oriented hypersurface by a C? immersion that is Jg-stationary; in other words, (b*)
is valid locally around any point. However, the only way to write gen-reg V' globally
as the image of a C? immersion is to use an immersion with 3 connected components
with one of them (namely the C? curve starting at the bottom-left point and ending at
the top-right point) failing to be stationary with respect to J,. (The same immersion
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also realizes V' as a pushforward.) This varifold is therefore undesirable from the point
of view of a regularity result whose aim is to conclude that the varifold is globally
a classical Jy-stationary immersion (as in conclusion (ii) of Theorem . Moreover,
this varifold is not a limit of embedded stable J,-stationary oriented hypersurfaces (as
such, undesirable to answer the compactness question in Remark .

The varifold in Figure [2| cannot be ruled out by imposing local structural assump-
tions on the support (assumption (T') on touching singularities was introduced precisely
to allow the support to have local structures such as those in the right picture in Figure
for sing; V): one solution to rule it out is to impose (b*). A different one will be
examined in Section [T.4]

Remark 1.15 (On the stability assumption). Assumption (c¢) in Theorem requires
the finiteness of the Morse index (of the generalized-regular part of V') with respect to
Jg; rather than requiring this for all deformations as an immersion, it does so only for
those deformations that are induced by an ambient compactly supported test function.
(Compare with Remarks andthe case g > 0.) The finiteness of the index implies
(see Section that around every point there is a ball in which stability holds for
deformations that are induced by all ambient test function (supported in the ball),
therefore, for the local conclusion (i), we may reduce to the case s = 0.

Remark 1.16 (The open set O in (b*) and (c)). For conclusion (i) of Theorem [L.3]it
suffices to assume the validity of (b*) and (c) for open sets O of specific type, namely
for @ = C'\ Z, where C is (in local exponential coordinates) an open cylinder or an
open ball and Z is a closed set with dimy(Z) < n—7 (see also Remark[1.23). The fact
that this weaker assumption suffices for (3) will be clear within the proof in Section [f]
(in fact, we will reduce Theorem to Theorem . With this weaker assumption,
conclusion (7i) of Theorem is a priori valid only in any ambient open ball or open
cylinder.

1.4 Generalization to arbitrary g € C*%, part II

The varifolds that satisfy the hypotheses of Theorem are regular and, by The-
orem form a closed set in the varifold topology. For certain applications however,
one is interested not so much on conditions guaranteeing both regularity and closure
as conditions implying regularity alone that are easily checked. In this respect hypoth-
esis (b*) of Theorem may be unsatisfactory. This is the case, for instance, in the
important example of the Allen—Cahn approximation scheme studied in [RogTon08]
(see also [HutTon00]). In that setting, .J, stationary integral varifolds arise as limits
of “weighted” level sets of W12 functions that solve certain PDEs. While hypotheses
(b) and (b”) of Theorem |1.3|can easily be checked in such a situation, hypothesis (b*)
may be difficult to verify or may even be invalid. As pointed out in Remark the
difficulty is that local considerations are not sufficient to check (b*); that is to say,
while (b*) may be valid in a small ball around every point of gen-reg V', it may fail in
large open sets that only intersect gen-regV (as is the case in the varifold in Figure
3.

The result below (Theorem is a regularity theorem which, at the expense of
not having an associated compactness result, allows to draw the same conclusions as
in Theorem [L.3| but with hypothesis (b*) replaced by a condition of a different nature
(hypothesis (a4)). This condition is compatible with the conclusions of [RogTon0g§]
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and thus provides a regularity theorem that can play a role in such a contextﬁ

Theorem 1.5 (regularity, IT (multiplicity assumption)). Forn > 2 let N be a
Riemannian manifold of dimension n+1 and g : N — R be a CY function. Let V be
an integral n-varifold in N such that

(al) the first variation of V in LY (||[V||) for some p > n;

loc
(a2) no point of spt ||V is a classical singularity of spt ||V]|;
(a3) V satisfies (T);
(a4) the multiplicity of V is 1 on reg1 V N{g # 0}.
Suppose moreover that:

(b) the (embedded) C' hypersurface S = reg, V is stationary with respect to Jy in
the sense of Definition[1.3 taken with v : S — N equal to the inclusion map;

(b") (redundant if g > 0) each touching singularity y € singpV has a neighbor-
hood O such that writing exp;l(sptHVH N ©) = graphu; U graphuy for C1¢
functions u; < uQE| we have that for j = 1,2, the stationarity of S; = reg1 V N
exp,, graph(u;) (which follows from (b)) holds for the orientation that agrees with
one of the two possible orientations of exp, graph(u;);

(¢) for each orientable open set @ C N \ (spt ||V \ gen-reg V') with @ CC N, such
that VL O = 1o 4 (|So|) where Sp is an oriented n-manifold and v : So — O is

a proper oriented J4-stationary C? immersion, 1o has finite Morse index relative
to ambient functions (Definition .

Then there is a closed set ¥ C spt ||V|| with ¥ = 0 if n < 6, X discrete if n = 7 and
dimy (X) <n—7if n > 8 such that:

(1) locally near each point p € spt [|V||\ X, either spt ||V|| is a single smoothly embed-
ded disk or spt ||V is precisely two smoothly embedded disks with only tangential
intersection; if we are in the second alternative and if g(p) # 0, then locally
around p the intersection of the two disks is contained in an (n — 1)-dimensional
submanifold;

(ii) If N is orientable, then spt ||V \ ¥ is the image of a proper C* immersion
LSy = N such that V = 14(|Sy|). In this case, letting M; denote the minimal
embedded hypersurface in N (possibly with many connected components) such
that M; C gen-regV and ©(||V||,y) = j fory € M;, there is a continuous choice
of unit normal v on Sy \ t™1(Ujedal;) such that the mean curvature Hy (z) of
Sy \ N (Ujoqal;) at x is given by Hy (z) = g(u(x))v(z); moreover, if each M;
is orientable for j odd, then v extends continuously to all of Sy. Each M; for
7 > 3 is such that E\ M; has Hausdorff dimension <n —17.

4We point out that the integral varifolds obtained by the limiting process analysed in [RogTon08]
may be as those described in the discussion that precedes (T), such as the varifold on the right in
Figure [I} therefore also in this context it is important to weaken the assumption on the coincidence
set to (T).

®Such u1,us always exist by the definition of touching singularity; see remark
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Remark 1.17. If N is simply connected (thus orientable), then it follows from the claim
in Step 4 of the proof of Proposition and Reamrk that M; as above for j odd
are orientable, and hence Sy is orientable. Thus in this case spt [|[V]| \ ¥ is the image
of a proper, oriented C? immersion ¢ : Sy — N such that V = 14(|Sy|).

Remark 1.18. The orientability aspects of conclusion (ii) will be discussed in Remark
4.0l

In case N is non-orientable, for an arbitrary embedded two-sided hypersurfaces M
with a continuous unit normal v, the condition that the mean curvature is gv can-
not be variationally characterised as stationarity with respect to .J; because relative
enclosed g-volume Vol is defined only when M is oriented. (cf. Remark . How-
ever, our proof of Theorem gives the following result, in which hypothesis (b) of
Theorem is replaced with a non-variational mean curvature assumption, and a
conclusion analogous to conclusion (ii) of Theorem is obtained.

Theorem (Non-orientable N). Suppose all hypotheses of Theorem hold
except (b). Suppose that for each open set © CC N \ (spt||V] \ reg, V) such that
reg; V N O is two-sided, there exists a continuous unit normal v such that the mean
curvature Hy on the (embedded) C' hypersurface reg, VOO is given by Hy = gv. Then
conclusion (i) of Theorem holds. Furthermore, if for all odd j, the hypersurfaces
M; as in conclusion (ii) of Theorem are two-sided, then there is an n-manifold
Sy and a proper C* immersion v : Sy — N such that V. = 14(|Sv|), and there is a
continuous choice of unit normal v on Sy such that the mean curvature Hy (x) of Sy
at z is given by Hy (x) = g(u(z))v(x).

Remark 1.19. The two-sidedness of M; for j odd is true for the varifolds obtained in
[RogTon08].

1.5 Remarks on the regularity theorems

Remark 1.20. A key common feature of the variational assumptions in Theorems
is the fact that they are required only on orientable portions of the reqular
set; here regular means C' for stationarity and and C? for stability, i.e. respectively
the regularity conditions that allow to state stationarity and stability for immersions
in a classical way. A priori these portions could be very small in measure, since we
assume no size control on the genuine singular set spt ||V \ gen-regV. The only
global assumption on V is the Lfoc—condition on the first variation, which, by Allard’s
compactness theorem, can be verified in many situations of interest. We also stress
that the only control required on the singular set by assumption involves just two
specific types of singularities that can be described by means of regular pieces that
come together in a regular fashion: this mild hypothesis favours checkability in the
potential applications of the theory.

Remark 1.21. The regularity theorems and have a twofold scope (in the
case of Theorem [I.1] we refer here to the version of the result that was described in
Remark i.e. assuming (m)). The three theorems give:

(i) the local regularity of spt ||[V||, i.e. the desired conclusion from the point of view of
varifold theory (in our context, a point is considered regular if it is in gen-regV);

(ii) a global geometric characterization, namely the fact that V' is a classical immersion
that is C? oriented and Jg-stationary.
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Remark 1.22. We digress on the variational assumptions in Theorem [I.I] It can be
checked that condition (c¢) is automatically satisfied if (@ is a small enough ambient
ball B, since in this case gen-reg V' N B is, by definition, either a graph or the union
of two graphs (thus an oriented immersed hypersurface, stationary thanks to the one-
sided maximum principle — moreover the graph structure gives stability). The key
observation that gives power to (c¢) in Theorem is the fact that whenever O C
N\ (spt ||V \ gen-reg V), then gen-regV N @ is an oriented C? immersion that is
stationary with respect to J,;. This will be proved later in a more general context.
However, we point out that, when g > 0, it suffices to observe that the local immersion
that describes gen-reg V' in a neighbourhood of any point is naturally oriented by %;
considering the unit sphere bundle over  and taking the lift of gen-reg V" according
to the orientation % (so that points in gen-reg V' \ reg V are lifted twice, since by the

one-sided maximum principle, H points in opposite directions for the two graphs) we
construct an embedded oriented manifold (the lift) and a C? immersion (the projection)
that describes gen-reg VN, as desired. (Also note that if (m) is additionally assumed,
then the local lift can be done with multiplicity and we obtain, in the bundle, an
embedded manifold with an integer multiplicity that is constant on each connected
component, so the abstract manifold Sy can be constructed by creating as many
copies of each connected component as the multiplicity requires.) These observations
also show that hypothesis (b*) in Theorem is implied by hypothesis (m) when
g > 0.

Remark 1.23. We stress, for later reference, that within the proof of Theorems
and the stability condition (c¢) must be used (in its analytic formulation, the
so-called stability inequality) on ambient balls of fixed size in which spt ||[V||\ gen-reg V'
is known to be suitably small (n — 7-dimensional at the most), as pointed out also in
Remark This requires to known that gen-reg V' is, in such a ball and away from
the small set, a C*-immersed oriented manifold. As explained in Remark this is
true in a rather straightforward way and for the whole of gen-reg V' for g > 0, i.e. in
Theorem For Theorem this is just (b*). However, it becomes much more
delicate in Theorem when (b*) is not assumed and we drop the assumptions g > 0
(even just for g > 0). More precisely, the major difficulty arises when {g = 0} Nreg; V'
has non-empty interior in reg; V' (compare with Theorem : the mean curvature
vanishes on such a set, preventing an immediate orientation, moreover this set may
have to be covered with multiplicity by the immersion with image gen-regV N O (see
the picture on the right in Figure . The immersion itself has to be defined differently
than in Remark and its orientability is not straightforward; this is discussed in
Section [l

Remark 1.24. The properness of the immersion with image gen-reg V' in the stability
hypothesis (c) of our theorems is needed so that we can speak of deformations as an
immersion that are “compactly supported in @” (it guarantees that they are compactly
supported in Sp too), and we will indeed need to use deformations as an immersion
that are induced by test functions compactly supported in ©.

Remark 1.25. A global orientation of gen-reg V' could be assumed if V' is the multiplicity-
1 varifold associated to the boundary of a Caccioppoli set. Whilst too restrictive for
the general theory, as explained in Sections (see e.g. Fig. and Section (see
e.g. [BelWic-2], [RogTon08]), the assumption that V' is the multiplicity-1 varifold asso-
ciated to the boundary of a Caccioppoli set is fulfilled in certain interesting instances.
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Moreover, in this case, assumption (T) is redundant and the functional Vol, has a
very natural meaning, as pointed out after Definition We thus provide, in the
next section, corollaries of Theorem for this special class of integral varifolds.

1.6 Corollaries for Caccioppoli sets

Remark 1.26 (redundancy of (a3), (a4)). Theorems and can of course be
applied to the case in which V is the multiplicity-1 varifold associated to the reduced
boundary 9*F of a Caccioppoli set £ C N. In this case De Giorgi’s rectifiability
theorem implies that (a3) and (a4) of Theorems [1.5|and [L.5]| are automatically satisfied
(see [BelWic-1, Remark 2.20] for (a3), while the validity of (a4) follows from the
stronger fact that reg; V' has multiplicity 1).

Throughout this section, we let N be a Riemannian manifold of dimension n + 1
with n > 2 and g : N — R be a Cb* function. Whenever C' C N is a Caccioppoli set
and U CC N is an open subset, denote by J, ;7 the functional

J(©) = [ ClV)+ [ ganrt.
cnU
As pointed out after Definition in the case in which *C' NU is C! embedded,
for any one-parameter family of deformations v (as in Definition that fix N\ U
we have Vol,(t) = fwt(C)mU gdH™ T — fwt((J)mU gdH"™ . The functional J, ;; provides
an “absolute” notion of g-enclosed volume, as opposed to the relative one in Definition

Caccioppoli sets provide a natural setting to pose a stationarity condition with
respect to Jg y that is stronger than the one required in Theorems and [1.5]]

Remark 1.27. [redundancy of (b" )] We note that the requirement of stationarity with
respect to Jgy made on reg [0*E| gives already more information than the one with
respect to Jy: in fact (we will discuss this below in more generality) the stationarity
condition with respect to Jy 7 for U such that 0*ENU is C L_embedded implies that
the generalized mean curvature of |0*FE| in U is given by gv, where v is the exterior
unit normal to E. This additional information, that was not be present in the general
framework (where we had neither a notion of interior nor a global well-defined normal
to V), together with the fact that multiplicity > 2 points form a set of n-dimensional
measure zero (by the De Giorgi rectifiability theorem), implies also that (b”) of Theo-
rems and is automatically satisfied when we require stationarity of reg; |0*E|
with respect to Jy .

In this section we provide two different formulations of the regularity theorem for
Caccioppoli sets (Corollaries and below), in which we remove further structural
assumptions from Theorem (in addition to (a3), (a4), (b”) that have been removed
in Remarks and above), by requiring a stronger stationarity condition in two
different ways. At the end of the section, we also provide a result that characterizes
varifold limits of Caccioppoli sets that satisfy the assumptions of Theorem [L.5]

Corollary below requires stationarity of the reduced boundary of a Caccioppoli
set I with respect to J, ;7 under all ambient deformations, i.e. under any one-parameter
family of diffeomorphisms of the ambient manifold that are the identity outside a
compact set. The reason why this is stronger than (b) of Theorem is that we
impose the stationarity condition on the whole of *E, rather than only on its C'-
embedded regular part. By strengthening the stationarity requirement in this fashion,
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condition (al) of Theorem is automatically satisfied (see [BelWic-1, Remark 2.19]
or [Magl2, Ch. 17]) and moreover we obtain (following the argument in [BelWic-1l
Remark 2.19]) that the generalized mean curvature of 0*F is given by gv, where v is
the outward unit normal. We thus have:

Corollary 1.1. Let E C N be a Caccioppoli set and U CC N be open. Assume that,
for every one-parameter family ¢ (t,x) of diffeomorphisms of N that fixt N outside a
compact set K C U (i.e. , fore >0, ¢ : (—e,6) x N = N is of class C', for every
t € (—e,€) the map () = Y(t,-) : N — N is a diffeomorphisms with ¢.(-) = Id on
N\ K, (-) = Id on N ) the following stationarity condition holds:

d

& Jg,U(Et) = O)

t=0

where Ey is the Caccioppoli set (4)(E). Assume moreover that

(a2) of Theorem [1.5 holds with |0*E| in place of V (i.e. |0*E| has no classical singu-
larities in U );

(¢) of Theorem [1.5 holds with |0*E| in place of V, U in place of N.

Then there is a closed set ¥ C *ENU with ¥ = () if n < 6, ¥ discrete if n = 7 and
dimy (X) < n—7 if n > 8 such that locally near each point p € (0*ENU)\ X, either
O0*E is a single smoothly embedded disk or O*E is precisely two smoothly embedded
disks with only tangential intersection.

If the assumptions hold true for all U CC N then there exist an n-dimensional
manifold S and a C? immersion v : S — N such that 0*E \ ¥ = 1(S) and |0*E| =
4 (]S]); moreover, there exists a continuous choice of unit normal v on S such that
v coincides with the exterior (measure-theoretical) unit normal on O*E and gv is the
mean curvature of v.

The second way in which we can strengthen the stationarity assumption (b) is by
considering the Llloc—topology on Caccioppoli sets and working with continuous one-
sided deformations of a given Caccioppoli set E. By doing so, we are able to remove
(a2) as well as (al), (a3), (a4) and (bT) . We refer to [BelWic-1, Definition 2.6] for
the definition on one-sided one-parameter family of deformations with respect to the
Llloc—topology and to [BelWic-1, Section 9] for the argument that rules out classical
singularities under this stronger stationarity notion.

Corollary 1.2. Let E C N be a Caccioppoli set and U CC N be open. Assume
that, for every one-sided one-parameter family {Ei}ieo) of deformations of E in U
(continuous with respect to the Llloc—topology, see [BelWic-1l, Definition 2.6, 2.7]) the
following stationarity condition holds:

d

& Jg,U(Et) Z 0

t=0

Assume moreover the following stability condition: (c) of Theorem|[1.5 holds with |0* E|
in place of V., U in place of N. Then the conclusions of Corollary[1.1] hold.

Remark 1.28 (analytic data). If in Corollary we further assume that the Rieman-
nian manifold N and the function g are analytic, then we can weaken the stability
assumption to the following requirement:
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(¢’) for each orientable open set @ C U \ (spt || Dxg|| \ reg |0*E|), E has finite Morse
index with respect to the functional J, » for ambient deformations that fix the com-
plement of @.

Note that this is a condition on reg |0*E| only (rather than on gen-reg|0*E|).
In Section [1.6] we show why this weaker assumption implies the stability condition
in Corollary In this analytic framework, Corollary generalizes the regularity
results that are known for minimizers of Jy iy (see [GMT83], [Mor03]). We conjecture
that Corollary with the stability assumption (c¢’) holds true for arbitrary smooth
manifolds and for g € O,

We conclude the discussion on Caccioppoli sets by addressing a compactness ques-
tion. Figure 1] shows that in the class of Caccioppoli sets (i.e. with respect to BV
topology) we cannot expect a compactness result, analogous to Theorem for bound-
aries of Caccioppoli sets that are stationary with respect to J,  and satisfy locally
uniform mass and Morse index bounds. Indeed, assuming that in Figure[l| the exterior
of F;, for j € N, is given by the portion between the two curves, the multiplicity 2
minimal interface that appears in the varifold limit is not present in the BV|y.-limit,
causing the reduced boundary of the limiting Caccioppoli set E to develop “varifold
boundary” (at the cusps), violating the condition (al) that the first variation be in
LP(||0*E]|). It is interesting to investigate and characterize, for the class of Cacciop-
poli sets whose reduced boundaries satisfy the assumptions of Theorem (these
assumption are implied by the hypotheses in either of the Corollaries in this section),
the possible varifold limit, under the natural mass and mean curvature bounds. We
have the following optimal characterization for such varifold limits. The proof of the

result is (see Section |8) an immediate consequence of Theorems 1.5(1

Corollary 1.3 (varifold limits of finite index Caccioppoli sets). For j € N, let g,g; :
N — R be CY¥ functions such that g; — g in C’llo’f(N). Let {E;}jen be a sequence of
Caccioppoli sets in N such that, for every j, assumptions (al), (a2) of Theorem are
valid with |0 Ej| in place of V.. Assume that for every open set O C N\ (spt||Dxg; ||\
reg1 |0*Ej|) the generalized mean curvaure of 0*E; N O is given by g;v;, where v;
denotes the exterior unit normal to Ej.

For every open set O CC N such that |0*Ej|LO; = 10, #|So,|, where ©O5 =
O\ (spt||Dxg,| \ gen-reg|d*Ej|) and 1o, : So, — ©O; is a C? immersion of an n-
manifold Sp; whose mean curvature is given by g;n; with n; a global normal on Sy,
that agrees with vj on L(T)JI,(O*EO 0j), assume that the Morse index relative to ambient
functions (see Deﬁm’tz’on of Lo, with respect to Jy, is finite.

Assume moreover that limsup;_, . [[Dxg;||(K) < oo for every compact K CC N
and that limsup,_,., Morse inder (1p;) < oo for every O CC N, where Oj = O\
(spt||Dxg, |l \ gen-reg|0*Ej|) and 1o, is as above.

Then there is a subsequence {j'} and an integral n-varifold V of N such that
|0*Ey| — V' as varifolds, and V' satisfies the hypotheses of Theorem @1 and the
local regularity conclusion (i) of Theorem holds. Moreover, V. = 14|S|, where
L:S — N is a C? immersion with image gen-regV and there is a global normal 7 on
S such that the mean curvature of v is (g o ¢)n.
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2 Preliminaries

Let g be a C1* function on N (without any sign assumption). In Sections
and we recall some well-known facts on hypersurfaces regarding stationarity and
stability with respect to J; (and with respect to the area functional for deformations
that preserve Voly).

2.1 Stationarity: classical results

With notation and orientation as in Definition we consider a proper C! im-
mersion ¢ : S — @, for @ C N open and oriented and S an orientable n-dimensional
manifold; let S be oriented by a choice v of unit normal so that the frame dL(§ YAV is
positive with respect to the orientation of @. Let dS denote the n-volume induced on
S by ¢ and by the Riemannian metric of N.

Let 1 be a deformation of ¢ as in Definition [L.1] with ¢(z) = (¢, z) for each
t € (—e,e)and x € S. Thus 9 is differentiable on (—¢€,¢) x S, Y9 = ¢ and Yy (z) = 1(x)
for allt € (—e,¢) and x € S\t 1(©). Recall that stationarity of + with respect to the
functional Jy(t) = A(t) + Volg(t)(= ||(¢e)#(|S])L O || + Voly(t)) is the requirement

47,1
at |,

=0 for any O and 9 as above. (1)

As we are about to show, the condition just stated is equivalent to the requirement
that ¢ is a C? immersion whose mean curvature vector H is pointwise dictated by
the value attained by g, i.e. H = gv. Moreover, if + is a C' embedding, then the
stationarity with respect to Jy(t) for ambient deformations suffices to draw the same
conclusion. Indeed, for ¢, ©® and v as above, one can compute that

_ o) W
t_o—/s(g L) o

where v is the unit normal to the immersed hypersurface in (. (The proof of this fact
follows [BDESS, Lemma 2.1 (ii)] with the due changes.) In particular, we point out

dVol, ()

s
di v

t=0

that the normal velocity ¢ = 'Z—Tf -v of a Volg-preserving deformation satisfies
t=0

/C(goL)dS:O. (2)
Recall the first variation formula (e.g. [BDESS, Lemma 2.1 (i)] for C? immersions and

[Sim&3] in general)
_ / i
=0 g dt

where H = Hv is the generalized mean curvature vector, with the convention that H
stands for the sum of principal curvatures of ¢ (rather than the average as in [BDESS]).
The claim on the generalized mean curvature H = (g o t)v follows and implies that
S is C? by standard elliptic theory (see Sections and for details). To avoid
confusion, note that any connected orientable S that is stationary for the functional
l|9¢ £SO || + Voly(t) can only be so for one of the two possible orientations (for the
other orientation, it is stationary for the functional ||(¢;4|S|L O | — Voly(t) instead).

dA(t)

el CHd
dt 5,

t=0

21



Remark 2.1. Condition implies that S is a stationary hypersurface with respect
to the standard area functional for Volg-preserving (ambient) deformations (since for
such deformations J, is just the area up to a constant).

In the case g > 0 we have, conversely to : whenever () is orientable, ¢ is smooth
and ¢ € CH(t71(©)) is such that [((got)dS = 0, then there exists a deformation
¢ (—e,e) x S = N such that Voly(t) = 0 for all t € (—¢,¢) and %’ o = (v,
i.e. 1 is a Voly(-)-preserving normal deformation (as an immersion) of ¢, with initial
velocity (v. For the proof it suffices to suitably modify [BarDoC84, Lemma 2.4] or
[BDESS, Lemma 2.2]: we note that the proof would fail if g vanished identically on an
open set contained in the hypersurface, more precisely, following [BarDoC84, Lemma
2.4], we would not be able to choose the auxiliary function (that is denoted by ¢ in
[BarDoC84l Lemma 2.4)), or, following [BDESS, Lemma 2.2], we would not be able to
solve the initial value problem (because the volume form denoted there by dM has to
be multiplied by our function g, and so the left hand side could vanish identically).
The examples in Section show that this failure is not a technical problem of the
proof, but the deformation might fail to exist. A more general condition than g > 0
for the validity of the property just expressed, is the fact that {g = 0} has non-empty
interior in the hypersurface.

Remark 2.2. If g > 0, then the condition of stationarity with respect to the standard
area functional for Vol,-preserving (ambient) deformations (see Remark turns out
to be “essentially” equivalent to (I}, in the following sense. Let ¢ be an oriented
immersion of S (an analogous statement holds for an embedding) into an oriented
manifold, assume that ¢ is stationary with respect to the hypersurface area for Vol,-
preserving deformations as an immersion (ambient deformations if ¢ is an embedding).
Then there exists A € R such that the mean curvature H of ¢ is given by Agr and ¢
satisfies the stationarity condition < l,—o (e (IS])LO || + AVoly(t)) = 0 for arbitrary
deformations as an immersion (ambient deformations if ¢ is an embedding). The proof
follows [BDESS| Prop. 2.3] and [BarDoC84, Prop. 2.7]. The real number A becomes a
Lagrange multiplier and the Vols-preserving constraint gets encoded in the functional,
thus allowing unconstrained deformations. We then conclude that, upon replacing g
with Ag, ¢ is stationary in the sense of .

2.2 Stability: classical results

Keeping notations as in Section [2.1] assuming that the immersion ¢ is stationary
for J,, the second variation

d? d?
I 5= (weglsiLol + voly(1)
t=0 t=0
along a normal deformation v, with initial (normal) velocity ¢ = % L, can be ex-

pressed by

JI(0) = /S V¢ — Ric(v,v) + AP — D,g)C?.

where A is the second fundamental form of the immersed hypersurface and V denotes
the gradient induced by the metric dS. This can be proved following the arguments
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in [BDESS| (2.4)-(2.5)] and [BarDoC84l, Appendix 4]. Stability of + with respect to J,
(as an immersion) implies therefore that ¢ satisfies the strong stability inequality

/ (Ric(v,v) + |A]? — Dyg)(?dS < / V¢ ds 3)
S S

for any ¢ € CL(S).

In our regularity results Theorems we impose a condition on Jg for VLO
(whenever VL O is an oriented, Jy-stationary C? immersion) by employing normal
deformations (as an immersion) induced by ¢ € C1(©). If the Morse index in (c) of
Theorems is zero, then the assumption amounts to requiring the validity of
for all ¢ of the type ¢ o ¢. More intrinsically, we can write the inequality as

[ (et + 142 = Dug)salv < [ [voPav]
O O

for all ¢ € C}(©), where V is the ambient gradient projected onto the tangent plane to
V', which is well-defined everywhere on gen-reg V' (there are no classical singularities).

Finite index implies strong stability locally. If the Morse index s # 0 then the same
inequality holds for all ¢ o ¢ such that ¢ is L?-orthogonal to an s-dimensional linear
subspace of C}(©). We will now show that this condition implies that for every point
we can find a ball around it such that (c) is valid in the ball with Morse index 0.

Assume condition (c) is valid in @ with Morse index s. The key observation is that,
given any two disjoint open sets contained in (9, then in at least one of them the Morse
index is < s — 1. If that were not the case, then we would find that the total index
in @ is > 2s. Consider now an arbitrary point x in @ and a fixed ball Bg(xz) C O.
Choose 0 < 7 < R and consider the disjoint open sets B,(z) and Br(z) \ B,(z). By
the previous observation, in at least one of the two we have index < s — 1 and this can
be done for every r in (0, R). Therefore, either we find r such that the index in B, (x)
is < s —1, or the index is < s — 1 in Br(x) \ {z}. The latter means that for every
¢ € CH(Br(z)\ {z}) and orthogonal to a (s — 1)-dimensional subspace, the inequality
holds. Using n > 2 and the fact that the density O(||V|, ) is finite (by (al), via
the almost monotonicity formula), a standard capacity argument shows that for every
¢ € C(Bg(x)) orthogonal to a (s — 1)-dimensional subspace the inequality holds. In
other words, both alternative lead to the existence of a ball around z in which the
index is < s — 1. The argument can now be iterated finitely many times to reach the
conclusion.

Weak stability, g > 0. For Theorem with (c) replaced by the weaker assumption
in Remark we note that the argument just described applies as in the case s = 1.
In fact, one can show that weak stability condition assumed there implies that the
Morse index is < 1; alternatively, one can directly prove that whenever two disjoint
open sets A1 and As in @ are considered, then in at least one of them we have strong
stability. (To see this, argue by contradiction and assume that stability fails both for
a function ¢, supported in A; and for a function ¢s supported in As. Take a linear
combination ¢ of them such that ¢ verifies the integral constraint that is needed for
the validity of the weak stability. Then adding up the two reversed inequalities for
¢1 and ¢2, we contadict the weak stability inequality for ¢. Also see [BelWic-1] for a
detailed proof.)
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Remark 2.3 (Voly-preserving deformations, g > 0). Let g > 0. The stability of ¢
with respect to the area functional for Volg-preserving normal deformations (as an
immersion) implies that ¢ satisfies the weak stability inequality

/ (Ric(v,v) + |A]? - Dyg)C*dS < / V¢ ds (4)
S S

for any ¢ € C}(S) such that [4((go¢)dS = 0. (To see this, given such a ¢ we can
produce, as said earlier, a Vol,(-)-preserving normal deformation (as an immersion) of
¢, with initial velocity (. Along this deformation the functional .J, agrees with the area
functional, so the immersion is stable for J, under this deformation, i.e. the inequality
is valid.)

Note that the validity of the weak stability inequality for ¢ is in fact equivalent
to the variational characterization just discussed (i.e. stability with respect to the area
functional for Vol,-preserving normal deformations). More precisely, assume that for
any ¢ € C2(S) such that [¢((g01)dS =0 we have [((Ric(v,v)+ |A]* — D,g)¢?dS <
J51V¢ 2dS. Let 1 be any Vol,-preserving normal deformation (as an immersion) of
S in . Then the initial normal velocity ¢ of v satisfies the constraint for the validity
of the weak stability inequality. By the expression of the second variation Jg (0) we
conclude that S in O is stable with respect to J,; for Volg-preserving deformations (as
an immersion), and therefore S in @ is stable with respect to the area functional for
Volg-preserving normal deformations (as an immersion).

3 Local consequences of stationarity

3.1 Localization to a chart

All our regularity conclusions in this work are local results. For the local study
of a varifold as in Theorems around an arbitrary point X € N it is
convenient to use a local chart given by the exponential map expy at X. Let Ry
denote the injectivity radius at X and N,(X) the normal coordinate ball of radius
p < Rx around X.

If V is an integral n-varifold in N, then for X € spt ||V and py < Rx, we consider
the integral n-varifold V' in Bt1(0) defined by

V= exp)_(é# <Y7I_NPO(X0)> )

In the following discussion, assuming that V satisfies the assumptions of Theorem
we derive the hypotheses that we need to impose on V in order to rephrase Theorem
in B (0) c R

e The structural conditions (a2) and (a3) are not affected by the exponential map,
so they hold in the same formulation for V.

e Assume stationarity of reg V' with respect to the functional in Theorem [1.1| (b):
this becomes a stationarity condition for reg V' with respect to a new functional, as
we now describe.

Define, for M a C! hypersurface in BJ:(0),

Fyo(M) = /M |An(Dexpy, () o T, M|dH" (y) = /M F(y, v())dH" ()
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where v is a continuous unit normal to M and for (y,p) € BT (0) x R"\ {0},
F(y,p) = |An(Dexpy,(y)) o p*|. The functional Fx, in Bt (0) encodes, via the
area formula, the n-dimensional area functional in N, (Xo) (see [SchSim81, Remark
1]). The integrand F' : BZ}OH(O) x R\ {0} — [0,00) is smooth, depends only on
the geometric data and satisfies the homogeneity condition F(y, A\p) = AF(y,p) for
A > 0 ([SchSim&1l, (1.2)]). Moreover, the bounds [SchSim81, (1.3)-(1.4)] hold for some
constants u, u1 depending only on the Riemannian manifold N. Since Dexpy, is the
identity at 0 we have F(0,p) = |p| for every p € R*"!\ {0} as required by [SchSim8T],
(1.5)] (i.e. F agrees with the Euclidean area at the origin).

The relative enclosed g-volume in N changes to Vol NI in Bt 1(0), where £

(goexpx )/ |A]
is the Riemannian metric on Bg;“ 1(0) obtained by pulling back the metric on N by the
exponential map. We thus conclude that reg V is stationary in Bg()* 1(0) with respect

to the functional Fx, + Vol
(goexpx

that VOl(goeprO) S s a functional of the same type as the relative enclosed g volume

VA Since \/|A] > 0 and smooth, it is readily seen

on N (which also preserves any sign assumption on g), so we will write the stationarity
assumption on V' with respect to a functional Fx,+ Vol, on B;‘O* 1(0), with F satisfying
the conditions above.

We postpone the discussion of the stability condition for Fx, + Vol, to Section

e We finally consider condition (al) of Theorem i.e. the first variation of 1% in N
with respect to the (Riemannian) area functional is representable as § V' = —Hg||V|],

with Hy € LP(|V]), p > n. Recall that this means
$7W) = = [ (Ho D7

for each compactly supported vector field {/; € Xc(N). (The vector-valued function
Hg € Ly, ([|[V]) is referred to as the generalised mean curvature of V.) Pulling back

loc
via expy, as above, we obtain

S VW) == [ (Hyoexpy, 0)d|V]
B, (0)

for all ¢ € Ce(BJ™(0); R™™). By a direct calculation, using the fact that the first
variation of V' with respect to the (Euclidean) area functional is given by

VW)= | divsg(X)dV(X, ),
B].}O (0)xGn

it then follows (as in [SchSim8&1l Section 5]) that

[ dvs(avens)| < o [ (OO XIVRE0) Vi)
B (0)x G By 1(0)
b [ ECOROIIVIE) (6)
Bpg ' (0)

for all ¢ € C} (ngl(O);R"H), where Hy = |Hi; oexpy,| and p, pu1 are fixed positive
constants depending only on the Riemannian manifold N and |-| denotes the Euclidean
length.
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For any Y € B”J;;(O) let oy = exp__ ) o expy, in a neighbourhood of Y

eXp
and extend @y to be a diffeomorphism of B"H(O) onto itself. Then ¢y (Y) = 0 and
inequality () . holds with constants Ly 11 dependlng only on (fixed) bounds on the
metric and its derivatives in expy, L (N, (X0)) and with the varifold ¢y 4V in place of
V and with EEPY#V = fIV o cp;l.

In summary, if (al) of Theorem holds for V in N Z,’(’)H(XO), then the varifold
V= exp)_((l] " (17 LNy, (XQ)) satisfies the following condition:

(al’) There exists a non-negative function Hy € LP(||V]|) and positive constants
11, o with the property that for any Y € B;”/é (0) there exists a diffeomorphism ¢y
of BIF1(0) onto itself with ¢y (Y) = 0, o = identity and with |||D90YHCO(B§+1(0)) +

0
| Dyt Hco(Bn+l( 0) < p1 such that inequality (5|) holds with ¢y 4V in place of V' and
with H vV = HV o @Y in place of HV
Remark 3.1. Suppose (5)) holds for a varifold V in B;LOH(O). Then for any o € (0,1),
holds with g, 4 V' in place of V, BI*!(0) in place of Bj'(0) and with o in
place of uy and Hy, v = oHy. Also, for any orthogonal rotation I' : R™*1 — R™+1,

holds with Ty V in place of V and with Hr, v = Hy oL,

3.2 PDEs and the one-sided maximum principle

Allard’s theorem [AllI72] and [BelWic-1, Lemma Al] guarantee that reg; V is an
open dense set under assumption (al), and moreover (by standard PDE theory) that

reg1 V is of class C1* N W?2P. The variational assumption (b) in Theorems [1.1} I .
implies higher regularity of reg, V:

Proposition 3.1 (reg,V is C?). For the varifolds considered in Theorems
we have reg1 V- C regV', in particular reg1 V C gen-regV .

Proof. Whenever B"*1(p) Nspt ||V|| C reg1 V then, upon possibly reducing o > 0 we
can locally write reg; V around p as the graph (with respect to the tangent plane at
p) of a C' function w. If N is an open set in R™*! the stationarity condition with
respect to J, for one of the two possible orientations of graph(u) implies the validity
of one of the two following PDEs in their weak form:

L_(.)d-ﬂ__(.)
iv \/m =g(-,u) or div W = —g(-,u).

By elliptic theory we get that u € C%®, therefore reg V C reg V. For arbitrary N, we
write the stationarity condition with respect to F + Vol, as described in Section
and we get the weak form of one of the following (two) PDEs (note that the following
Fuler-Lagrange equation is written by turning the functional F into a non-parametric
one with y = (z,u(x)) and using the area formula, as in [GilTru, 16.8)):

ZD Dy, F((z,u), Du,—1)) + Dyy1 F((z,u), Du, —1) = £g(z, ), (6)
j=1

where the second order terms

Dypp, F((%,u), DU)D2
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guarantee the ellipticity of the PDE thanks to the fact that F' satisfies conditions
[SchSim81), (1.2)-(1.5)] (see [GilTru, 16.8], [SchSim8&1l Remark 1]). The regularity
conclusion therefore holds. O

Remark 3.2. Proposition applied in a small enough neighbourhood of p € sing, V
under assumptions (al)-(a2)-(b) implies that spt ||V|| is, in the chosen neighbourhood,
the union of two C1® graphs that are C? away from the closed set on which they
coincide.

We pass to a further important consequence of the stationarity condition.

Proposition 3.2 (one-sided maximum principle). Let V' satisfy assumptions (al)-
(a2)-(a3)-(b)-(b") of Theorem . Let p € singp V. and let up < ug be the CH°
functions whose (ordered) graphs describe spt||V|| in a cylindrical neighbourhood C =
B! x (—0,0) of p, in a reference frame chosen with respect to the tangent plane at p.
Denote by A the open complement of the set {x € BY : uy = ug}. Then uy and ugy
satisfy (classically) on A one of the two PDEs (@ below, and they do not satisfy the
same one (i.e. they solve with distinct signs on the right-hand-side). If g > 0 then uy
solves (classically) on A the PDE with the minus sign and ug solves (classically) on A
the PDE with the plus sign.

On the connected components of A that are in the interior of {u; = us} the function
u1 = ug solves the PDE with g = 0 thanks to (T), so there is nothing to prove in this
case.

Proof. Let p = 0. The Euler-Lagrange equation in Proposition tell us that on any
connected component of A each function w; and ug (with u; < ug, u1(0) = u2(0) and
Duy(0) = Duz(0) = 0 — on each connected component of A each graph is embedded
and admits only two orientations) is C? and solves one of the following PDEs (to
simplify the discussion we consider the case that N is Euclidean, the same proof
adapts to the general case by considering the PDE @)

Du _ Du
v W =+4g(-,u) or div W = —g(-,u). (7)

We analyse, case by case, according to the four possibilities for the choices of the signs
on the right-hand side of the equations, the PDE for the difference v = u; — us on any
other connected component of A: we conclude that, if the right-hand-sides have the
same sign, then by the mean value theorem v solves a PDE of the type

D; ((613 -+ bij(Dul, DUQ)) DjU) = cv, (8)

where b;; is smooth and 0 at 0 and ¢ is smooth (more precisely, either ¢ = Djy419(§)
or ¢ = —Dp419(§), with £ smooth). For y in the chosen connected component of A,
consider a ball B, (y) contained in the chosen connected component and such that there
is a point z on the boundary of the ball that belongs to {u; = ua} (this can be done
by choosing any ball and enlarging the radius until the boundary touches {u; = us}).
Observe that v < 0 on B,.(y) and it extends to z with v(z) = 0 and Dv(z) = 0 (because
u1(z) = ug(z) and Duy(z) = Dug(z) by the structural assumptions): this contradicts
Hopf boundary point lemma (in its version that holds regardless of the sign of the
0-th order term, see the comments that follow [GilTru, Theorem 3.5]). Therefore the
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right-hand-sides in have opposite signs for u; and uo: however, for the moment,
which function carries which sign might depend on the connected component of A.

If g takes both negative and positive values then assumption (b’ forces the con-
clusion (we comment further on this in Appendix [B)). We therefore assume for the
remainder of the proof that g > 0.

We continue the previous analysis and we will now rule out the possibility that the
right-hand-side is ¢(-,u1) for u; and —g(-, u2) for us. If that were the case we would
get, again writing the PDE for v,

D; (65 + bij(Dus, Duz)) Djv) = 0, (9)

where we used g > 0; working on B, (y) as above, the conditions v < 0, v(z) = 0 and
Duv(z) = 0 contradict Hopf boundary point lemma for subsolutions of elliptic PDEs
without 0-th order term, see [GilTru, Theorem 3.5].

The only possibility that is allowed is therefore that the right-hand-sides in are
—g(+,u1) for uy and g(-, ug) for ug, which geometrically means that the mean curvature
vector points downwards for the bottom graph and upward for the top graph wherever
it is non-zero. 0

We continue the analysis of Proposition [3.2] at a touching singularity p € sing; VN
gen-reg V.

Proposition 3.3 (local stationarity of gen-regV’). Under the assumptions of
Proposition and with the further constraint that spt|V| NC C gen-regV, upon
possibly making C smaller we have that the two C? graphs of ui and uo are separately
Jg-stationary; in the case g > 0, we moreover have that uy has mean curvature —gv
and ug has mean curvature gv, where v denotes the upward orientation of each graph.

Proof. Les us consider first the case g(p) > 0, which we can assume to be true in
the neighbourhood C. Then {u; = us} has 0-measure by (a3), in particular empty
interior. The C? regularity of u; implies that the mean curvature of graph(u;) is
continuous for j = 1, 2; moreover ¢ is continuous on each graph. By Proposition
the mean curvature is gv for graph(uz)N({u1 # ua} x (—0o,0)) and —gv for graph(u;)N
({u1 # ug} x (—0,0)), so the mean curvature of each graph extends by continuity to
the whole graph. In other words the two graphs are separately stationary.

Let us consider now the case g > 0 in C and p € sing; V N gen-reg V' with g(p) =0
and with (a3) valid on C. This time {u; = w2} may have non-empty interior I and
by (a3) graph(u;|,) C {g = 0}. Away from I, the previous argument extends to give

that the mean curvature is gv for graph(ugz) N ({ul # ug} X (—o, 0’)) and —gv for

graph(ui)N ({u1 #uz} x (—o, a)). Since on graph(u;|,) we have g = 0 the continuity
of g and of the mean curvature of each graph gives the conclusion: the top graph with
the upward orientation v has mean curvature H= gv everywhere and similarly for the
bottom graph. Equivalently, each disk is stationary with respect to .J, for the choice
of orientation just discribed. A local structure like the one in Figure [3|is ruled out by

assumption (T).
The case in which g can attain both positive and negative values follows immedi-

ately from (b7).
O
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Figure 3: Assumption (T) rules out this local structure for spt ||V (in the picture g has an
isolated 0). The two graphs that describe spt ||V|| in a neighbourhood of a touching singularity
are allowed to coincide on a set of positive measure only if that portion is minimal (g = 0).

Remark 3.3. The result in Proposition [3.3] is only valid locally. Note, to this end,
that we are not assuming the validity of (b*) in Proposition so we are allowing
the varifold in Figure [2| for which the conclusion of Proposition [3.3]is valid locally but
fails in larger open sets (consider for example the varifold obtained by removing the
segment with multiplicity 3 and the curve with multiplicity 1 at the right hand of the
picture: assumption (T) fails on such a large open set and so does the conclusion of

Proposition .

Remark 3.4. For p € singp V N gen-regV with g(p) > 0, analysing the Hessian of
v = uj — ug in the above proof, there must exist an index ¢ € {1,...,n} such that
D2,0(0) # 0 (because of the non-vanishing of the mean curvature, g(0) # 0). The
implicit function theorem then gives that the set {Dyv = 0} is, locally around 0, an
(n — 1)-dimensional submanifold. The set of points {u; = ug} is contained in the
set {Du; = Dusy} (since there are no classical singularities by (a2)) and therefore
{u1 = w2} C {Dv = 0} C {Dyv = 0}, a submanifold of dimension (n — 1). This
implies in particular the the set (gen-reg V' \ reg V') has locally finite H"!-dimensional
measure.

Remark 3.5. Note that the proofs above also imply that ¢-fold touching singularities
with ¢ > 3 are not possible when the ¢ ordered graphs are C2. Indeed,if that were
the case, we could apply the previous reasoning to each possible couple of graphs that
describe spt ||V in a neighbourhood of p and we would find a contradiction for at least
one couple. In particular, the smoothly immersed part of spt V' under assumptions (a),
(a’), (b) agrees with gen-reg V. We will draw an even stronger conclusion within the
proof of the regularity theorems, ruling out ¢-fold touching singularities for spt ||V||
altogether.

Remark 3.6. If p € gen-reg V' \ reg V, then by definition of touching singularity there
is a neighbourhood of p in which spt ||V|| consists of two C? disks Dy, Dy intersecting
only tangentially and with p € Dy N Dy. Then for each j, the set ﬁj ={g#0}ND;y
(open in Dj) is non-empty and p € 0 l~)j. To see this, choose local coordinates centered
at p with T, V = R" x {0}, and write D; = graphu; with u; € C*(Q) for some open
set 2 C R™. By Proposition each u; solves one of the two PDE’s in and not
both solve the same one. Suppose contrary to the claim that ¢ = 0 in a neighbourhood
of p in one of the disks, say D;. Then in a neighbourhood of the origin u;, we may
take either g(z,ui(z)) or —g(z,ui(x)) on the right hand side of the PDE that u
solves (trivially, since g(z,u;(x)) = 0 near the origin). The claim then follows from
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the argument of Proposition [3.2

4 gen-regV is an immersed oriented hypersurface

The second variation assumption (c) implies, as seen in Section that for any
point p € spt ||[V||, there is a small ambient neighborhood U, containing p such that
any orientable C%-immersed portion of gen-regV N U, satisfies the strong stability
inequality. What is needed in the proof of our regularity results—which proceeds by
induction on the multiplicity—is the use of the strong stability inequality on gen-reg VN
B for any ball B with B C U, whenever dimy ((singV \ gen-regV)NB) < n — 7.
Thus one must know that for a fixed small ball B, gen-regV N B is an immersed
orientable hypersurface whenever dimgy, ((singV \ gen-regV) N B) < n — 7. This is
quite straightforward, as shown in Remark when g > 0, i.e. in Theorem and
it is immediate by (b*) in Theorem (In these two cases we may in fact take any
open set CC U, in place of B). In Theorem however it is a delicate question. We
address this in the present section.

Theorem 4.1 (gen-regV is an oriented immersion). Let V' be an integral n-varifold
in a simply connected open set B such that assumptions (al)-(a2)-(a3)-(a4)-(b)-(bT)
of Theorem [1.5 are satisfied; assume moreover that dim ((spt||V| \ gen-regV) N B) <
n—"T. Then there exists an oriented n-manifold Sg and a C? immersion 1p : Sg — B
such that 1g(Sg) C B\ (spt||V|| \ gen-regV'); moreover, (vp)4(|Sp|) = VL B.

We begin by showing that multiplicity higher than 2 on gen-reg V' can only happen
on “‘removable” minimal hypersurfaces.

Lemma 4.1. Let V be an integral varifold, in an open set B, that satisfies assumptions
(a1)-(a2)-(a3)-(a4)-(b)-(bT) of Theorem ' assume moreover that the local reqularity
statement (i) is true in B. Then we have the following conclusions on the multiplicity:
e if x € reg1V then x has multiplicity 1 or 2, unless the connected component of
reg1 V' that contains x is a minimal hypersurface whose closure (in B) is disjoint from
gen-regV '\ reg1 V' (in which case the multiplicity of this minimal hypersurface can be
an arbitrary integer);

e gen-regV \ reg1 V' has multiplicity 2.

Notation: In the proof of this lemma and subsequently, the notation ({g = 0} Nreg V')
indicates interior taken relative to the manifold reg; V.

Proof. Recall that the multiplicity is an integer on gen-reg V', see [BelWic-1, Lemma
A.2], and the multiplicity is a constant integer on any connected component of reg V,
see [BelWic-1, Lemma A.1]. Let p € gen-reg V'\reg V: we will prove that ©(||V||,p) =
2. By definition, there esist two C? disks D1 and Dy that describe spt ||[V|| in an open
neighbourhood B, (p) C B, D1 and D2 can only intersect tangentially and Dy # Ds.
Consider the two open sets A; = D; \ D1 N Dy, j = 1,2; then A; and Ay are C?
embedded portions of V' and the multiplicity is constant on each of them, we denote
it by Q; € N. Note that it is not possible that on one of the two disks g vanishes
identically (otherwise we would contradict that one-sided maximum principle, since if g
vanishes on D; we can write the PDE for the function defining D; both with g or —g on
the r-h-s). Both D; and D contain therefore an open set on which g # 0 and this open
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set must intersect the respective A; non trivially, since the set {D; = D2} N {g # 0}
has empty interior (it has 0 measure); we denote by A; = A; N {g # 0} and note that
/Nlj, for j = 1,2, is an embedded portion of V', with the multiplicity equal on one hand
equal to );, on the other hand equal to 1 by assumption. We therefore conclude that
A; have multiplicity 1 as well for 7 = 1,2. This forces the multiplicity to be 2 on the
set {D1 = D2} (e.g. by [BelWic-1I Lemma A.2]), in particular it is 2 on p.

For the case x € regy V, in a neighbourhood of = we have that V is embedded,

o
with constant multiplicity: note that if z € reg1 V\ ({g =0} Nreg; V) then in any
neighbourhood of x there are points in reg1 V with g # 0, where the multiplicity is 1
by assumption, therefore the multiplicity is also 1 at . The only case to analyse is

therefore x €({g = 0} Nreg V). Consider the connected component Z of reg; V' that
contains x and denote with @), € N the constant multiplicity on Z. If there exists
a point in Z where g # 0 then @, = 1, so assume this is not the case, and assume
further that Z is disconnected from gen-reg V' \ reg; V. Then whenever p; — p € B,
pj € Z,p ¢ Z, we must have that p € sing V' \ gen-reg V', which is a set of codimension
7 by assumption, i.e. Z is a minimal hypersurface in B whose closure in B satisfies
dimy, (7\ Z ) <n —7, in other words Z is a minimal hypersurface in B with possibly
a codimension-7 singular set. This is the only case, allowed in the lemma, in which
the multiplicity can be an arbitrary integer.

The only case left to analyse is the one in which there exists a sequence p; — p € B,
pj € Z, p € gen-regV \ reg1 V. We thus have, for the touching singularity p, two C?
disks D7 and D9 that describe spt ||V|| in a neighbourhood B,.(p) C B, Dy and Dy
can only intersect tangentially and Dy # Ds. The same argument used above, implies
that the multiplicity is 1 on {D; # D} and 2 on {D; = Ds}, in particular 2 at p. By
upper-semicontinuity, the multiplicity of p; (and of z) is either 1 or 2. O

Remark 4.1. Our final goal is to show that gen-regV N B, under the assumptions
of Theorem and when B is simply connected (a ball being the only case that
we will need), is an oriented immersed hypersurface (of class C?). For this purpose,
any connected component W of reg1V N B with W N (gen-regV \ reg1 V) = 0 can
be discarded. To see this, note first that W \ W C spt||V] \ gen-regV, and since
dimy (spt | V]| \ gen-reg V) < n—7, it follows that the multiplicity 1 varifold associated
with W is stationary with respect to J,. Furthermore, W is clearly the image of an
immersion and it is orientable by [Sam69] (a codimension-7 singular set W\W in B does
not affect the argument). Thus, until the conclusion of the proof of Proposition

we assume that such connected components of reg 1V have been removed, and hence,
in view of Lemma that the following holds:

Working assumption: gen-reqV has multiplicity 1 or 2 everywhere in B.

Notation: In the remainder of this section, we shall use the notation
My =({g=0}nNreg; V) N{O© = 2};

My =({g = 0} Nreg V) N{6 = 1}
U={g9#0}
O1=(B\ M)\ (spt [|[V] \ gen-reg V) and
O2 = (B\ M) \ (spt [|[V]| \ gen-reg V).
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Lemma 4.2. Let V' be an integral n-varifold in an open set B that satisfies assumptions
(al)-(a2)-(a3)-(a4)-(b)-(b") of Theorem and suppose that the working assumption
above holds. Then there exists an n-dimensional manifold Sp, and a C? immersion
Lo, : So, — O2 with 1p,(Sp,) = gen-regV '\ Ma.

Proof. Consider the (abstract) manifold S := reg; V N O, and denote with tg : S —
reg1 VN O the immersion (embedding at this stage) into O given by the inclusion map.
We denote with I' the following class of paths:

T:= {7 :[0,1] — gen-regV N ((B\ Ma2) \ (Sing V' \ gen-reg V))), v € CO([O, 1]),
7(0), v(1) € reg1 VN O and if ~(s) € gen-regV \reg1 V then
there exists § > 0 s.t. y((s —d,s+J)) is contained in one of the
two disks that describe gen-reg V' in a neighbourhood of ~(s)}.

We define the following function d : S x S — [0, o0]:

d(z,y) = inf {length(v) : v € T, 7(0) = vs(2), v(1) = ts(y)} -

The function d is a metric on S. (If z = y then clearly d(z,y) = 0; if d(z,y) =0
then, since the ambient distance |tg(z) —tg(z)| is always < d(z,y) we get tg(x) = ts(y)
and since (g is an embedding of S we also get x = y. The definition of d is symmetric
in z and y, so d(z,y) = d(y,z). For z,y,z € S, given any path in I" joining tg(z) to
ts(y) and any path in T" joining tg(y) to tg(z), the composition path joins tg(x) to
ts(z) and is still in T, so the triangular inequality is satisfied.)

The metric space (S,d) will now be “completed with respect to @” to yield a
metric space (Sp,d). This means that we consider all Cauchy sequences (p;) in (S, d)
such that lim;_,o t5(p;) € O (note that it is automatic that lim;_, ts(p;) € B since
Ls is distance decreasing), and let Sy be the collection of equivalence classes of such
Cauchy sequences under the relation (p;) ~ (¢;) if d(pj,q;) — 0, equipped with the
metric d((p;), (¢;)) = limj_oo d(pj, ;) (this is the usual completion for metric spaces
but we are not including points whose image lie in the boundary of ().

We will show that Sy is a manifold. For any point that was already in S, then
there is a neighbourhood in which S and Sp are isometrically identified and said
neighbourhood is a disk, so we only need to consider the points that have been added in
the completion. Let p be any such point, and let p; be a Cauchy sequence representing
it. Being a Cauchy sequence for d implies also that tg(p;) is a Cauchy sequence for
the ambient distance and therefore tg(p;) — po for the ambient distance for some
point p,. Since gen-regV is closed in @ by assumption, p, € gen-regV NN O and p,
cannot be in regq V (since we are assuming that p is a point that has been added), so
Pa € gen-reg V' \ reg1 V. For any two points a,b € reg; V that are close to a touching
singularity but on distinct disks, we have d(a,b) > ¢ > 0 for some ¢, therefore the
Cauchy sequence p; is all contained in one of the two disks (say D) that describe
gen-reg V N B, (p,). A neighbourhood of p in the completion is given by all possible
limits of Cauchy sequences z; such that, for j large enough, d(z;,p;) < ¢/2. In
particular z; is in the same disk as p;. A neighbourhood of p in the completion
is therefore D (because on D the distance d is identified with the intrinsic induced
distance and D \ reg; V has empty interior for it).

The proof also shows that tg : S — O extends by continuity (since D \ reg; V has
empty interior) to give an immersion with image gen-reg V' N, that is injective except
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for the set that maps to gen-reg V' \reg V, which is covered twice (once for each disk).
The map is actually C?, because by definition gen-regV is C2.

To see that the immersion just constructed is proper, let K be a compact set in &
and note that, by the choice of O, gen-reg V N K is compact in B. By continuity of the
norm of the second fundamental form of the immersion, there exists ox > 0 such that,
whenever x € gen-regVNK and r < o, B""!(x)Nspt ||V is either an embedded disk
or the union of two embedded disks intersecting tangentially; in particular, the inverse
image of B"*!(z) via the immersion is made up of either one (topological) disk or two
disjoint (topological) disks. The C? regularity further implies that the diameter of
each such disk with respect to the metric d is at most C'ixr, where C'x only depends on
K and on the bound for the C? norm of the second fundamental form of gen-reg VN K.
Given € > 0 such that ¢ /Ck < o, by choosing a finite collection of balls of radius
¢ /Ck that covers gen-regV N K, their inverse images provide a finite collection of
open sets that covers the inverse image of K, each open set having diameter smaller
than €. This proves that the inverse image of K is totally bounded. The fact that it
is complete follows easily by construction. This establishes properness. ]

Remark 4.2. The previous proof shows an alternative way to write gen-regV as a
C? immersion under the assumptions of Theorem (where My is empty), without
exploiting the stationarity condition (which was done, on the other hand, in Remarks

T4 12,

Remark 4.3. In Lemma[4.2) we defined the metric completion of reg; V' with respect to
the open set (B\ Ma)\ (sing V'\ gen-reg V): this meant that we only considered Cauchy
sequences (with respect to d) with image (via the inclusion map) converging to a point
in (B\ Ma) \ (sing V' \ gen-reg V) with respect to the ambient distance. (Note that the
inclusion map is distance descreasing). The same argument can be used to define the
metric completion of reg V with respect to the larger set (B\ Ms)\ (sing V' \ gen-reg V);
this means that we consider Cauchy sequences (with respect to d) with image (under
L) converging to a point in (B\ M)\ (sing V'\ gen-reg V'). Let Y be this metric space.
Y need not be a manifold, nor a manifold-with-boundary (because we do not have any
regularity assumption for the boundary of the open set {g # 0}, nor transversality of
this boundary to V'). The immersion defined in Lemmaextends to Y by continuity;
we denote by ¢y this extension.

Recall that gen-reg VNU is easily seen to be an oriented C*-immersed hypersurface

by considering the unit vector % (see Remark [1.22). We have:

Lemma 4.3 (Orientability of gen-reg V' in the complement of (reg1 V N {g = 0})). Let
V' be an integral varifold in an open set B that satisfies assumptions (al)-(a2)-(a3)-

(a4)-(b)-(b") of Theorem and Y be the metric space defined in Remark . Let

Sy = LZD;(U) and 1y = tp,LSy. Then the manifold Sy is oriented by v = % and

w(Su) = gen-regVNU. (Note that Sy is an open set in the n-manifold So,, which
in turn is a subset of Y.) Moreover, v extends continuously to Sy, where the closure
1s taken in Y.

Proof. Let p € Syy. We wish to show that there exists a unit vector v(p) in TN
such that v(ps) — v(p) whenever p; — p with py € Sy. Note that it is then automatic
that v(p) is orthogonal to T, (,)V. We distinguish two cases:

(i) ty(p) € reg1 V;
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(i) ey (p) € (gen-regV \reg1 V).

(i) In this case p is actually a point in the manifold defined in Lemma Since
vy (p) is an embedded point, we can choose o small such that spt ||V|| N B2 (vy (p)) =
reg1 VN B> (1y(p)) is embedded and orientable and denote this portion by R; choose

the orientation 7 of R for which the stationarity condition H = gv holds (this exists

by assumption (b)). Then # agrees with the orientation v = £ on S;; and moreover,

p has a neighborhood in Y that is mapped by ¢y into R. Therefore v is extendable by
continuity to p (a varifold as the one in Figure [4] below is ruled out by hypothesis (b)).

(ii) If 1y (p) is a touching singularity, denote by D; and Do the ordered C? disks
that describe gen-reg V' in a neighbourhood of ¢y (p) in a reference frame with respect
to T, (»V. By Remark for each j = 1,2, there is a non-empty open set A; C D;
on which g # 0 and ¢y (p) € A;, where the closure is taken in D;. By the stationarity
assumptions (b) and (b?), on each D; the mean curvature is given by H= gv;, where
7; is a choice of orientation of D;. The orientation v agrees with #; on ¢y (A;) for
j = 1,2. Moreover, by construction of Y and ¢y, p has a neighborhood in Y that is
mapped by ¢y into D; for precisely one j € {1,2}. Therefore ©; provides the continuous
extension of v at p. O

Figure 4: In the picture we take g > 0. The orientable embedded hypersurface depicted
fulfils the condition that |H| = g but fails to satisfy the stationarity condition with respect
to Jg. As shown in this section, reg; V' (actually all of gen-reg V) can be oriented away from

o —
reg1 VN {g=0}) by extending £ by continuity.
g g y g 4 by y

Remark 4.4. Note that, in case (ii), the fact that D; and Dy both contain a non-empty
open set A; C D; (j = 1,2) on which g # 0 (this is true in any small neighbourhood
of vty (p)) implies that there are two distinct points in Y that are mapped to the same
point ¢ty (p).

Remark 4.5. From Lemmawe conclude, in particular, that when {g = 0}Ngen-reg V'
has empty interior then gen-reg V" is the image of an orientable immersion and we can

choose an orientation that agrees with H on {g # 0}. This property allows us to state
Theorem below, where we drop (a4) (comparing with Theorem [1.5)).

Proposition 4.1 (Orientability of gen-regV globally in a ball, assuming smallness
of the “pure” singular set). Let V' be an integral n-varifold in a simply connected
open set B such that assumptions (al)-(a2)-(a3)-(a4)-(b)-(b*) of Theorem are
satisfied; assume moreover that dim ((spt||V|| \ gen-regV) N B) < n — 7. Then there
exists a manifold Sp and an immersion v : Sp — B such that vy (|Sp|) = VLB and
t(Sp) = gen-regV N B; moreover Sp is orientable and the orientation can be chosen

so that it agrees with % on {g # 0}.
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Proof. Step 0: reminders and notation. Recall that M7 =({g =0} Nreg, V) N{© =1}

and My =({g=0}nNreg: V) N{® = 2}. Let Ey = L(_Q;(B \ M1\ Ma\ (spt|V] \
gen-reg V')). Then E» is an open subset of the manifold Sy, with ¢, (E2) = gen-reg V'\
M \ Ms. Clearly Sy C Es, and it follows from Remark that Fy C Sy (closure
taken in Y'). Hence by Lemma FEs is oriented (by the orientation on Syy) and the
orientation extends continuously to Es.

Step 1: existence of an oriented immersion with image gen-regV \ Mj. Next, we
wish to show that G = gen-regV \ Mj is the image of an immersion of an oriented n-
dimensional oriented submanifold Sy, of the unit sphere bundle over B. The working
assumption implies G = G U G2, where G1 = {z € G : O(||V||,x) = 1} and G, =
{r € G:O(|V|,z) = 2}. The set G; is open in G by upper-semi-continuity of the
density and it is an embedded manifold oriented by v, because G1 C tp,(E). The set
G2 contains My and G\ My C gen-reg V' \reg; V; for any z € G2 we denote by +n(x)
the two unit normals at x to T,;V. We define Sp, C @1 x S™ by

So, = {(z,v(x)) : x € G1} U{(z,n(x)), (x,—n(x)) : x € Ga}.

In order to show the manifold structure of Sy, we need to prove that any point in Sy,
admits a neighbourhood in ;7 x S™ whose intersection with Sg, is an n-dimensional
disk (the validity of the separation axiom and the countable basis axiom are immediate
because they hold in the ambient sphere bundle, that induces the topology on Sp, ).
This property will follow upon proving that for every y € G there exists a ball B+ (y)
such that Sp, N (B (y) x S™) is either a single embedded disk or the union of two
disjoint embedded disks. If y € G then we choose B**1(y) such that GNB"*!(y) C Gy
and is a disk; then Sp, N (B (y) x S™) is a single embedded disk. If y € My then we
choose B™!(y) such that GN B (y) C Ms and is a disk; then Sp, N (B2 (y) x S™)
is the union of two disjoint embedded disk. In the remaning case y € Go \ My C
gen-regV \ reg1V the point y is a touching singularity ad we choose B"*!(y) so
that spt ||V|| N B?*(y) is the union of two embedded disks Dj, Do that intersect only
tangentially, with y € D1 N Dg, with D1\ Dy, D2\ D1 C G1 non-empty and orientations
v; on Dj such that H= gv; on Dj (by Proposition ; on G N Dj, the orientation
vj agrees with the orientation v defined on G (by Remark there exist open sets
A; C D; with y € A, for j = 1,2, in which g # 0 and v was defined by continuously
extending %) Moreover, v1 = —v5 on D1 N Dy (again by Proposition. This means
that Sp, N (Bt (y) x S™) agrees with the union of the two sets

{(z,v) :x € Di,v=v1(x)} U{(z,v) : & € Da,v = —1v1(z) = va(x)},

which is the union two disjoint embedded disks (respectively the oriented lifts of D;
and Ds). This establishes that Sp, is an n-dimensional submanifold of the unit sphere
bundle over B. The orientability of Sy, follows by considering the projection onto the
second factor S™. The immersion tp, : Sp, — 1 with image gen-reg V' \ M is defined
by restricting to Sy, the projection onto ;.

Step 2: existence of an immersion with image gen-regV \ (OM; N OMs). We have
shown, in particular, that gen-regV \ Mj is an immersed hypersurface; we proved in
Lemma that gen-regV \ My is an immersed hypersurface. The open sets F =
L(_/)} (01 \Mz) and Ey C Sp, are mapped respectively by o, and ¢, onto the same
set. Moreover, for each j € {1,2}, the immersion Lo, is injective on (2; = E;\ Fj, where
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F; = L(_Ql (K;) (a closed subset of E; with empty interior) with K; C gen-regV \reg V.
Then L(T); otLp, : 21 — (g is a bijection, which extends to a diffeomorphism ¢ : E; —
E,. (For each x € Fq, there is a small ball B,(z) C E; and an open set U, C F3 such
that 1o, |p, ;) and 1o,y are embeddings with the same image. Define ¥ : Ey — Ey
by setting g (,) = L02|511 © 1o, |p,(z)- On Br(x) \ Fi, ¥ agrees with the bijection
Lé; oLp,, s0o VU is well defined on E; and is the unique continuous extension of LE); oL, -
It is clear directly from the definition that ¥ is a local diffeomorphism and it is is
injective on F1.) We get a new manifold Sy, Uy, So, defined by the gluing of Sp, and
So, along the open sets E; and Es using the identification ¢. In order to prove that
S0, Uy So, is a manifold we need to check the topological Ty-axiom (separation).

To check the T axiom, we only need to consider points on the boundary of Fq and
E5 (the glued open sets), so let p1 € Sp, be in JE; and p2 € Sp, be in OE,. Note
that OF; and 0Fy (respectively in Sp, and Sp,) are mapped (respectively by ¢, and
Lo,) to Mo\ My and My \ Mo (by definition of E1 and Fs), and therefore the images
(respectively under tp, and tp,) of p1 and py are distinct points in B\ (spt ||V \
gen-reg V). We can then select disjoint open balls By, Bo C B\ (spt ||V \ gen-reg V)
centred at the two images; the open sets La (By) and L(T)i (B2) have the property that
¢(L51(B1) N E1) is disjoint from sz); (B2) N Ey. This guarantees the validity of the
T5-axiom.

We now have a C? immersion tp,u0, on Sp, Uy Se, (by gluing tp, and tp, along
E5 and Ej via 1) whose image is gen-reg V' \ (OM; N OMs). We need to extend this
immersion so that it also covers dM; N OMa (step 3 below) and then, finally, we need
to check (step 4 below) the orientability of this immersion; this will complete the proof
of the proposition.

Step 3: existence of an immersion with image gen-regV. We will “complete” the
manifold Sy, Uy Sp, to include points that map onto dM;NIM, \ (spt ||V||\ gen-reg V).
Let y € OMyNOM; \ (spt ||V \ gen-reg V). Then y is a touching singularity and there
exists an ambient ball B(y), centred at y, in which spt ||V agrees with the union
of two distinct embedded C? disks D; and Dy that intersect only tangentially, with
each lying on one side of the other and with y € D; N Dy. By Remark y is
in the closure of reg1V N {g # 0} N D; for each j, and therefore we can choose

—

orientations v; of Dj, for j = 1,2, so that v; agrees with v = % onreg1VN{g #
0} N Dj. Moreover, D; with the orientation v; is stationary with respect to J,. Let
A =UyB(y) C B\ (spt| V] \ gen-regV'); we claim that A N gen-regV is an oriented
immersed manifold.

To achieve this, we will show that the orientations chosen in each ball for the two
disks are coherent, i.e. whenever disks from two distinct balls overlap, the orientations
match on the overlap. Upon choosing a small enough ball around each point, we can
ensure that each disk is geodesically convex, and also that each disk is a graph over a
subset of the tangent plane at any of its points.

Let z,w € M1 NOMy \ (spt ||V \ gen-reg V') be distinct points, and let D, (resp.
D,,) be one of the two disks corresponding to z (resp. w) with D, N D,, # 0. Note
that each point in D, N D,, N{O = 2} lifts to two distinct points in the sphere bundle.
So we only have to show that at every point in 7' = D, N D, N {© = 1}, the two
orientations on D, and D,, agree (so that that point lifts unambiguously to a point in
the sphere bundle). N

So assume T' # (), and note that T is an open subset of both D, and D,,. Let T be
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a connected component of T'. Since T # D, (else z € T contrary to © (||V],2) = 2),
we have that 0T N D, # (). Similarly, 9T N D,, # 0. We consider the two cases:

(i) ©(|V],y) = 1 for some point y € dT N D, and © (|V||,y') = 1 for some point
Yy € 0T N Dy;

(ii) ©([|V]],y) = 2 for every point y € dT N D, or ©(|V],y) = 2 for every point
y € 0T N Dy,

If case (i) holds, let 7,.(t) be the geodesic segment connecting y to z parameterized by
t € [0,1] with v,.(0) = y and v,.(1) = 2, and let ¢; be the smallest value of ¢ € [0, 1]
with ©([|V[], vy (t1)) = 2. Let 0 = minygjg ) dist (7,2(), 0 D). Choose t3 € [0,%1) such
that d(yy(t1),1=(t2)) < §/2. Then there is a connected C? open subset L, CC D,
containing v, ([0, t2]) such that O(||V||,z) = 1 for each x € L, and O(||V||,z,) = 2
for some point x, € 9 L,. If g = 0 on L,, this contradicts the Hopf boundary point
lemma (by the argument of Proposition and Remark , so there must exist a
point ¢, € L, with g(g.) # 0. By the same argument, there is a connected C? open
subset L, CC D, such that g(q,) # 0 for some q,, € Ly. Let L = T U L, U Ly,
Since L is an open subset of D, U D,,, it is a graph over the tangent plane to V at
any point in 7' (by the way we chose the disks, D, U D,, is a graph over the tangent
plane at any point in D, N D,,), and thus it is orientable. So since L C reg; V', we have
by hypothesis that there exists a continuous unit normal 7 on L such that H = qgn
on L. Since we have an orientation v, on D, such that H = gv, on D, it follows

that H(q.) = g(q:)v=(q:) = g(2)ii(qz) s0 i) = v2(gz). Similarly, 7i(gw) = vu(qu)-
Consequently, since both 7 and v, are continuous on the connected open set L, U T,
we see that v, =7 on L, UT. Similarly, v, =7 on L, UT. So in particular v, = v,
onT.

If case (ii) holds, pick a point 2o € T'. Then the small geodesic ball B’ = B d(20,0T) (z0)
is C2, O (|V|,z) = 1 for every z € B’ and there is a touching singularity z; € 9 B'.
Arguing again as in the preceding paragraph (using the Hopf boundary point lemma),
we find a point ¢ € B’ such that g(q) # 0. Since H = gv. on D, and H = gv, on
Dy, evaluating at ¢ we conclude that v,(q) = v (q), and hence, since 7' is connected,
Vy = Uy O T.

Since T is an arbitrary connected component of T', we have shown that v, = v, on
T. We thus have a well-defined orientation of reg1 V' in A and we can argue as done in
step 1, lifting gen-reg V' N A to the sphere bundle over A to get an embedded oriented
n-submanifold S, whose projection ¢4 : S4 — A is a C? immersion with image
gen-regV N A. We can then glue S4 to the manifold Sy, Uy So, along respectively
the open sets Sy \ ¢;*(OM; N OM>) and L(_Q}U(% (A) using an argument as the one in
step 2. This produces an n-manifold, that we denote by Sp, and a C?-immersion
tp:Sp — B\ (spt||V| \ gen-reg V'), whose image is gen-reg V' N B.

Step 4: orientability of the immersion. To begin with we show, by a slight modifi-
cation of an argument developed in [Sam69], the following:

Claim: Whenever A C B\ (spt ||V|| \reg1 V) is open and reg; V' has multiplicity 1 in
A, then reg1 V N A is orientable.

If orientability fails, then we can find a closed curve v in A that intersects the
hypersurface reg; V' N A at exactly one point, as explained in [Sam69]. (Take an
embedded closed curve o : [0,1] — regV N A such that any continuous unit normal
ni(t), t € (0,1], on o(0,1] has no continuous extension to 0. Fix such 7, and let
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¥(t) = o(t) + erni(t) for t € (0,1] and suitably small constant € > 0. Then (0, 1] is
disjoint from gen-reg V. Complete 4 to a continuous closed curve + by connecting
the end points lim;_,o+ 7(¢) and 7(1) with a geodesic segment.) Although ~ is not
necessarily contractible in A, it is so in B, so there exists a homotopy of v to a point:
we denote by f : S x[0,1] — B this homotopy; without loss of generality we may make
f transverse to ¢tp and with image disjoint from the codimension-7 singular set (by
slightly perturbing it). By intersection theory mod 2 (or by analogous transversality
arguments) we find a contradiction, since we saw before that yNgen-reg V' (= yNreg, V)
consists of exactly one point (in the present context, we are counting multiplicities,
i.e. we count intersections with the immersion ¢5) while f;, that maps to a point, can
be made disjoint from gen-reg V. So the claim is proved.

What is left to prove is that Sp is orientable and the orientation can be chosen
so that it matches % on 15 ({g # 0}). We know that ¢5'(gen-regV \ M) satisfies
this orientability condition (by step 1 and by Lemma . We will show that we
can choose an orientation for 5" (M7) (which is orientable by the claim above) that
matches continuously the one on 15! (gen-reg V' \ My).

Let M be a connected component of M;. We will use the notation OM = M \

(spt ||V]] \ gen-reg V) \ M. We only have to address the case when OM N gen-reg V' #
(. Let M be the largest connected component of reg; V' containing M. Since each
x € 9 M Nreg, V has a neighborhood in which spt || V]| is C! embedded, it follows that
&M Nreg, V C M. By the constancy lemma (IBelWic-1, Lemma Al]), ©(||V]],:) =1
on M , and moreover M is orientable by the above claim.
__ Next we show that M Nreg; V # ) and that 0 M is contained in the closure of
Mn{g#0}. Lety €c 9M. If y € OM Nreg; V, then it is clear that any neighborhood
of y in reg V contains a point where g # 0, so y belongs to the closure of MnN {g # 0}.
If on the other hand y € OM N (gen-reg V \ reg1 V), i.e. if y is a touching singularityﬂ
choose a reference frame with respect to T,V and denote by 7 the projection onto
T,V. In a cylindrical neighbourhood of y of the form U, = B}} x (—o,0) (where B}
is a ball in T,V centred at y), spt ||V|| is the union of two C* disks D,, and D,, that
intersect tangentially. Consider the projection K of the touching set onto By. For any
point a € By N (w(M)\ K) sufficiently close to 7(y) there is an open ball B(a) CC By
centred at a that is disjoint from K and such that there is a point z € 0 B(a) N K.
Then there is a touching singularity at (z,2’) € U, and we must have that both
D, N (B(a) x (—0,0)) and Dy N (B(a) X (—0,0)) contain non-empty open sets where
g # 0, otherwise we would contradict Hopf boundary point lemma (see the argument
of Proposition 3.2/and Remark. At least one of the two disks D, N(B(a) x (—0,0))
and Dy N (B(a) x (—o,0)) must intersects M, by the choice of a; denote this disk by
Za-

At this stage we have established that Z, N OM # 0, because Z, N M # () and Z,
contains points where g # 0 (¢ = 0 on M); moreover, Z, C reg, V by construction.
So the claim that OM Nregq V # () is proved (and Z, C ]\A/f) Note that Z, is as close
to y as we wish, which implies that y is in the closure of MnN {g # 0}.

By hypothesis (b), there is a choice of orientation that makes M (and hence M)

stationary with respect to J,, and this choice is unique since it has to agree with %

5This would be prevented by Hopf lemma if the open set {g # 0} C B satisfied an exterior ball
condition at y, but this is not necessarily true.
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on the non-empty set MnN {g # 0}.
It remains to check that the uniquely determined orientations on ¢5' (M) and Sp \

15" (My) agree on their intersection ¢ (M \ Mj). But this is clear now, since M \ M;
is in the closure of the set reg; V' N {g # 0}, and by Lemma |4.3] H the orientation on
Sp\ t5 (M) is determined by the orientation on reg; V N {g # 0}. Since M was an
arbitrary connected component of My, this completes the proof. ]

Proof of Theorem [{.1. This is now immediate from Proposition and Remark
]

Remark 4.6. (what if B is not simply connected in Theorem 9) We have shown
that, if B is a simply connected open set and dimy, ((gen—regV \ gen-reg V) N B) <
n — 7, then gen-reg V' N B is an oriented immersion (and the orientation agrees with %
wherever g # 0). We note that these two assumptions were used only in two places:
in the claim in Step 4 of Proposition and in Remark In the first case it was
used to deduce the orientability of M;, and in the second to deduce orientability of
any minimal hypersurface separated from gen-reg V' \ reg; V.

Consider now @ = N\ (sing V' \ gen-reg V') (where N is the ambient manifold) and
denote by S; any (embedded) minimal hypersurface that is separated from gen-reg V'\
reg1 V and has constant multiplicity j, and by M; the multiplicity-1 minimal hyper-
surface not separated from gen-regV \ reg; V and by My the multiplicity-2 minimal
hypersurface not separated from gen-reg V' \ reg1 V. Then the arguments used in this
section prove that gen-reg V' \ (M1 Ujoqq S;) is the image of a two-sided immersion. (As
before, My and any minimal hypersurfaces S; with j even can be lifted to the sphere
bundle as its double cover.) If we know a priori the two-sidedness of each S; for j odd,
and of M; (for example, this is the case in the situation addressed in [BelWic-2] by
the results in [RogTon08]) then we can conclude, using the same arguments exploited
in this section, that gen-regV is globally the image of a two-sided immersion in NV
(conclusion (ii) of Theorem and the proofs given in this section can be shortened.

5 Local consequences of stability

Remark 5.1. Let V be an integral n-varifold in N such that the hypotheses of Theo-
remhold with V in place of V. Let Xq € spt IV, po € (0, Rx,) where Ry, > 0 is

the injectivity radius at X, and let V' = eXpXO# (VI_/\/'pO (Xo)) . Let O = N, (Xo) \

<spt IV \ gen-reg 17) Then, in accordance with hypothesis (b*), VL O = 7o + (1Sol)
where Sp is an oriented n-manifold and 7 : Sy — O is a Jy-stationary C? immersion.
In view of the fact that the regularity conclusion (i) of our theorems is of local nature
and the fact that finite Morse index implies local stability, by taking po sufficiently
small we may, and we will, assume that V'L is stable with respect to J; for all normal

deformations induced by an ambient test function ¢ € C1(©) (i.e. deformations as in
Defintion [1.9)), or equivalently (see Section [2.2]) that:

/ (JA]? + Ric(v, v) — Dyg) $2d|[V]| < / Vo7

for all ¢ € CL(©), where A is the second fundamental form of the immersion ¢¢ in the
Riemannian ambient manifold, norms are computed with respect to the Riemannian
metric and the gradient is the intrinsic one (on the hypersurface).
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5.1 Localization to a chart; Schoen’s inequality

Let V, V, Xo € spt ||V, © = Nopo (X0) \ (spt IV \ gen-reg 1~/> and 7y be as above.

Let 1o : Sp — exp}é(@) C Bpf 1(0) be the immersion 1y = exp)_(i otp. Relabeling

|hlgoexpy, as g (as explained in Section , we then have that the Jg-stationarity
of 7p (as above) is equivalent to stationarity of t» with respect to

f(t)Z/ - F(z,v(@)) dlves [Solll + Volg(t),
eXpX(lJ(O)

(i.e. to the condition F’(0) = 0) for all C? deformations 1 : (—¢,€) X Spy — exp}i(@)
with (0, z) = tp(x) for x € Sp and Y(t,x) = 1p(z) for (t,z) € (—€,€) X Sp \ K for
some compact K C Sp. Here ¢4(-) = ¢(t,-) and F is as in Section We note that

Vol ( / Fl@) - v(a) vy 1Solll - / F(@) - v(@) dlio 4 150l

for any C? vector field f satisfying div f =gin B;LOJF 1(0), and we can find such f by set-
ting f = Vu where u is the unique solution to Au = g in Br(0), u = 0on d B (0).
Since g € C1*(By1(0)), it follows by standard elliptic theory that fe C%(BR(0)),
with sup gn.s o) (| Fl+p0l Df1+031 D2 f) 405 su 1% flen)-D2 flaa)l <

x1,x2€B:f(;’l(0),x17éx2 |x1—xz2|™

c (po SUP grt1 g g + pp T SUD, 1€ BIHL (0) 01 7 w) where C' = C(n). Fix

|21 —w2]*

this f and for any constant vector ¢, set

Fo(x,p) = F(z,p) + (f(z) + &) - p. (10)
It follows then that

Lo is Jy-stationary <= for any constant vector ¢, the immersion ¢p is stationary

with respect to

fa(bo)Z/ o) Fe(w,v(@))d|lo #|Solll (ie. &],_ Felwr) =0.)  (11)
expx,

Now by the same reasoning as in [SchSim81], the integrand F satisfies conditions
[SchSim81) (1.2)-(1.6)] for some constants g, fiy (say) in place of p, pp. In partic-
ular (by [SchSim81l (1.6)]), for each point y € B" /2( ), there is a diffeomorphism

y  Bptl(0) — B (0) which takes 0 to y and transforms F to n#F (notation as

n [SchSim8&1]) such that 7] #F satisfies conditions [SchSim81l (1.2)-(1.5)] with 7, 1,
(independent of y) in place of pu, ,ulm We may, and we shall, take 1y = identity. From

this it follows that for each y € BZ'?Z(O), there is a vector &(y) (namely, &(y) = —f(y))

such that nfﬁg(y) satisfies [SchSim8&1l (1.2)-(1.5)] taken with nfﬁg(y) in place of F,
again with a fixed choice of y, p1 independent of y (but depending on 1, 11y, g, po and

a)ﬁ

"This map 7, is called v, in [SchSim8&1].

8Note that Fy is in C*® in the z variables and is C? in the p variables; although it is assumed
in [SchSim81] that the integrand Fy is of class C*, the proofs therein require less regularity. What is
needed in fact are [SchSim8&1} (1.3)] and [SchSim81l, (1.4)], each of which requires at least one derivative

of F»in the v variable, and hence at most 2 derivatives of f; thus our assumption that f € C%* suffices
to satisfy the regularity conditions on Fz needed in the proofs of [SchSim&1].
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Similar reasoning applies with regard to the stability hypothesis. Thus, the J4-
stability of 7 is equivalent to stability of 1y with respect to Fz(tp) for any ¢, i.e. to
the condition

d2

p7e] Fa(py) 20 (12)

t=0

for any ¢ and all deformations
b(t, ) = expit oexpry) © (7o) + H6 0 expi oTo(2) i (m ) » (#:) € So X (—¢,¢)

with ¢ € O} (exp;((l)(O)). Computing this second derivative and following the argu-
ments in [SchSim8&1] leads to the validity of the inequality [SchSim&1) (1.17)]:

/ ARSIV < / VoLV + (13)

tespn / (110® + ¢|Vo| + ¢ Al + [z]|VS|* + |2|¢?*| A]* + p¢® |z | A]P)d|| V|

for all ¢ € Cl(exp~1(®)), where A is the second fundamental form of the immersion
Lo, norms are Euclidean, V is the intrinsic gradient of ¢y, ¢5 is a dimensional constant
and p is the constant fixed as in the preceding discussion.

Adaptation of Schoen’s lemma. The validity of implies the following: there
exists c1, €9 > 0 (depending only on n, u, p1pp) such that for any p with pui1p < ¢y and
¢ € CUBLH0)\ (spt [V \ gen-reg V),

/ APV < e / (1= (- 2Tl 4 ey / V], (14)
M M M

where the quantities are relative to an immersion in @ and VM is the intrinsic gradi-
ent. The proof of is by the argument of [SchSim81 Lemma 1] incorporating the
modifications described in [BelWic-1l, proof of Theorem 3.4].

Within the proof of our regularity theorem we will need to use on the hyper-
surface gen-reg V' in open balls in which the singular set spt |V \ gen-reg V' is known
to have codimension 7 or higher.

5.2 Strong stability inequality for graphs and a preliminary sheeting
theorem

The stability hypothesis enters the proof of our regularity results primarily via
applications of the preliminary sheeting theorem (Theorem below. This result is
very much in the spirit of [SchSim81, Theorem 1], in that it assumes a priori smallness
of the (genuine) singular set (hypothesis (iii)).

We point out that Theorem has non-variational hypotheses, i.e. the varifold is
not assumed to be a critical point of a geometric functional. For its application in the
present work (namely, within the proof of Theorem or more specifically within the
proof of Theorem below), it would suffice to prove a “variational counterpart” of
Theorem (in the style of [SchSim81], or of the analogous result [BelWic-1, The-
orem 3.4]). More precisely, for the purposes of the present paper it would suffice to
prove Theorem [5.1] under the additional variational assumptions on gen-reg V' that are
available in Theorem (namely, conditions (I), (II) in Definition [6.2]). However, we
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observe that the arguments in [SchSim81] (that need to be followed closely to prove
Theorem and to which we will refer below) only make use of the variational hy-
potheses insofar as they imply hypotheses (v) and (vi) of Theorem We therefore
drop, in Theorem [5.1] any stationarity and stability requirements on gen-regV in
favour of (the weaker) hypotheses (v) and (vi). While not needed in this generality
for the present work, Theorem [5.1] does not require any additional effort to prove com-
pared to its variational counterpart. More importantly, Theorem is applicable to
non-variational settings as well, such as the one arising in our work [BelWic-2] address-
ing the question of existence of prescribed mean curvature hypersurfaces in compact
Riemannian manifolds. Eventhough such a hypersurface has the variational charac-
terisation as a critical point of .J, where g is the prescribing function for the mean
curvature, the Allen—Cahn approximation scheme employed in that work produces, in
the first instance, a limit varifold V' which may develop stationary (i.e. zero generalised
mean curvature) portions in addition to mean curvature g parts; this may happen, as
far as anyone knows, even when g is a non-zero constant. If this happens then clearly
V' will not be variationally characterrised. The approach taken in [BelWic-2] is to
prove regularity of V' nonetheless, and then argue that the mean curvature g portion
can be extracted from V by virtue of regularity of V.

We shall comment further on the hypotheses of Theorem and the applicability
of Theorem [5.1] within the proof of Theorem in Remarks and [5.4] below.

Theorem 5.1 (Sheeting Theorem & la Schoen—Simon). Given q a positive integer,
p > n, and numbers [, 1, c3, po, there exists € = €(n, q, u, p1po,p, c3) € (0,1/2) such
that the following holds: Let V' be an integral n-varifold in B;LOH(O) such that:

(i) there is an oriented n-manifold Sy and a C? immersion vy : Sy — BY1(0) such
that vy (Sy) = gen-regV and vy 4 (|Sy|) = VL (ngl(()) \ (spt||[V||\ gen-regV));

(i) for each y € gen-regV N singr V' and any neighborhood O of y with spt|V||NO =
graph ui Ugraphuy for C? functions uy < us and with L‘;l(O) equal to a finite number
of (topological) diskﬂ we have that the image under vy of each of these disks is equal
to either graphu; or graphus;

(ii1) singV \ singr V =0 in case n < 6, singV \ singp V' is discrete in case n =7 or
dimy, (singV \ singrV) <n —7 in case n > 8; moreover, singr V C gen-regV;

(iv) condition (al') of Section [3.1] holds;

(v) the scalar mean curvature h of the immersion vy satisfies

[h(2)] < ea(palev (2)||A(2)] + p)

for x € Sy, where A(z) is the second fundamental form of vy at x and |vy(z)| denotes
the distance to the origin;

(vi) for pip < e, inequality holds for all ¢ € Ccl(B;H‘l(O) \ (singV \ singpV)),
¢ >0, with the ambient (i.e. R"*1) gradient V in place of VM ;

(vii)

P
E, pnz/ 2" 2 d||V]|(X) + (M"/ !Hv!deVH(X)> trp<e
Br(0)xR B (0)xR

(where Hy is the function as in condition (al') for Y =0).

9The existence of such a neighbourhood @ follows from the definitions of gen-reg V' and sing, V'
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Then .
VL( ™5(0) X R) = Jgraphuy|,
j=1

where u; € C*>* (B"

p/2(0);]R), u <up < ... <wuy and for each j,

sup (o~ fu;|* + | Duyl? + p*| D?uyl?)

B0

D2 . _D2 . 2
+ p2+2a sup |Du; () 2aug (y)] < CE,
2yE By, (0), 2y = =l
for some fized constants o = a(n,p,q,p, p1po) € (0,1/2), C = C(n,p,q,u, p1po) €
(0, 00).

Remark 5.2. The relevant case of Theorem in the present work is when V' is the pull
back, via the exponential map, of an integral n-varifold V in a Riemannian manifold. If
the first variation of V (with respect to the area fuctional induced by the Riemannian
metric) is given by —H‘~,||f/|| for a function Hy € LP(||[V])) with p > n (the function
Hy is the generalised mean curvature of f/), then hypothesis (iv) in Theorem holds
for V, as explained in Section Moreover, if V additionally satisfies that its C2
immersed oriented portions have (classical) mean curvature prescribed by an ambient
function g of class C1® on the Riemannian manifold, then hypothesis (v) in Theorem
holds true for V' (this follows by computations as in [SchSim81l (1.16)] and only
uses the fact that g is bounded in L*°). Similarly, if V' satisfies (I) of Definition
then V also satisfies (v) in Theorem

Remark 5.3. With notation as in Remark if V satisfies assumption (b*) of Theorem
then V satisfies (i) of Theorem Moreover, if V satisfies assumption (b”) of
Theorem then V satisfies (ii) of Theorem Similarly, if V' satisfies (I) of
Definition then V' also satisfies (i) and (ii) of Theorem

Remark 5.4. We recall that (with notation as in Remark the validity of hypothesis
(vi) in Theorem is implied by the assumption that V satisfies a stability hypothesis
(Morse index equal to 0 in the sense of Definition on its C? immersed part. We
note that if V' satisfies (II) of Definition then (vi) in Theorem is satisfied by
virtue of the discussion in Section 5.1l

Remark 5.5. As already mentioned, Theorem will be used within the proof of the
(more general) sheeting result Theorem By virtue of Remarks any
varifold V' as in Theorem below, that additionally satisfies an a priori bound on
the (genuine) singular set (hypotheses (iii) of Theorem [5.1)), satisfies all the assump-
tions (and thus the conclusion) of Theorem The aim of Theorem is to drop
assumption (iii) of Theorem in favour of the no-classical-singularities assumption
and hypothesis (T).

Remark 5.6. The proof of the preliminary sheeting theorem is achieved by suitably
adapting the arguments in [SchSim81]. In order carry out the proof it is essential to
ensure the validity of [SchSim81) Lemma 1] for any graph M that appears in the partial
graph decomposition produced by following [SchSim&81]. We achieve this by showing
(in Lemma below) that for any graph M of class C? that satisfies the inequality
in (v) of Theorem it is automatically true that inequality [SchSim81, (1.17)] holds
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(without an explicit strong stability assumption on M, from which the same inequality
would immediately follow). This observation is the one that allows to state condition
(IT) in Theorem (see the remark that follows it) with only ambient test functions
and with the ambient gradient on the right-hand-side, rather than the intrinsic one.
In fact, [SchSim81] uses [SchSim81l, Lemma 1] either with an ambient test function ¢
(in which case the ambient gradient suffices in their arguments) or with a non-ambient
test function that is supported on a single graph of the partial graph decomposition.

Lemma 5.1 (stability inequality for graphs). Let Q C B1/2( ) be open, f : Q —
[~1/2,1/2] be of class C? and suppose that the mean curvature H of M = graph f
satisfies

[H| < c([(z, f(2))[[A] + 1),

where ¢ > 0, A is the second fundamental form of M and both H and A are evaluated
at (z, f(x)). Then inequality (i.e. inequality [SchSim81l, (1.17)]) holds for all
© € CHM) with % in place of csu.

Proof. Denote by v the unit normal vector to M such that v - et > 0 and let
H(z, f(x)) denote the scalar mean curvature of M with respect to v at (z, f(z)). Let Ny
be the graph of f+t¢ for ¢ € CL(Q) and t € (—¢,¢). Let L; be the (n+1)-dimensional
manifold with boundary M — N; defined, for ¢t > 0, by taking {(z,y) : x € Q, ¢(x) >
0,f(x) <y < f(z)+ to(x)} with positive orientation and {(z,y) : = € Q,¢(z) <
0, f(z) + to(x) < y < f(x)} with negative orientation (and similarly for ¢t < 0).
Extend v to a vector field on Q xR by setting v(x,y) = v(z, f(x)), forz € Qandy € R
(vertically invariant extension). Define the n-form w = 1, dvol™*!, where dvol"™! =
dz A...Adz™! is the standard volume form on R™*! and ¢ denotes the inner product
(contraction). Then, computing at (z,y) we get dw = divv dvol™™! = H(xz,y) dvol™*!
where H(x,y) = H(x, f(x)) for (z,y) € L;. Note also that [,,w =H"(M) and that w
has comass 1. Using Stokes’ theorem we compute:

:/ w:/ w—I—/ dw:/ w+ | H(z,y)dvol™.
M Ny Ly N Ly

Using [y, w < H"(Ny) we get

f(x)+tp(x

HY (M) < H"(N;) + | H(z,y)dvol™' = H(N,)+ / / H(x,y)dydx
Ly f(@)

— (N 4t /Q () H (x, f(z)) dz.

This shows that the right hand side of the above inequality, as a function of ¢ near
0, has a minimum at ¢ = 0, and hence has non-negative second derivative at t = 0.

Therefore we conclude that )

5| HM) 0.

t=0

Since 5:2 ”H" (Ne) = [y |vM ¢>|2 |A[2¢2 + H2¢? dH™ ([Sim83]), we conclude, in

view of the assumptlon on H, that holds with % in place of c5u.
O
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To apply Lemma (with ¢ = cgpq) within the proof of Theorem for any graph
M appearing in the partial graph decomposition, we choose ¢ = (1 — (v - 119)?)}/?
in and arguing as in the proof of [SchSim&81, Lemma 1], we then conclude the
validity of

/ AP A" < ¢ / (1= (v ™)) Vargl2di™ + cusdd / S2dH" (15)
M M M

for any ¢ € CLH(M).

Proof of Theorem [5.1. The proof now proceeds as in [SchSim8&1], incorporating the
changes as described in the proof of [BelWic-1, Theorem 3.4] (in particular using
inequality where the proof in [SchSim81] uses [SchSim81l Lemma 1] on separate
“sheets” of the partial graph decomposition). Note also that in [SchSim81, Theorem
1] (see [SchSim81l, Remark 2]), the small excess requirement is that the tilt-excess

~

By=p / (1= (v e 1)) V]
2 (0)xR

is small, but this is implied by our assumption (vii) since it follows from the first
varlatlon inequality (] (analogously to [SchSim81, Remark 2] or [Sim83) 22.2]) that

E, /5, < CE, for a fixed constant C' = C(n). With these changes in place, we proceed as
in [Sch81m81] to obtain the analogues of [SchSim81l, (4.33)] and [SchSim81) (4.36)]; this
implies, by standard arguments, the claimed conclusion of the present theorem. O

6 Proof of the regularity theorems

We discuss in this section the proofﬂ of Theorem with (m) (as in Remark
[L.5), Theorem and Theorem Conclusion (i) of all three theorems is local in
nature; thus it suffices to prove it with N replaced by a small geodesic ball of N.
Therefore, recalling Remark we may and do assume that the Morse index is zero,
i.e. that strong stability holds. So in view of the discussion in Sections [3.1] and
the proof of Conclusion (i) reduces to Theorem (below) which concerns a class of
varifolds Sr , ;,, in a Euclidean ball that satisfies, among other things, stationarity and
stability hypotheses with respect to a functional whose integrand belongs to the class
of functions Z(u, 1) defined below:

Definition 6.1. For constants p, p1, let Z(u, p1) denote the class of functions F
Brr1(0) x R™\ {0} — R satisfying the following requirements:

o F(-,p) € C**(By7(0)), F(,-) € C3R™\ {0}).

e for cach y € B! (0), there is a vector &(y) € R™"! and C? dlffeomorphlsm

y o BYTH0) — BT(0) with 7,(0) = y and 79 = identity such that 7] Fﬂ( )

satisfies [SchSim81 (1.2)-(1.5)] (with the fixed u, p1) taken with 7] F~( ) in place
of F and py = 2, where ﬁg(x,p) = ﬁ(a:,p) +c-p.

10Theorem itself, i.e. without assumption (m), will be discussed, in a more general formulation,
in Appendix E}
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Definition [6.1] is motivated, as we saw in Section [3.I} by pulling back the area
functional, or more generally the functional Jg, to an Euclidean ball by means of an
exponential map. Moreover, we saw in Section that (al) of Theorem becomes
(al”) when we pull back via the exponential map. These facts justify the next definition.

Definition 6.2. Let p > n. Let I, i, p11, ¢ > 0. Denote by Sr ,, 4,  the class of integral
n-varifold V in By"!(0) such that:

1. (a2), (a3) of Theorem (taken with N = By*1(0)) hold, and (al’) of Section
holds with py = 2 and for a non-negative function Hy € LP(||V|; R"*1) with
fBgH(o) |Hy [P < T

2. For some F € Z(u, 1), letting F = fﬁ(aj,y(:n)), the varifold V' satisfies the
following:

(I) the stationarity assumptions (b), (b?) of Theorem (taken with N =
By*H0)) hold with F in place of .J,; the stationarity assumption (b*) of The-
orem n (taken with N = B57(0)) holds with F in place of J, and when-
ever O = Q\ Z, with Q a simply connected open set and Z a closed set with
dimy(Z) <n-—T,

(IT) whenever @ = Q \ Z is as in (I), we have that

/ ARGV < / VoLV +

+epm /(uub2 +¢IVo| + G A| + [2|[VoI* + [a]¢?| AP + prg®|aP|A]P)d|| V|

for all ¢ € CL(Q\ Z), where A is the second fundamental form of the immersion
Lo
Remark 6.1. In the case of Theorem the inequality in (II) with ¢ = ¢5, where ¢5 =

cs5(n) is as in [SchSim81l, (1.17)], follows from hypotheses (b*) and (c) (of Theorem|[L.3));
in the case of Theorem [1.5] it follows (again with ¢ = ¢5) from hypothesis (c) (of

Theorem and Theorem

Theorem 6.1 (Local regularity for stable F-stationary hypersurfaces). Let V €
Srygu,e- Then spt||V|| satisfies conclusion (i) of Theorem [1.

Remark 6.2. The stability assumption (II) can be replaced by the following: inequality
holds, with the ambient gradient in place of VM, for all ¢ € C1(©), ¢ > 0, and
for any @ as in (b*).

Theorem [6.1] is deduced by proving the following three theorems by simultaneous
induction on gq.

Theorem 6.2 (Sheeting Theorem). Let g be a positive integer. There erists € =
e(n,p, q, b, 1, ¢) € (0,1) such that if V€ Sr ;¢ satisfies, for o € (0,1),

(@n2") Mmoo #VI(BETH(0)) < g+1/2, q=1/2 < w, Mmoo 4V (B(0) x R) < g+1/2
and the following flatness condition

1

P

n 1
/ &2 dlfro 0 4 VI(X) + = ( / |Hno,a#v|pduno,a#V|<X>> to<e,
F(0)xR € \JBr(0)xR

1
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then

q
Moo #V L (B?/Q(O) X R) = |graphuy],
j=1

where uj € ohe (B{L/Z(O);]R) and up < wug < ... < ug, with

”uj”%‘LO‘(B?/z(O)) <C B7(0)xR ’$n+1|2d||77070#v||(X)
1

C P
s ( / ano,a#denno,a#vu<X>> +Co
B(0)xR

fOT some ﬁxed constants o = a(n,p,q,u,,ul,c) € (07 1/2>7 C = C(nvpv Q7M7,ulvc) S
(0,00) and each j =1,2,...,q.

Theorem 6.3 (Minimum Distance Theorem). Let ¢ € (0,1/2) and C be a stationary
integral varifold that is a cone in R" ! such that spt ||C|| consists of three or more n-
dimensional half-hyperplanes meeting along a common (n — 1)-dimensional subspace.
There exists € = €(C,6,n,p, ', pu, 1, ¢) € (0,1) such that if V- € Sr ;¢ satisfies, for
0 € (0,1), (wno™)HVI(B50)) < O ([[C|,0) +d then

1
o+ gdistH (spt |V|| N B2(0), spt ||C|| N B2TH(0)) > €.

Theorem 6.4 (Higher Regularity Theorem). Let q be a positive integer and let V €
St e be such that

q
VL (By(0) xR) = > |graphu;|
j=1

where u; € C1@ (B{L/Z(O);R) for some a € (0,1/2), and u1 <wup < ... <wuy. Then

(1) u; € CQ(B?/2(O); R) and their graphs are stationary with respect to F (and hence
by elliptic reqularity u; € COO(B?/Z(O);R)) for each j if g € C™);

(it) if ¢ > 2, the graphs of u; touch at most in pairs, i.e. if there exist x € B?/Q(O)
and i € {1,2,..q — 1} such that u;(x) = u;y1(x) then Du;(x) = Du;yi(x) and
wj(x) # ui(x) for all j € {1,2,...q} \ {3,i + 1}.

The induction scheme for the proofs of the above theorems is as follows. Let g > 2

be an integer, and assume the following:

INDUCTION HYPOTHESES:

(H1) Theorem holds with any ¢’ € {1,...,¢ — 1} in place of q.
(H2) Theorem [6.3| holds whenever O (||C|,0) € {3/2,...,¢ —1/2,q}.
(H3) Theorem holds with any ¢’ € {1,...,¢ — 1} in place of q.

Completion of induction is achieved by carrying out, assuming (H1), (H2), (H3),
the following four steps in the order they are listed:

(i) prove Theorem
(ii) prove Theorem [6.3]in case © (||C|[,0) = ¢+ 1/2;
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(iii) prove Theorem in case O (||C|[,0) = ¢+ 1;
(iv) prove Theorem 6.4

The three theorems above are combined within the induction with the following
proposition (used at several places in the induction argument, both in the proof of
the sheeting theorem and in the proof of the minimum distance theorem), whose proof
relies on a standard tangent cone analysis. (see [BelWic-1, Proposition 3.1] for details).

Proposition 6.1. Let V be an integral n-varifold in 2, an open subset of B;‘H(O),
with V' satisfying the assumptions of Theorem . For 2 < qgeNletS, ={Z :
O (IVI,Z) > q}. Assume that (H1), (H2), (H3) are satisfied and assume further that
SqNQ =10. Then (singV \ gen-regV) NQ =0 if n < 6, (singV \ gen-regV) N is
discrete if n =7 and dimy ((singV \ gen-regV) N Q) <n —7 forn > 8.

The steps (i), (ii), (iii) above follow very closely the arguments developed in
[BelWic-1l, Sections 4, 5, 6], to which we refer. In fact, a key advance provided by
[BelWic-1] lies in the fact that the constant-mean-curvature property is not used di-
rectly in the proof of these inductive steps, but it is only used, through the inductive
assumption, insofar as it allows to exploit the regularity given by (H1), (H2), (H3).
The estimates and the excess decay arguments in [BelWic-1l, Sections 4, 5] only require,
in terms of direct use of the assumptions, the validity of hypothesis (al’): this makes
the arguments robust and possibly adaptable to other variational problems or even
to non-variational settings in which we have an integral n-varifold with first variation
summable in LP for p > n. Theorem below makes this observation explicit. Sim-
ilarly, the arguments in [BelWic-1 Sections 6] only require (H1), (H2), (H3), Step (i)
and the structural assumption (a2) (incidentally, this is the only step in which the no-
classical-singularity assumption is used non-inductively). To complete the induction
scheme we need step (iv), for which we need the following initial lemma (this is the
analogue of [BelWic-1, Lemma 7.1] and it is obtained using the arguments developed

in Section .

Lemma 6.1. Under the assumptions of Theorem [6.4 and assuming the validity of
(H1), (H2), (H3), let X = (z,X"1) € spt||V|| be a point of density q where spt||V||
is not embedded. Then X € singrV (a “two-fold” touching singularity). In other
words, singy*(V) =0 for £ > 3.

Proof. The only difference, when we compare with Section lies in the fact that we
may have more than two sheets. Denote by  : Bf/z(O) xR — B{L/Q(O) the standard
projection, let C' = m{y € spt [|V|| : O(]|V]],y) = ¢} (closed set). We argue by contra-
diction and assume X € sinng (V) for £ > 3. We know, by inductive assumption, that
away from points of density ¢ the ordered graphs are C? and individually stationary
for 7. We can therefore follow [BelWic-1, Lemma 7.1] and select two ordered graphs
(when g can take both positive and negative values, this uses (b)) over a connected
component of B, (0) \ C such that they do not coincide identically (here we use the

fact that X is not an embedded point) both graphs are C? and satisfy the PDE (7)
or (@ with the same sign on the right-hand-side (this is there we use ¢ > 3 and the
contradiction assumption), which contradicts the one-sided maximum principle (cf.

Section . O
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The remainder of the proof of (iv) follows the general scheme of [BelWic-1], with
the due modifications of the PDE arguments developed in [BelWic-1l, Section 7].

Conclusion (ii) of Theorems and This follows locally in any ball by the
arguments in Sectiononce the estimate on ¥ is obtained in conclusion (3). The global
conclusion is discussed at the end of Section [

7 Proof of the compactness theorem

We describe in this section the proof of Theorem (and of its special case Theorem
[1.2). Allard’s theorem [AII72] gives subsequential convergence of V; to Vi in the
varifold topology (since mass is bounded locally uniformly and g; — g in CI%C), with
the integral n-varifold V., satisfying (al). We will check that all other assumptions of
Theorem are preserved on V., from which the regularity of V, follows.

Remark 7.1. In carrying out the proof we also obtain finer information. The (subse-
quential) convergence is graphical (and C2, possibly with multiplicity) away from a
collection X of at most s points (the “neck regions” in claim 3 below), where s is the
uniform bound on the Morse index: the index bound is preserved in the limit, and
actually every point that gives rise to a “neck region” reduces the index by 1, i.e. the
Morse index of V, is < s — #X.

The following claim allows to reduce, upon neglecting a set of isolated points and

suitably localizing, to the case in which the Morse index s is 0; it is a generalization
of the argument used in Section [2.2] however it requires more care since we have a
sequence of varifolds, rather than only one. The starting assumption is that V; — Vo
in an open neighbourhood U of the closure of an open ball B, with V; as in Theorem
in particular the Morse index in U is bounded, uniformly in j, by s € N.
Claim 1: We can select a collection X C B of at most s points (i.e. 0 < #X < s)
such that for any € B\ X there exists a ball B"*!(x) with the property that for a
subsequence jj, the varifolds Vj, L B! (x) are stable, i.e. they satisfy (c) with s =0
in B"T!(z). (The subsequence might depend on the point and on the ball.)

proof of claim 1. For every r > 0 we consider the collection {B,},, where B, :=
B (z) and select the collection X, of centres x € B such that there is no subsequence
Ji for which Vj, L B, is stable (in the sense of (c) — we know that spt || V|| \ gen-reg V;
has codimension 7 at least, by regularity of V). If X, = () for a certain r > 0, then
we have the result with X = (). Otherwise, we repeat the selection for every r and
take r — 0. The set X,, non-empty for every r > 0, will have a set of limit points
X C B, where z € X if there exists rqy — x (as ¢ — oo0) with z, € X, and r4 — 0
as ¢ — oo. We will next prove that X is made of at most s points. If we can find
s + 1 distinct points z1, ..., 2541 in X, then consider R > 0 small enough such that
B?{rl(za) are pairwise disjoint for all a € {1, ..., s+1}. By definition we have, for every
a, sequences Ty — zq as { — oo, with zj € X, and r, — 0. In particular, for all £
large enough and for all a € {1,...,s + 1} we have B"(2§) C B?;l(za). This means
that there exists £ such that the s + 1 balls (indexed on a) Bt (z¢) are disjoint and
1% I_B,’};rl(wg) are unstable for all j large enough (there are finitely many balls so we
can take j large enough independently of the ball). This implies that the Morse index
of V; in U is > s+ 1, contradiction. So we have proved that X is made of at most
s points. The claim now follows by showing that for every y € B\ X we can find a
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ball centred at y and a subsequence Vj, such that V;, is stable in the ball. If this were
not the case, then we would have that for every r > 0 the varifold V; L B"*1(y) is not
stable for all j large enough. This means, by definition, y € X, for every r > 0, so
y € X, contradiction. O

The localization provided by claim 1 will allow to check assumptions (a2), (a3), (b)
for Voo L(B \ X), since these assumptions are of local nature. Before doing that, we
point out the following. The existence of a classical singularity implies, by definition,
the existence of an (n — 1)-dimensional set of classical singularities: since n > 2,
ensuring (a2) on B\ X actually proves (a2) on B. Assumption (a3) involves proving
that an n-dimensional measure is 0, so here n > 1 suffices to conclude that the validity
of (a3) in B\ X implies the validity of (a3) in B. Using again n > 2 we also conclude
that the stationarity condition (b) in B \ X implies the validity of (b) in B (point
singularities are removable for the stationarity condition if n > 2).

Claim 2: (a2), (a83), (b) are valid for for spt||V||. The proof now follows [BelWic-1l
Section 8] closely, to which we refer for details; here we discribe the key ideas. As ex-
plained above, it suffices to prove (a2), (a3), (b) in B"*l(y) for y € B\ X, where
BI"l(y) is chosen so to ensure the existence of Vj, that are stable in it, V;, — V.

proof of claim 2. E The validity of (a2) on V. is proved by contradiction and is a con-
sequence of the minimum distance theorem (Theorem combined with a standard
rescaling argument.

Conditions (a3) and (b) must be checked locally around points at which Vi, has a
planar tangent (possibly with multiplicity)ﬂ in this case, on which we focus next, the
sheeting and higher regularity theorems (Theorems and play a decisive role.

Consider any z € spt || V|| at which the tangent to V, is a plane with multiplicity
g € N. We claim that, in a (possibly suitably dilated) ball centred at z every Vj in
the subsequence extracted in the localization step satisfies, for all j large enough, the
conditions of the Sheeting Theorem. In view of the localization step, the only ones
to check are the mass and flatness conditions of Theorem Varifold convergence
implies convergence of the masses; moreover convergence of spt ||V}|| to spt||V] in
Hausdorff distance is implied by the monotonicity formula applied to each Vj (using
the uniform smallness of the mean curvatures g;). Analogous observations hold for a
sequence of dilations of V, that converge to the tangent plane (counted ¢ times). We
can ensure, upon suitably dilating a ball around z, that V., is as flat as we wish and
that its mass is as close as we wish to ¢ in ball of radius 2. These conditions imply the
validity of the mass and flatness conditions of Theorem @ for V; for j large enough.
In particular, using the combined power of Theorems and we obtain graphical
convergence V; — Voo with C?-estimates around any such z (for the subsequence V;):
this allows to check the validity of (b) and (a3) for V. O

The local C? convergence obtained also allows to check the validity of the remaining
assumptions (b*), (b”) and (c) in B**!(y), since these conditions only concern regular
parts of V', where the tangents are planar. In particular the local regularity of spt || V||

1YWe stress that Theorems and are results in their own sake, whose validity for every ¢ is
guaranteed after completing the induction in Section [6] In doing so, the regularity conclusion of the
sheeting theorem can be improved to C?, with elliptic estimates, upon combining it with Theorem

128ince uniqueness of tangents in not known, by this we mean that there is at least a planar tangent
at the chosen point.
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can be established already at this stage. We skip this step, since in the next we prove
directly the validity of (b*), (b?) and (c) for V., in B.

Note that, in verifying (b*) and (c) for V4, we only need to consider open sets that
are cylinders C' and in which the “pure” singular set is assumed to be of codimension
> 7. Fix any such C.

Claim 3: identification of at most s “neck regions”. We can find a set X =
{z1,....,xm} C gen-regV with 0 < m < s, such that for every R > 0 there exist a

subsequence Vj, such that Vj, L (C\ (U?LIEZL;’_I(ZL‘K))) has Morse index < s —m for

every ji. (The subsequence may depend on R but this will not affect the conclusion.)
Moreover, for each R (in the following we drop the dependence on R for notational con-
venience) we can produce an n-manifold Sy, and an immersion ¢, : Soo — C' such that

(too)t(So0) = Vo b <C\ (Uzn:lgzﬂ(a:g))> and a sequence of immersions ¢j, : oo — C

such that (¢, )4(S«) = Vj, L (C\ (UZ”ZIEZ+1(1'£))> and such that ¢j, — ¢ in C? and
with locally graphical convergence in the image.

The validity of (b*) follows from the claim by sending R — 0. For (c), it suffices to
test on ambient test functions compactly supported away from X and C? convergence
gives that the index passes to the limit, so the index of Voo in C'\ X is < s —m. A
standard capacity argument gives that the index is the same in C.

proof of claim 3. step 1. This argument is similar to the one used in a previous claim
but this time we are aiming for a different conclusion. Whenever V; in U have Morse
index < s € N, we can prove that either (a) there exists > 0 and a cover of gen-reg V,
with balls B,.(z) such that a subsequence Vj, is stable in each ball or (b) for every r > 0
there exists a ball B,(z) in which stability fails for all V; with j large enough. When
we are in alternative (b), sending » — 0 and taking a limit point of the associated
points & we obtain y and Bg(y) (with R as small as we wish) such that stability fails
in Br(y) on a subsequence Vj,. For this V}, we can therefore conclude that the Morse
index in U \ Br(y) is at most s — 1, using the argument in Section Iterating (and
each time extracting from the subsequence identified at the previous step) we select a
collection X as in the first part of the claim and such that there exists r > 0 and a

cover of gen-reg Vi, \ (U?L:1§Zz+l($l)) with balls B,(z) such that a subsequence V,

is stable in each ball (however the Morse index of Vj, in U\ (UZ’;IEZH(:L@) may be
s—m > 0).

step 2. We work in a slighly smaller cylinder whose compact closure is contained
in the original C. By abuse of notation we still denote by C the new cylinder and
by V; the subsequence. By step 1 we can cover gen-reg Vo, N (C'\ (Uznleﬁﬂ(xg)))
with open cylinders of the type BJ'(z) X (—o,0) with the first factor in the tangent
T,V for x € gen-regV,, and ensuring the validity of the sheeting theorem in each
cylinder. The cover can be made finite by compactness so that the sheeting result holds
simultaneously in all cylinders from all large enough j. This allows to indentify, as C?
manifolds, S; (the abstract manifold whose immersion gives gen-reg V;— this exists
by assumption and by the regularity of V}) with S;;¢ for all £ > 0 for j large enough.
Once the identification is made, denoting by S, the manifold, we can reparametrize
the immersions ¢; : S; — N as immersions L;- : S« — N and show, thanks to the
graphical convergence, that these converge in C? to a C?-immersion (o : Soo — N
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whose push-forward is Vo (again, this follows from the graphical convergence as it is
a local property).

Having done the previous step on a smaller cylinder, the conclusion for the original
C follows by exhausing the original C. O

Verification of (b7 ). The verification of (b?) requires to consider a cylinder C' =
B x (—0,0) in which spt ||V || is the union of two (ordered) C1® graphs, graph(u;)
and graph(us), with gradients bounded e.g. by 1/2. By removing a set X of at most s
points, as done above, we may assume that the conditions that ensure the validity of
the sheeting theorem are valid locally around each point y € spt || Vao||L(C'\ X) and the
graphs obtained in each small cylinder C describe V;L C, and have small gradients
(e.g. bounded by 1/4). Pasting the graphs, these bounds imply that V;L(C\ X) can
be exressed as a union of graphs on B: the ordered graphs satisfy separately the
stationarity condition (by the regularity of V;). Passing to the limit the PDE we get
the validity of (bT) for each of the two graphs graph(u;) \ X, and this immediately
extends across X since n > 2 (by improving the convergence to C? via the higher
regularity theorem for V;, we may conclude that u; are C? for j = 1,2, but this is not
needed).

8 Proofs of the corollaries for Caccioppoli sets

proof of Corollary[1.3 Each Ej satisfies the local regularity conclusions of Theorem
and therefore, by the results of Section E; satifies (b*) of Theorem whenever
O = A\ Z where A is simply connected (e.g. a fixed ambient geodesic ball) and
Z = spt||Dxg, || \ gen-reg|0*Ej|. By Theorem any limit V' of |E};| satisfies the
assumptions of Theorem Moreover, by the proof of Theorem the convergence
of |Ej| to V is, away from a locally finite collection of points, locally C? graphical.

All that is left to check to ensure that V' satisfies the assumptions of Theorem
1.5(| (and therefore conclusion (i) of Theorem is that (a4) of Theorem [1.5|is valid
for the limit V. Let p € regV N {g # 0} such that in a geodesic ball around p, in
which g # 0, the convergence of |Ej| to V' is C? and graphical. Then by the one-sided
maximum principle (Section , by the topological constraint that the graphs bound
E; and by the condition that the mean curvatures on each graph do not vanish and
have to point in opposite directions for any two adjacent graphs (ordering by height),
we can conclude that there could only be one graph and therefore the density at p is
1.

The global two-sidedness conclusion will follow from the fact that any connected

[0}
component of reg V N {g = 0} with odd multiplicity is two-sided (as in Theorem [1.5().
This is again a consequence of the sheeting result proved within the compactness
theorem in Section Let M,, be any such connected component, with m € N odd
that denotes its multiplicity. Working away from a locally finite collection of points in
M, (this collection does not disconnect M,,, since n > 2) we obtain locally graphical
convergence of 0F; to M,,, with an odd number of graphs collapsing to the common
limit. Since, for each j, the m graphs bound E;, we have well-defined outer normals
to E; that give well-defined normals on the graphs. For topological reasons, adjacent
graphs (ordered by height) must have opposite pointing normals. Therefore there
exists a preferred normal on M,,, i.e. the one pointing in the direction that agrees
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with the normal on (m + 1)/2 of the graphs (while the remaining (m — 1)/2 graphs
have a normal pointing in the opposite direction). Since the outer normals to E; are
well-defined globally in N, we get a well-defined normal on M,, in N. O

We prove now that with analytic data N and g the weaker assumption (¢’) in
Remark actually implies the validity of the stability condition of Corollary

proof of the statement in Remark[1.28. Let Dy, Dy C gen-reg|0*E| be the two dis-
tinct embedded C? disks whose union is spt | Dxg|| in a neighbourhood of a point
in gen-reg |0*E| \ reg |0* E|; in particular, D; and D, intersect only tangentially and
their mean curvatures are given by gv;, where the unit normal v; on D; is chosen,
for j € {1,2}, so that v; = —vy at points in D; N Dy. Then the analyticity of g
and standard PDE theory imply that D; and Ds are analytic, therefore D N Dy is
the finite stratified union of analytic submanifold of dimensions € {0,1,...,n — 1}.
The stationarity assumption of Corollary rules out the possibility that D; N Dy
is of dimension n — 1: this can be seen by arguing as in [BelWic-1, Section 9]. Then
D1 N Dy has locally finite n — 2-dimensional Hausdorff measure. With this size esti-
mate, the stability inequality on reg; |0*F| that follows from (¢’) can be extended to
gen-reg |0*E| by a standard capacity argument. O

9 A byproduct: an abstract regularity theorem

The argument used in the inductive step of the proof of Theorem (under the
induction hypotheses (H1), (H2), (H3), see Section[6) gives an abstract regularity result
for codimension 1 integral varifolds that we make explicit in Theorem below. The
hypotheses of this theorem are “non-variational” in the sense that they do not require
the varifold to be stationary point of a functional. For a given integral varifold V,
Theorem is applicable at a point y where one tangent cone is a multiplicity ¢ plane,
provided there are no classical singularities nearby and a suitable “good behaviour in
C? sense” holds in the region where density < ¢—1 (see hypothesis (d)); the conclusion
is that C1 regularity (with sheeting) holds in a neighbourhood of that point.

Theorem is not required for the present work. However, it plays a fundamental
role in [BeIlWic-2], where it is applied to varifolds obtained by taking limits of (the var-
ifolds associated to) energy-bounded, index-bounded solutions to the inhomogeneous
Allen—Cahn equation, as the Allen—Cahn parameter tends to 0. In that setting, the
varifold obtained in the limit is not necessarily a critical point of a geometric functional.

Theorem 9.1. Let p, uq € (0,00). Let q be a positive integer, 5 € (0,1) and let p > n.
Let V be a class of of integral n-varifolds V- on BY1(0) with 0 € spt ||V|| and satisfying
the following properties (a)-(c):

(a) for each V € V there is a non-negative function Hy € Ly ([[V]]) such that
hypothesis (al') of Section [3.1] holds with py = 1.

(b) if V€V then V has no classical singularities Y with © (|V|,Y) = ¢;

() if VeV, oe (0,1), 2" noos VIBIT0) < g+1/2, ¢ —1/2 <
Wy oo #VII((BY5(0) x R) N BYTH(0)) < ¢ +1/2, ©(lnoo#VI,X) < q for
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each X € B (0) and

E= e P dneepV |
(Bf/Q(o)xJR)mEz{l+ (0)

1/p
+ (/ . |0ﬁv|pd\|770,a#V|) + o < p,
(B, (0)xR)NBT T (0)

then no,a#Vl_((B{‘/Q(O) x R) N BH0)) = ;1.:1 |graphu;| for some functions
uj € 02(3?/2(0)) satisfying w1 < ug < ... < ug and ”UjHCl,a(BI/Q(O)) < CVE for
any a € (0,1) and some constant C = C(n,p, q, i, p1, ).

Conclusion : there ezists € = €(n,p, q, p, 1, 3, V) € (0,1) such that if V€V, o € (0,1),
(Wn2") moox VIBITH0) < g+ 1/2, ¢ = 1/2 < wy M oo 4 VII((B}5(0) x R) N
BtH0)) < ¢+ 1/2 and

E= 2" 2 d|[no.op V||
(B}, (0)xR)NBT*(0)

1/p
+ (/ o Hy [P dHUO,o#VH> + pio < e,
(Bf/2(o)xR)me+1(o)

then T]O’U#VL((B?/Q(O)XR)HB?+1 (0)) = >2%_; lgraph u;| for some u; € C'l’o‘(B?/z(O)),

n
1/2

J=1,2,...,q, withu <wugs <...< wugy where o = % (1 — %) . Furthermore, we have
that
lujllcre(s, y0) < CVE

for each j € {1,2,...,q}, where C = C(n,p,q, u, pi1)-

Remark 9.1. It is important to recall that assumption (a) holds true when V' is ob-
tained by pulling back via the exponential map an integral n-varifold on a Riemannian
manifold whose first variation (with respect to the Riemannian area functional) is in
LP for p > n, as described in Section [3.1

Proof. The argument is precisely as in the inductive step of Theorem [6.2 O

A Other instances of the regularity theorems

Consider the case in which g € CY*(N) and {g = 0} Nreg; V has empty interior
in reg V. In this situation, which holds for example when H" ({g = 0}) =0 (or if g is
analytic and generic in the sense of Theorem below), hypothesis (a4) in Theorem
1.5) can be removed and we obtain a theorem that is the immediate generalization
of Theorem [I.1] The fact that gen-regV is the image of an an orientable immersion
follows in this case directly from Lemma, Lemma [4.3] and Step 1 of Proposition
because both M; and My (notation as in Section [4) are empty sets. (Thus, under
this extra condition on the nodal set, the issue that appeared in Figure [2[is removed.)
gen-reg V' is stationary with respect to J; by hypothesis (b) (neither (a4) of Theorem
nor (b*) of Theorem is needed). Hence it follows from Theorem that the
same statement as Theor holds true with the additional assumption (b”) unless
g > 0. So we have:
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Theorem A.1 (Regularity theorem when {g = 0} Nreg; V has empty interior). For
n > 2 let N be a Riemannian manifold of dimension n+1 and g : N — R be a CH*
function. Let V' be an integral n-varifold in N such that {g = 0} Nreg1 V' has empty
interior in reqg1 V. Assume that:

(al) the first variation of V in LY (||[V||) for some p > n;

loc
(a2) no point of spt ||V is a classical singularity of spt||V||;
(a3) V satisfies (T).

Suppose moreover that:

(b) the (embedded) C' hypersurface S = reg, V is stationary with respect to Jy in
the sense of Definition[1.3 taken with v : S — N equal to the inclusion map;

(b") (redundant if g > 0) each touching singularity p € singpV has a neighbor-
hood O such that writing exp;l(sptHVH N ©) = graphu; U graphuy for C1¢
functions u; < uzB we have that for j = 1,2, the stationarity of S; = reg1 V N
exp, graph(u;) (which follows from (b)) holds for the orientation that agrees with
one of the two possible orientations of exp, graph(u;);

(b*) (redundant if g > 0) for each orientable open set @ C N \ (spt ||V \ gen-reg V')
there exist an oriented n-manifold S and a proper C? immersion 1p : So — O
with VIO = (Lo)#(|So|) such that 1o is stationary with respect to Jy;

(c) for each orientable open set @ C N\ (spt ||V||\ gen-reg V') such that gen-regVNQO
is the image of a proper C? orientable immersion 1o : Sp — O that is station-
ary with respect to Jy, 1o has finite Morse index relative to ambient functions

(Definition[1.9).

Then there is a closed set ¥ C spt ||V| with ¥ =0 if n < 6, ¥ discrete if n = 7 and
dimy (3) <n—7 if n > 8 such that:

(i) locally near each point p € spt ||V ||\E, either spt ||V|| is a single C? embedded disk
or spt ||V || is precisely two C? embedded disks with only tangential intersection;
if we are in the second alternative and if g(p) # 0, then locally around p the
intersection of the two disks is contained in an (n — 1)-dimensional submanifold;

(ii) spt |V || \ £ is the image of a proper C* oriented immersion v : Sy — N and
there is a continuous choice of unit normal v on Sy so that the mean curvature
Hy (x) of Sy at any x € Sy is given by Hy () = g(¢(x))v(x);

(i) if additionally hypothesis (m) (see Remark [1.5) holds, then Sy can be chosen
such that V. = 14(|Sv|).

Moreover, the following compactness theorem is now a direct consequence of The-

orem [[.4]

13Such wuy,us always exist by the definition of touching singularity; see remark
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Theorem A.2 (compactness). Let n > 2 and N be a Riemannian manifold of
dimension n + 1, let g : N — R and goo : N — R be CH® functions such that
H" ({g; = 0}) = 0 for each j and g; = goo in Cllo’?. Let V; be a sequence of integral
n-varifolds such that hypotheses (al), (a2), (a3), (b), (bT) and (¢) of Theorem hold
with Vj, g; in place of V, g. Suppose further that limsup;_,, [|[V;[|[(N N K) < oo for
each compact K C N, and that limsup,_,., Morse Index(ip;) < oo for each O CC N,
where O = O\ (spt | V;|| \ gen-regV;) and 1o, is as in hypothesis (c) of Theorem .
Then there is a subsequence of (V;) that converges in the varifold topology to a varifold
V' that satisfies the conclusions (i) and (ii) of Theorem with goo in place of g.
Furthermore, if V; satisfies hypothesis (m) (see RemaTk for each j, then so does
V, and V satisfies conclusion (iii) of Theorem[A.1]

Here of course it need not be the case that {g = 0} Nreg; V has empty interior.

Let us consider the case in which we have analytic data N, g : N — R, g not
identically 0. Then the nodal set {g = 0} is the stratified union of analytic submanifolds
of dimension € {0,1,...,n}. Recall that if reg; V has an open set in common with
an n-dimensional submanifold N, in the top stratum of {g = 0}, then V is minimal
in that open set, therefore N, contains a minimal portion with non-empty interior.
However, N, itself is analytic and its mean curvature is an analytic function on N,
so its vanishing in an open set forces its vanishing everywhere on N,,. We therefore
conclude that

Theorem A.3 (Regularity theorem for analytic functions). Let N and g : N — R
be analytic, with g not identically 0, and assume that the no irreducible component
of the top stratum of the nodal set {g = 0} is a minimal hypersurface in N. Let V
be an integral n-varifold in N such that hypotheses (al), (a2), (a3), (b), (bT), (c) of
Theorem hold (if g > 0 then (b') is not needed). Then conclusions (i), (i), (i)
of Theorem hold.

Remark A.1. For an arbitrary analytic function g on N, if the hypotheses of Theorem
or of Theorem are satisfied, then the only way in which {g = 0} Nreg; V may
have non-empty interior in reg; V' is when a whole n-manifold of the top stratum of
the nodal set is contained in spt ||V]|. Indeed, the regularity results Theorem or
of Theorem [I.3] guarantee that V is, away from a codimension-7 “pure” singular set,
a smooth immersed oriented g-hypersurface, and therefore analytic by elliptic PDE
theory. Then the fact that the immersion has an open set on which it coincides with
the analytic n-manifold W, forces a whole connected component of the immersion to
agree with N,.

B On the hypothesis (b”)

Hypothesis (b?) in Theorem is fulfilled in two instances where the theory can
be applied: to characterze the class of integral varifolds obtained by taking limits
of embedded stable Jy-stationary hypersurfaces, as discussed in Remark and in
the Allen—Cahn approximation schemes as in [BelWic-2], [RogTon0§|, as discussed in
Section By enforcing (b?) we rule out a varifold as the one depicted in Figure
which satisfies the remaining assumptions of Theorem although it is a C?-
immersion, stationary and stable with respect to J,, this varifold is not a limit of
embedded Jy-stationary hypersurfaces.
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hypersurface 2
hypersurface 1

hypersurface 2

Figure 5: Hypersurface 1 is oriented with normal pointing downwards and hypersurface 2 is
oriented with normal pointing upwards. The two hypersurfaces are separately stationary and
stable with respect to J, (being graphs), therefore so is the immersion.

One could ask whether Theorem holds without hypothesis (b?). We wish
to point out that in the absence of (b”), the natural geometric class that includes
examples as the one in Figure [5] is a class of more general immersions than those
allowed in the conclusions of Theorem which are in fact “quasi-embedded,” i.e.
locally near each non-embedded point, gen-regV is the union of two separately Jg,-
stationary ordered C? graphs. The immersions for which assumption (b”) fails but
all other hypotheses hold (such as that depicted in the example above) are not of this
type, nor are they weak limits of embedded J,-stationary hypersurfaces. If we give up
hypothesis (b”), then it seems more natural to allow general smooth immersions of
Jg-stationary hypersurfaces: i.e. (i) to also allow classical singularities but only those
where the support of the varifold is immersed, and (ii) define gen-regV to be the C?
immersed part. In that generality however, the non-immersed points of the varifold
may contain branch point singularities (even in the case g = 0), and their analysis is
more subtle. We do not pursue this direction in the present work.
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