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Abstract

In [BelWic-1] we developed a regularity and compactness theory in Euclidean
ambient spaces for codimension 1 weakly stable CMC integral varifolds satisfying
two (necessary) structural conditions. Here we generalize this theory to the setting
where the mean curvature (of the regular part of the varifold) is prescribed by
a given C1,α ambient function g and the ambient space is a general (n + 1)-
dimensional Riemannian manifold; we give general conditions that imply that the
support of the varifold, away from a possible singular set of dimension ≤ n− 7, is
the image of a C2 immersion with continuous unit normal ν and mean curvature
gν. These conditions also identify a compact class of varifolds subject to an
additional uniform mass bound.

If g does not vanish anywhere, or more generally if the set {g = 0} is suffi-
ciently small (e.g. if Hn ({g = 0}) = 0), then the results (Theorems 1.1, 1.2, A.1
and A.2 below) and their proofs are quite analogous to the CMC case. When g is
arbitrary however, a number of additional considerations must be taken into ac-
count: first, the correct second variation assumption is that of finite Morse index
(rather than weak stability); secondly, to have a geometrically useful theory with
compactness conclusions, one of the two structural conditions on the varifold must
be weakened; thirdly, in view of easy examples, this weakening of a structural hy-
pothesis necessitates additional hypotheses in order to reach the same conclusion.
We identify two sets of additional assumptions under which this conclusion holds
for general g: one in Theorems 1.3, 1.4 (giving regularity and compactness) and
the other in Theorems 1.5, 1.5′ (giving regularity only). We also provide corol-
laries for multiplicity 1 varifolds associated to reduced boundaries of Caccioppoli
sets. In these cases, some or all of the structural assumptions become redundant.

Finally, as a direct corollary of the methods used in the proofs of the above
theorems, we obtain an abstract varifold regularity theorem (Theorem 9.1) which
does not require the varifold to be a critical point of a functional. This theorem
plays a key role in the analysis of varifolds arising in certain phase transition
problems, which in turn forms the basis of a PDE theoretic proof of the existence
of prescribed mean curvature hypersurfaces in compact Riemannian manifolds
([BelWic-2]).
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1 Introduction

In [BelWic-1] the authors developed a sharp regularity and compactness theory in
open subsets of the (n + 1)-dimensional Euclidean space (n ≥ 2) for a general class
of integral n-varifolds having (generalised) mean curvature locally summable to an
exponent p > n and satisfying certain structural and variational hypotheses. The
structural conditions—of which there are two—are local conditions that only concern
parts of the varifold that a priori have a “C1,α structure”; specifically, they require
that:

(i) the varifolds have no classical singularities (see Definition 1.5 below) and

(ii) the coincidence set near every touching singularity (Definition 1.6 below) is Hn-
null.

The variational hypotheses require, roughly speaking, that the orientable regular parts
of the varifold (non-empty by Allard theory, but may a priori be small in measure)
are stationary and stable with respect to the area functional for volume-preserving
deformations. This stationarity condition is well-known to lead to a CMC condition
(constant scalar mean curvature with respect to a continuous choice of unit normal) on
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the regular orientable parts. In fact it is equivalent to stationarity, for some constant
λ, with respect to the functional

J = A+ λVol

for unconstrained compactly supported deformations, and moreover, an oriented im-
mersion is stationary with respect to J if and only if, with respect to some choice of
unit normal, it has scalar mean curvature equal to λ. Here A, Vol denote the area
functional and the enclosed volume functional respectively. The main regularity result
of [BelWic-1] states that a varifold satisfying the above structural and variational hy-
potheses is supported on the image of a smooth, proper CMC immersion away from a
possible “genuine” singular set Σ of codimension at least 7, and that its support away
from Σ is in fact quasi-embedded, meaning that it may fail to be embedded only at
points where (locally) the support consists of precisely two smooth embedded CMC
disks intersecting tangentially and each lying on one side of the other. The associated
compactness theorem of [BelWic-1] says that any family of such varifolds that addi-
tionally satisfies locally uniform mass bounds and a uniform mean curvature bound is
compact in the topology of varifold convergence.

In the present paper we generalise the theory of [BelWic-1] to the setting where the
mean curvature is prescribed by a C1,α function g on the ambient space. This condition
on the mean curvature has a variational formulation: An orientable immersion has
scalar mean curvature, with respect to a choice of orientation, equal to g everywhere
if and only if it is stationary with respect to the functional

Jg = A+ Volg,

where Volg is the relative enclosed g-volume (see Definition 1.1 below). Thus we here
study codimension 1 integral n-varifolds with generalised mean curvature locally in Lp

for some p > n and satisfying two structural conditions ((i) above and (ii) appropriately
weakened in case {g = 0}) 6= ∅) whose orientable regular parts are stationary and
stable in an appropriate sense with respect to Jg. We shall, at the same time, treat
here the case of a general (n + 1)-dimensional Riemannian ambient space N . We
achieve the latter generalisation by considering (cf. [SchSim81], [Wic14]), locally near
any given point X0 ∈ N , the pull back, via the exponential map, of the functional Jg
to the tangent space TX0 N (identified with Rn+1). Since the pull back of Volg (on
hypersurfaces in N) is equal to a functional of the same type, namely, to Vol√|h| g◦expX0

(on hypersurfaces in a ball in Rn+1 taken with the Euclidean metric) where h is the
Riemannian matric on N , it is convenient and efficient to handle, as we do here, both
generalisations simultaneously.

If g is non-zero everywhere, these generalisations are straightforward, and the reg-
ularity and compactness theorems (Theorems 1.1 and 1.2 below) and their proofs are
indeed completely analogous to those in the CMC case treated in [BelWic-1]; slightly
more generally, these results carry over to the case Hn({g = 0}) = 0 just as eas-
ily (Theorems A.1 and A.2) with one additional mild assumption (hypothesis (bT ) of
Theorems A.1 and A.2). When g is an arbitrary C1,α function on N however, there
are a number of subtleties that enter both the statements of the theorems and their
proofs. For that reason, we shall discuss the results for arbitrary g (Theorems 1.3, 1.4
and 1.5) separately.

The methods employed in the proofs of the above results lead very directly to a
certain abstract regularity theorem (Theorem 9.1) for codimension 1 integral varifolds
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V with no classical singularities in a Euclidean space. This theorem can be regarded
as a higher-multiplicity version of the codimension 1 Allard regularity theorem. Like
the Allard regularity theorem, it does not require V to be a stationary point of a
functional, but instead assumes a certain condition on the first variation of V with
respect to the area functional. When V is the pull-back under the exponential map of
(a portion of) a varifold Ṽ on an (n+1)-dimemsional Riemannian manifold N , this first
variation condition is implied by summability to a power p > n of the generalised mean
curvature of Ṽ in N . In place of the second variation hypotheses imposed in the results
proved elsewhere in the present work, this theorem makes a hypothesis of a topological
nature. Because of the “non-variational” nature of the hypotheses, this theorem is
of fundamental importance in our work [BelWic-2] that establishes regularity of limit
varifolds associated with sequences of Morse index bounded solutions to inhomogeneous
Allen–Cahn equations. The study of these limit varifolds (without any second variation
hypotheses) was initiated in [RogTon08], [Ton05] and [HutTon00]. These works left
open the possibility that higher (even) multiplicity, zero-mean-curvature portions may
appear in the limit and that these pieces may merge with the phase boundary on a
large set in an irregular fashion. As shown in [BelWic-2], these extraneous minimal
portions can be smoothly removed subject to a Morse index bound on the Allen–Cahn
solutions, and Theorem 9.1 is a key ingredient in that analysis.

The present article should be taken in conjunction with [BelWic-1] as well as with
[Wic14]. The latter treated the case g = 0 of our results here for prescribed mean cur-
vature varifolds. It established regularity and compactness theorems, similar to those
here, for area-stationary codimension 1 integral varifolds with no classical singularities
and stable regular parts; in the case g = 0, the maximum principle implies that there
are no touching singularities, so the structural condition (ii) is automatically satisfied.
As regards work that concerns embeddedness criteria for mean curvature controlled
hypersurfaces, the present work may be viewed a natural completion of a theory, follow-
ing [Wic14] and [BelWic-1], that unifies and extends three earlier well-known theories
dating back to the period from early 1960’s to early 1980’s: the regularity theory for lo-
cally area minimizing hypersurfaces (due to the combined work of De Giorgi ([DeG61]),
Federer ([Fed70]) and Simons ([JSim68])), the compactness theory for locally uniformly
area bounded stable hypersurfaces with small singular sets (due to Schoen–Simon–Yau
([SSY75]) in low dimensions and Schoen–Simon ([SchSim81]) in general dimensions)
and the regularity theory for boundaries of Caccioppoli sets minimizing area subject
to fixed enclosed volume (due to Gonzalez–Massari–Tamanini ([GMT80], [GMT83])).
The present work relies on the techniques developed in the first two of these earlier
works as well as on those developed in [Wic14] and [BelWic-1].

Acknowledgments: C. B. is partially supported by the EPSRC grant EP/S005641/1.
This work was completed while both authors were members of the Institute for Ad-
vanced Study, Princeton. The authors gratefully acknowledge the excellent research
environment and the support provided by the Institute, and the support by the Na-
tional Science Foundation under Grant No. DMS-1638352.

1.1 Relative enclosed g-volume and other definitions

Let N be a smooth Riemannian manifold of dimension n+1 ≥ 3 and let g : N → R
be a given function of class C1,α. In order to characterize variationally the condition
that the mean curvature of an immersed hypersurface in N is prescribed by g, we will
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need the following notion, which extends the definition of enclosed volume ([BDE88,
Section 2]):

Definition 1.1 (relative enclosed g-volume). Let ι : S → N be a C1 immersion of an
n-dimensional manifold S into N . Let O ⊂⊂ N be an orientable open set such that
SO = ι−1(O) is orientable and has compact closure in S. When these conditions are
met we always assume that the orientations of SO, O and the unit normal ν to SO are
chosen so that the frame dι(~SO) ∧ ν is positive with respect to the orientation of O.
For ε > 0, let ψ : (−ε, ε)× S → N be a C1 map such that ψt(·) = ψ(t, ·) : S → N is
an immersion for each t ∈ (−ε, ε), ψ0 = ι, ψt(x) = ι(x) for all (t, x) ∈ (−ε, ε)× S \ SO
and ψt(x) ∈ O for all (t, x) ∈ (−ε, ε) × SO). We define relative enclosed g-volume of
ψt(S) in the oriented manifold O, denoted Volg(t), by

Volg(t) :=

∫
[0,t]×SO

ψ∗(g χOdvolN ),

where χOdvolN is the volume form on O ⊂ N induced by the Riemannian metric.

An important class of one-parameter family of immersions is given by pushforwards
by ambient deformations induced by a tangential vector field on N , compactly sup-
ported in O. When the hypersurface is embedded and agrees with the C1 boundary
of a Caccioppoli set E, and when O is bounded and ψt is an ambient deformation, it
can be checked, writing Et = ψt(E), that Volg(t) =

∫
O∩Et g dH

n+1 −
∫
O∩E g dH

n+1

(this justifies the terminology).

With notation as in Definition 1.1, denote by A(t) the area of the immersed hyper-
surface ψt(S) in O, so

A(t) =

∫
S∩ι−1(O)

dSt,

where dSt is the n-volume induced on S by ψt and by the Riemannian metric on
N ; equivalently, denoting by ψt#|S| the integral varifold V = (ψt(S), θψt) where
θψt(ψt(x)) = #{y ∈ S : ψt(y) = ψt(x)}, we have that

‖ψt#|S|‖(O) =

∫
θψt dHn (ψt(S) ∩ O) = A(t).

Let
Jg(t) = A(t) + Volg(t).

Definition 1.2 (Stationarity). Let ι : S → N be as in Definition 1.1 above. We say
that ι is stationary with respect to Jg if for any orientable open subset O ⊂⊂ N such
that SO = ι−1(O) is orientable and has compact closure in S, there exist orientations
on O and SO such that for any deformation ψ as in Definition 1.1, we have that

J ′g(0) = 0.

Note that the condition that a two-sided immersion ι : S → N , with unit normal
ν, has mean curvature gν is equivalent to requiring a stationarity condition on ι with
respect to Jg (see Section 2.1).

Remark 1.1. This variational condition implies in particular stationarity with respect
to the area functional for deformations that preserve Volg, i.e. deformations ψ(t, ·) for
which Volg(t) is constant. The converse of this is “essentially true” in the case g > 0,
on which we will focus in Section 1.2, but not for arbitrary g, as we will discuss in
later sections (see Remark 1.11).
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Throughout this paper, we will use terminology (essentially) as in [BelWic-1, Def-
initions 2.1, 2.2, 2.3, 2.4, 2.5]; the only difference is that when g is of class C1,α, the
definitions of regV and gen-regV here will require C2-regularity instead of smoothness
as in [BelWic-1, Definitions 2.1, 2.5]. This is because standard elliptic theory implies
that the regularity to expect (for our varifolds) is C2 (in fact C2,α) rather than C∞.
Higher regularity can then be deduced from elliptic theory whenever higher regularity
of g is assumed.

The precise terminology we shall use is as follows:
Let V be an integral varifold of dimension n on N , and let ‖V ‖ denote the weight

measure associated with V .

Definition 1.3 (Regular set reg V and singular set singV ). A point X ∈ N is a
regular point of V if X ∈ spt ‖V ‖ and if there exists σ > 0 such that spt ‖V ‖ ∩Bσ(X)
is an embedded C2 hypersurface of Bσ(X). The regular set of V , denoted reg V, is
the set of all regular points of V. The (interior) singular set of V , denoted sing V , is
(spt ‖V ‖ \ regV ) ∩N . By definition, reg V is relatively open in spt ‖V ‖ and sing V is
relatively closed in N .

Definition 1.4 (C1-regular set reg1V ). We define reg1V to be the set of points X ∈
spt ‖V ‖ with the property that there is σ > 0 such that spt ‖V ‖∩Bσ(X) is an embedded
hypersurface of Bσ(X) of class C1.

Definition 1.5 (Set of classical singularities singC V ). A point X ∈ singV is a classi-
cal singularity of V if there exists σ > 0 such that, for some α ∈ (0, 1], spt ‖V ‖∩Bσ(X)
is the union of three or more embedded C1,α hypersurfaces-with-boundary meeting
pairwise only along their common C1,α boundary γ containing X and such that at
least one pair of the hypersurfaces-with-boundary meet transversely everywhere along
γ.

The set of all classical singularities of V will be denoted by singC V .

Definition 1.6 (Set of touching singularities singT V and the coincidence set). A
point X ∈ singV \ reg1V is a touching singularity of V if X /∈ singC V and if there
exists σ > 0 such that

spt ‖V ‖ ∩ Nσ(X) = M1 ∪M2

where Mj is an embedded C1,α-hypersurfaces of Nσ(X) with (M j \Mj) ∩Nσ(X) = ∅
for j = 1, 2.

The set of all touching singularities of V will be denoted by singT V .
If X ∈ singT V and M1,M2, σ are as above, then for any σ1 ∈ (0, σ], the coincidence

set of V in Bσ1(X) is the set M1 ∩M2 ∩Bσ1(X).

Remark 1.2 (Graph structure around a point X ∈ singT V ). If X ∈ singTV then each of
the two C1,α-hypersurfaces M1,M2 corresponding to X (as in Definition 1.6) contains
X and they are tangential to each other at X; the former is implied by the fact that
X ∈ singV \ reg1 V and the latter by the fact that X /∈ singC V . Let L be the common
tangent plane to M1,M2 at X. Identifying TX N with Rn+1 so that L is identified
with Rn × {0}, we then have that for σ sufficiently small,

exp−1
X spt ‖V ‖ ∩Bn+1

σ (0) = (graphu1 ∪ graphu2) ∩Bn+1
σ (0)

for two functions
u1, u2 : Bn

σ (0)→ R
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of class C1,α such that u1(0) = u2(0) and Du1(0) = Du2(0) = 0. Note that u1 6= u2

since X ∈ singV \reg1V . Note also that we can always choose u1, u2 such that u1 ≤ u2.

Definition 1.7 (Generalized regular set gen-regV ). A point X ∈ spt ‖V ‖ is a gener-
alized regular point if either (i) X ∈ regV or (ii) X ∈ singTV and we may choose C2

functions u1 and u2 corresponding to X as in Remark 1.2 such that u1 ≥ u2. The set
of generalised regular points will be denoted by gen-regV .

1.2 Regularity and compactness for g > 0

Definition 1.8 (Weak stability). Let ι : S → N be an oriented proper C2 immersion
as in Definition 1.1, and suppose that ι is stationary with respect to Jg. We say that
ι is weakly stable1 if

J ′′g (0) ≥ 0

for all deformations ψ as in Definition 1.1 satisfying additionally that Volg(·) is con-
stant.

Remark 1.3 (Stationarity and stability for Volg-preserving deformations). For g > 0,
stationarity of an immersion with respect to the area functionalA(t) for Volg-preserving
deformations is equivalent to the fact that the mean curvature of the immersion is
given by λg for some constant λ ∈ R (see Section 2.1) which in turn is equivalent
to stationarity with respect to Jλg for arbitrary deformations. As regards second
variation, however, stability with respect to Jλg for arbitrary deformations is in general
a strictly more restrictive requirement than weak stability (the former notion is in fact
referred to as strong stability).

We begin by stating some natural generalizations of the results in [BelWic-1] for the
case in which we have strictly positive ambient functions g; these are special instances
of the general theorems (Theorems 1.3 and 1.4 below) proved in this work.

Theorem 1.1 (regularity: special case g > 0). For n ≥ 2 let N be a Riemannian
manifold of dimension n + 1 and g : N → R, g > 0 be a C1,α function. Let V be an
integral n-varifold in N such that

(a1) the first variation of V is in Lploc (‖V ‖) for some p > n;

(a2) singC V = ∅ (definition 1.5);

(a3) every touching singularity has a neighborhood in which the coincidence set of V
has zero Hn measure (definition 1.6);

Suppose moreover that the following variational assumptions are satisfied:

(b) the (embedded) C1 hypersurface S = reg1 V is stationary with respect to Jg in
the sense of Definition 1.2 taken with ι : S → N equal to the inclusion map;

(c) for each orientable open set O ⊂ N \ (spt ‖V ‖ \ gen-reg V ) such that gen-regV ∩
O is the image of an orientable proper C2 immersion ιO : SO → O that is
stationary with respect to Jg, the immersion ιO is weakly stable.

1This terminology is customary in the literature at least when g is a constant: we use it also for
any g > 0.
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Then there is a closed set Σ ⊂ spt ‖V ‖ with Σ = ∅ if n ≤ 6, Σ discrete if n = 7 and
dimH (Σ) ≤ n− 7 if n ≥ 8 such that:

(i) locally near each point p ∈ spt ‖V ‖ \ Σ, either spt ‖V ‖ is a single C2 embedded
disk or spt ‖V ‖ is precisely two C2 embedded disks with only tangential intersec-
tion; moreover the set where two such disks intersect is locally contained in a
submanifold of dimension n− 1;

(ii) spt ‖V ‖\Σ (= gen-regV ) is the image of a proper C2 immersion ι : SV → N and
there is a continuous choice of unit normal ν to ι such that the mean curvature
HV (x) of SV at any x ∈ SV is given by HV (x) = g(ι(x))ν(x).

Remark 1.4. Note that it follows from hypothesis (a1) and Allard’s regularity theory
that reg1 V is non-empty, and thus the stationarity hypothesis (b) is never vacuously
true; moreover, since g ∈ C1,α, it follows from standard elliptic theory that reg1 V is of
class C2,α. Also, we shall show (see Remark 1.22) that whenever O ⊂ N is orientable,
gen-regV ∩ O is the image of an orientable proper C2 immersion ιO : SO → O that
is stationary with respect to Jg, so that hypothesis (c) indeed contains information
beyond weak stability of reg1 V .

Remark 1.5 (A more geometric (smaller) class of varifolds). As pointed out in the
Euclidean CMC framework (see [BelWic-1, Remarks 2.16, 2.17]), we may consider the
restricted class of varifolds satisfying the assumptions of Theorem 1.1 and the following
additional constraint:

(m) for p ∈ singT V ∩ gen-regV , let G` = expp (graph(u`)), for ` = 1, 2, denote the
two embedded C2 hypersurfaces that are tangential at p and whose union is
spt ‖V ‖ in a neighbourhood of p (notation as in Remark 1.2). Then the density
function y 7→ Θ(‖V ‖, y) is constant on G` \ singT V for each `. (In other words,
the two hypersurfaces have separately constant integer multiplicity).

Condition (m) rules out examples such as that in [BelWic-1, Figure 3]. For the
(smaller) family of varifolds that satisfy (m) in addition to the hypotheses of The-
orem 1.1, conclusion (ii) of Theorem 1.1 can be strengthened to the following: there
exists an oriented n-manifold SV and a C2 immersion ι : SV → N that is stationary
and weakly stable with respect to Jg such that V = ι#(|SV |), gen-regV = ι(SV ) and

the orientation of SV agrees with
~H
g . It is this formulation of the regularity result that

we will generalize to arbitrary g in Theorem 1.3.

Subject to locally uniform mass and mean curvature bounds, both the class of
integral n-varifolds satisfying the hypotheses of Theorem 1.1 and the smaller class of
integral n-varifolds identified in Remark 1.5 are compact in the varifold topology.

Theorem 1.2 (compactness: special case g > 0). Let n ≥ 2 and N be a Rie-
mannian manifold of dimension n + 1, let gj : N → R and g∞ : N → R be positive
functions in C1,α(N) such that gj → g∞ in C1,α(K) for each compact K ⊂ N . Let
(Vj) be a sequence of integral n-varifolds that satisfy the assumptions of Theorem 1.1
with gj in place of g and have locally uniformly bounded mass, i.e. supj ‖Vj‖(K) <∞
for each compact K ⊂ N . Then:

(a) there is a subsequence of (Vj) that converges in the varifold topology to an integral
n-varifold V∞ that satisfies the assumptions (and conclusions) of Theorem 1.1
with g∞ in place of g;
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(b) if additionally condition (m) holds with Vj in place of V , then condition (m)
also holds with V∞ in place of V .

In either case (a) or (b), the possibility g∞ ≡ 0 is allowed, in which case singT V∞ = ∅.

Remark 1.6 (varifold limit of embedded Jg-stationary weakly stable hypersurfaces).
Theorem 1.2 answers in particular the natural question of characterising, for an ori-
entable ambient space N , the varifold limit of a sequence of orientable properly embed-
ded hypersurfaces Mj with mean curvature gjνj for some continuous unit normal νj
(or equivalently, Jgj -stationary properly embedded hypersurfaces Mj) that are weakly
Jgj -stable (i.e. stable for Volgj -preserving deformations). Adding assumption (m) as
in (b) identifies a smaller compact class that contains embedded weakly stable hyper-
surfaces.

Remark 1.7 (Stability for ambient test functions). We point out that for the proof
of Theorem 1.1 a weaker version of the stability hypothesis (c) suffices: namely, it
is enough to assume stability for Volg-preserving deformations of gen-regV (as an
immersion) of a specific type, i.e. those that are induced by any ambient function
φ ∈ C1

c (O) with
∫

gen-regV ∩O φgdH
n = 0 (here O is as in the theorem). As we will

discuss in Section 2.2, this integral constraint guarantees that there exists a Volg-
preserving deformation, as an immersion, whose initial velocity is φν, where ν is the

orientation of gen-regV in O given by
~H
g .

If (m) is additionally assumed in Theorem 1.1, then the weakening of (c) just
discussed can be expressed more intrinsically for the varifold by requiring the constraint
on φ to take the form

∫
O φgd‖V ‖ = 0.

Remark 1.8. In view of Remark 1.3, an alternative statement can be obtained by
replacing (b) of Theorem 1.1 with the requirement of stationarity with respect to the
area functional for Volg-preserving deformations; the conclusion is the same except for
the fact that the mean curvature of gen-regV is λg, for some λ ∈ R (c.f. [BelWic-1]).

Remark 1.9 (finite Morse index ). Weak g-stability implies that the Morse index with
respect to Jg is at most 1. In Section 2.2 we point out the well-known fact that weak
g-stability, or more generally finiteness of the Morse index with respect to Jg, implies
very directly that about any point there exists a ball in which strong stability holds,
i.e. the validity of the stability inequality for all test functions compactly supported in
the ball. This local consequence is the only implication of weak g-stability we will need
for the proof of the regularity conclusion in Theorem 1.1. (The same remark applies
to the other regularity results that we will present).

Remark 1.10 (a more general version of Theorem 1.1). It is immediate that the results
of this section also hold if g is strictly negative, rather than strictly positive. The
non-vanishing of g is not the optimal assumption in Theorem 1.1, which in fact holds
true if g ≥ 0 and reg 1 V ∩ {g = 0} has empty interior in reg 1 V , see Theorem A.1.

1.3 Generalization to arbitrary g ∈ C1,α, part I

Remark 1.11 (Volg-preserving deformations, arbitrary g). We begin with the remark
that, when g ∈ C1,α is arbitrary, Volg-preserving deformations might not exist at all.
For example, in R3 with cordinates (x, y, z), let g < 0 for x < 0, g = 0 for x = 0,
g > 0 for x > 0 and consider the hypersurface given by the plane {x = 0} oriented
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by choosing the normal (1, 0, 0): then every deformations strictly increases Volg, so
stationarity for Volg-preserving deformations has no content.

Moreover, even if Volg-preserving deformations exist, stationarity with respect to
area for Volg preserving deformations does not imply, for any choice of constant λ,
stationarity with respect to Jλg. Consider the following example (where g ≥ 0): let
g > 0 in {(x, y, z) : x2+y2+z2 < 1} and g = 0 on {(x, y) : x2+y2+z2 ≥ 1} and consider
the unit sphere S. Then any Volg-preserving deformation of S must be one-sided,
i.e. parametrized on t ∈ [0, ε), with initial velocity pointing outward. (If we push S to
the interior of the unit ball in a neighborhood of any point, then the enclosed volume
strictly decreases, and cannot be balanced by pushing S into the exterior somewhere
else.) In fact S is a minimizer of area for Volg-preserving deformations. However, S
does not satisfy d

dt

∣∣
t=0

Jλg(t) = 0 (for any λ) for if it did, then the mean curvature
must be equal to λg which vanishes on S. Thus weak g-stability (i.e. stability for Volg
preserving deformations) is not the correct notion of stability to consider for general
g. Recalling Remark 1.9 (which says that in case g > 0 weak g-stability implies Morse
index 1 with respect to Jg), we shall consider, for general g, the class of stationary
points of Jg with Morse index 1, or more generally, bounded Morse index.

Definition 1.9 (Finite Morse index relative to ambient functions). Let s be a non-
negative integer, O ⊂ N be an orientable open set and let ι : S → O be an oriented,
proper C2 immersion, with unit normal ν, that is stationary with respect to Jg. We
say that ι has Morse index s in O relative to ambient functions if s is the dimension
of the largest subspace F of C1

c (O) such that for each φ ∈ F,

J ′′g (0) < 0

for (normal) deformations ψ given by ψ(t, x) = expι(x)

(
ι(x) + t(φ ◦ ι(x))(νι(x))

)
where

x ∈ S and t ∈ (− ε, ε) for some ε > 0.

Concerning the structural hypotheses, we shall continue to assume (a2) of Theo-
rem 1.1, i.e. that singC V = ∅, and this is of course necessary. As regards the struc-
tural hypothesis (a3) of Theorem 1.1, note that no class of hypersurfaces satisfying
this condition literally can be compact: consider g a smooth non-negative function
that vanishes in the closure of a non-empty open set U, and a sequence of embedded
hypersurfaces with mean curvature prescribed by g, that are stable with respect to Jg
and have uniformly bounded area. As illustrated in Figure 1, it is easy to produce an
example in which they converge to a limiting varifold that has a multiplicity 2 minimal
hypersurface in U , with touching singularities on ∂U (picture on the right of Figure
1). Here (a3) of Theorem 1.1 clearly fails on the limit varifold.

A similar example can be constructed in the case that {g = 0} = C × R, where C
is a Cantor set with positive measure in R. For the limit varifold we may have that
C × {0} is in the support with multiplicity 2, and that every point in C × {0} is a
touching singularity for which (a3) of Theorem 1.1 fails. Note that in this example the
set {g = 0} ∩ reg 1 V has no interior in reg 1 V .

As it turn out, the remedy for this issue is the following weakening of (a3) of
Theorem 1.1 which suffices for regularity and compactness theorems in the case of
general g:

(T) Every touching singularity p ∈ singT V has a neighborhood Up such that the
coincidence set Cp of V in Up satisfies Hn (Cp∩{g 6= 0}) = 0 (see Definition 1.6);
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Figure 1: The embedded hypersurface depicted on the left belongs to a sequence Vj converging
in varifold sense to the integral varifold V on the right, that has a minimal portion with
multiplicity 2. Condition (a3) of Theorem 1.1 fails for V on ∂{g = 0}.

In particular, if g > 0 as considered in Theorem 1.1, then the two conditions are
the same 2.

The following regularity and compactness results for arbitrary g are proved in the
present work and provide a general framework to answer the compactness question
raised earlier.

Theorem 1.3 (regularity of finite index Jg-stationary hypersurfaces, I). For
n ≥ 2 let N be a Riemannian manifold of dimension n + 1 and g : N → R be a C1,α

function. Let V be an integral n-varifold in N such that

(a1) the first variation of V in Lploc (‖V ‖) for some p > n;

(a2) no point of spt ‖V ‖ is a classical singularity of spt ‖V ‖;

(a3) V satisfies (T).

Suppose moreover that:

(b) the (embedded) C1 hypersurface S = reg1 V is stationary with respect to Jg in
the sense of Definition 1.2 taken with ι : S → N equal to the inclusion map;

(bT ) (redundant if g ≥ 0) each touching singularity y ∈ singT V has a neighbor-
hood O such that writing exp−1

y (spt ‖V ‖ ∩ O) = graphu1 ∪ graphu2 for C1,α

functions u1 ≤ u2,
3 we have that for j = 1, 2, the stationarity of Sj = reg 1 V ∩

expy graph(uj) (which follows from (b)) holds for the orientation that agrees with
one of the two possible orientations of expy graph(uj);

(b∗) (implied by (m) if g > 0) for each orientable open set O ⊂ N \ (spt ‖V ‖ \
gen-reg V ) there exist an oriented n-manifold SO and a proper C2 immersion
ιO : SO → O with V O = (ιO)#(|SO|) such that ιO is stationary with respect
to Jg;

(c) for each orientable open set Õ ⊂⊂ N, letting O = Õ \ (spt ‖V ‖ \ gen-reg V ) and
ιO : SO → N be as in (b*), ιO has finite Morse index in O relative to ambient
functions (Definition 1.9).

2To avoid confusion, we remark that in the interior of {g = 0} there are no touching singularities
by the maximum principle for minimal hypersurfaces (and therefore (T) is redundant there), so it is
really on the boundary of {g = 0} that (a3) of Theorem 1.1 has to be replaced by (T).

3Such u1, u2 always exist by the definition of touching singularity; see remark 1.2.
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Then there is a closed set Σ ⊂ spt ‖V ‖ with Σ = ∅ if n ≤ 6, Σ discrete if n = 7 and
dimH (Σ) ≤ n− 7 if n ≥ 8 such that:

(i) locally near each point p ∈ spt ‖V ‖\Σ, either spt ‖V ‖ is a single smoothly embed-
ded disk or spt ‖V ‖ is precisely two smoothly embedded disks with only tangential
intersection; if we are in the second alternative and if g(p) 6= 0, then locally
around p the intersection of the two disks is contained in an (n− 1)-dimensional
submanifold;

(ii) if N is orientable then there exist an oriented n-manifold SV , a proper C2 im-
mersion ι : SV → N and a global choice of unit normal ν on SV such that
V = ι#(|SV |), spt ‖V ‖\Σ = ι(SV ) and the mean curvature HV (x) of the immer-
sion at x ∈ SV is given by HV (x) = g(ι(x))ν(x); for arbitrary N , this conclusion
applies to V (N \ {g = 0}).

Theorem 1.4 (compactness). Let n ≥ 2 and N be a Riemannian manifold of di-
mension n + 1, let gj : N → R and g∞ : N → R be C1,α functions such that

gj → g∞ in C1,α
loc . Let Vj be a sequence of integral n-varifolds such that the hy-

potheses of Theorem 1.3 are satisfied with Vj in pace of V and gj in place of g.
Suppose also that we have lim supj→∞ ‖Vj‖(K) < ∞ for each compact set K ⊂ N

and that lim supj→∞ Morse Index (ιOj ) < ∞ for each orientable open set Õ ⊂⊂ N ,

where Oj = Õ \ (spt ‖Vj‖ \ gen-regVj) and ιOj is as in hypothesis (c) of Theorem 1.3.
Then there is a subsequence (Vj′) of (Vj) that converges in the varifold topology to
a varifold V that satisfies the assumptions (and conclusions) of Theorem 1.3 taken
with g∞ in place of g. Furthermore, we have that for each orientable open Õ ⊂⊂ N ,
Morse Index (ιO) ≤ lim infj′→∞ Morse Index (ιOj′ ) where O = Õ\(spt ‖V ‖\gen-regV )
and ιO is as in hypothesis (c) of Theorem 1.3.

Remark 1.12 (varifold limit of embedded finite-index Jg-stationary hypersurfaces). Let

gj → g in C1,α
loc (N), where N is an oriented (n+1)-manifold, and let (Mj) be a sequence

of C2 oriented embedded hypersurfaces in N such that Mj = Mj and Mj is stationary
with respect to Jgj . Assume that the Morse index of Mj with respect to Jgj is locally
bounded uniformly in j. Then for any integral n-varifold V arising as the varifold limit
of a subsequence of the sequence (|Mj |) (at least one such V exists if |Mj | have locally
uniformly bounded mass in N), we have by Theorem 1.4 that V is a C2 immersion,
i.e. V = ι#|S|, where S is an oriented n-dimensional manifold (possibly with many
connected components), ι : S → N is a C2 immersion that is stationary and has locally

bounded Morse index with respect to Jg. Moreover dimH

(
ι(S) \ ι(S)

)
≤ n − 7 and

the lack of embeddedness of ι can only arise in the manner described in (i) of Theorem
1.3. (Within the proof of Theorem 1.4, see Remark 7.1, we will also obtain finer
information on the convergence, in particular we will see that it is locally graphical
and C2, possibly with multiplicity, except for a finite set of points in ι(S).)

Therefore Theorem 1.4 characterizes (analogously to what was observed in Remark
1.6) the varifold limit of embedded hypersurfaces that are stationary and stable with
respect to the functional Jg under a uniform area bound (a mean curvature bound is
implicilty assumed by requiring gj → g in C1,α(N)).

Remark 1.13 (Non-orientable ambient spaces). Consider N that is not necessarily ori-
entable, and let gj , g be as in the preceding remark. Let Mj be a sequence of two-sided,
embedded hypersurfaces of N with Mj = Mj such that the mean curvature of Mj is
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gj(x)νj(x) for every x ∈Mj where νj is a continuous unit normal to Mj . Then the rela-
tive enclosed volume Volgj need not be well-defined for arbitrary compactly supported
deformations of Mj so we cannot speak of stationarity of Mj in N with respect to Jgj .
For deformations supported in any small geodesic ball however Jgj is well-defined and
with respect to such deformations stationarity of Mj holds. If additionally the Morse
index of Mj in any given small geodesic ball is uniformly bounded independently of j,
and if V is an integral varifold arising as the varifold limit of a subsequence of (|Mj |),
it follows from Theorem 1.4 that V satisfies all of the properties described in the pre-
ceding remark except that in place of orientability of S we have that there exists a
continuous (on S) unit normal to ι.

Remark 1.14 (On the stationarity assumptions). Assumptions (b*) and (bT ) in The-
orem 1.3 were not required in Theorem 1.1. The reason for (bT ) in the case when g
can take both positive and negative values is the fact that the one-sided maximum
principle does not hold with the same strength as in the case g ≥ 0; we will discuss
this further in Sections 3.2 and Appendix B.

The fact that hypothesis (b∗) is implied by hypothesis (m) when g > 0 will be
discussed in Remark 1.22. Let us now describe the reasons for assuming (b*). To
simplify the discussion, let g ≥ 0 and consider the varifold in Figure 2 (we may take
a trivial product with R to make n ≥ 2 as in our theorems), with the multiplicities
indicated: here (a1), (a2), (a3) are satisfied and there is no “genuine” singular set,
i.e. spt ‖V ‖ = gen-regV . Moreover, the varifold satisfies the stationarity assumption
(b) with respect to Jg on reg 1 V (for an appropriate choice of g ≥ 0).

Figure 2: For this varifold, with the multiplicities as indicated, (T) is satisfied but (b∗) is not.
Indeed, writing the varifold as the pushforward via a C2 immersion, or writing its support
as the image of a C2 immersion, one of the connected components of the immersion is not

stationary for Jg; it is orientable but no orientation agrees with
~H
g on {g 6= 0}.

Note that, around every point, there is a neighbourhood in which spt ‖V ‖ is the
image of a C2 immersion that is stationary with respect to Jg (in fact, for g ≥ 0 and
assuming (T), it follows from the one-sided maximum principle in Section 3.2 that
stationarity of reg 1 V implies that locally around any point gen-regV agrees with the
image of a Jg-stationary immersion whose domain is the union of two disks). Also,
locally in a neighborhood of every point, V is realized as the push-forward of an
oriented hypersurface by a C2 immersion that is Jg-stationary; in other words, (b*)
is valid locally around any point. However, the only way to write gen-regV globally
as the image of a C2 immersion is to use an immersion with 3 connected components
with one of them (namely the C2 curve starting at the bottom-left point and ending at
the top-right point) failing to be stationary with respect to Jg. (The same immersion
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also realizes V as a pushforward.) This varifold is therefore undesirable from the point
of view of a regularity result whose aim is to conclude that the varifold is globally
a classical Jg-stationary immersion (as in conclusion (ii) of Theorem 1.3). Moreover,
this varifold is not a limit of embedded stable Jg-stationary oriented hypersurfaces (as
such, undesirable to answer the compactness question in Remark 1.12).

The varifold in Figure 2 cannot be ruled out by imposing local structural assump-
tions on the support (assumption (T) on touching singularities was introduced precisely
to allow the support to have local structures such as those in the right picture in Figure
1 for singT V ): one solution to rule it out is to impose (b*). A different one will be
examined in Section 1.4.

Remark 1.15 (On the stability assumption). Assumption (c) in Theorem 1.3 requires
the finiteness of the Morse index (of the generalized-regular part of V ) with respect to
Jg; rather than requiring this for all deformations as an immersion, it does so only for
those deformations that are induced by an ambient compactly supported test function.
(Compare with Remarks 1.7 and 1.9 the case g > 0.) The finiteness of the index implies
(see Section 2.2) that around every point there is a ball in which stability holds for
deformations that are induced by all ambient test function (supported in the ball),
therefore, for the local conclusion (i), we may reduce to the case s = 0.

Remark 1.16 (The open set O in (b*) and (c)). For conclusion (i) of Theorem 1.3 it
suffices to assume the validity of (b*) and (c) for open sets O of specific type, namely
for O = C \ Z, where C is (in local exponential coordinates) an open cylinder or an
open ball and Z is a closed set with dimH(Z) ≤ n−7 (see also Remark 1.23). The fact
that this weaker assumption suffices for (i) will be clear within the proof in Section 6
(in fact, we will reduce Theorem 1.3 to Theorem 6.1). With this weaker assumption,
conclusion (ii) of Theorem 1.3 is a priori valid only in any ambient open ball or open
cylinder.

1.4 Generalization to arbitrary g ∈ C1,α, part II

The varifolds that satisfy the hypotheses of Theorem 1.3 are regular and, by The-
orem 1.4, form a closed set in the varifold topology. For certain applications however,
one is interested not so much on conditions guaranteeing both regularity and closure
as conditions implying regularity alone that are easily checked. In this respect hypoth-
esis (b*) of Theorem 1.3 may be unsatisfactory. This is the case, for instance, in the
important example of the Allen–Cahn approximation scheme studied in [RogTon08]
(see also [HutTon00]). In that setting, Jg stationary integral varifolds arise as limits
of “weighted” level sets of W 1,2 functions that solve certain PDEs. While hypotheses
(b) and (bT ) of Theorem 1.3 can easily be checked in such a situation, hypothesis (b∗)
may be difficult to verify or may even be invalid. As pointed out in Remark 1.14, the
difficulty is that local considerations are not sufficient to check (b∗); that is to say,
while (b*) may be valid in a small ball around every point of gen-regV , it may fail in
large open sets that only intersect gen-regV (as is the case in the varifold in Figure
2).

The result below (Theorem 1.5) is a regularity theorem which, at the expense of
not having an associated compactness result, allows to draw the same conclusions as
in Theorem 1.3 but with hypothesis (b*) replaced by a condition of a different nature
(hypothesis (a4)). This condition is compatible with the conclusions of [RogTon08]
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and thus provides a regularity theorem that can play a role in such a context.4

Theorem 1.5 (regularity, II (multiplicity assumption)). For n ≥ 2 let N be a
Riemannian manifold of dimension n+ 1 and g : N → R be a C1,α function. Let V be
an integral n-varifold in N such that

(a1) the first variation of V in Lploc (‖V ‖) for some p > n;

(a2) no point of spt ‖V ‖ is a classical singularity of spt ‖V ‖;

(a3) V satisfies (T);

(a4) the multiplicity of V is 1 on reg 1 V ∩ {g 6= 0}.

Suppose moreover that:

(b) the (embedded) C1 hypersurface S = reg1 V is stationary with respect to Jg in
the sense of Definition 1.2 taken with ι : S → N equal to the inclusion map;

(bT ) (redundant if g ≥ 0) each touching singularity y ∈ singT V has a neighbor-
hood O such that writing exp−1

y (spt ‖V ‖ ∩ O) = graphu1 ∪ graphu2 for C1,α

functions u1 ≤ u2,
5 we have that for j = 1, 2, the stationarity of Sj = reg 1 V ∩

expy graph(uj) (which follows from (b)) holds for the orientation that agrees with
one of the two possible orientations of expy graph(uj);

(c) for each orientable open set O ⊂ N \ (spt ‖V ‖ \ gen-reg V ) with O ⊂⊂ N , such
that V O = ιO # (|SO|) where SO is an oriented n-manifold and ι : SO → O is
a proper oriented Jg-stationary C2 immersion, ιO has finite Morse index relative
to ambient functions (Definition 1.9).

Then there is a closed set Σ ⊂ spt ‖V ‖ with Σ = ∅ if n ≤ 6, Σ discrete if n = 7 and
dimH (Σ) ≤ n− 7 if n ≥ 8 such that:

(i) locally near each point p ∈ spt ‖V ‖\Σ, either spt ‖V ‖ is a single smoothly embed-
ded disk or spt ‖V ‖ is precisely two smoothly embedded disks with only tangential
intersection; if we are in the second alternative and if g(p) 6= 0, then locally
around p the intersection of the two disks is contained in an (n− 1)-dimensional
submanifold;

(ii) If N is orientable, then spt ‖V ‖ \ Σ is the image of a proper C2 immersion
ι : SV → N such that V = ι#(|SV |). In this case, letting Mj denote the minimal
embedded hypersurface in N (possibly with many connected components) such
that Mj ⊂ gen-regV and Θ(‖V ‖, y) = j for y ∈Mj, there is a continuous choice
of unit normal ν on SV \ ι−1(∪joddMj) such that the mean curvature HV (x) of
SV \ ι−1(∪joddMj) at x is given by HV (x) = g(ι(x))ν(x); moreover, if each Mj

is orientable for j odd, then ν extends continuously to all of SV . Each Mj for
j ≥ 3 is such that Mj \Mj has Hausdorff dimension ≤ n− 7.

4We point out that the integral varifolds obtained by the limiting process analysed in [RogTon08]
may be as those described in the discussion that precedes (T), such as the varifold on the right in
Figure 1: therefore also in this context it is important to weaken the assumption on the coincidence
set to (T).

5Such u1, u2 always exist by the definition of touching singularity; see remark 1.2.
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Remark 1.17. If N is simply connected (thus orientable), then it follows from the claim
in Step 4 of the proof of Proposition 4.1 and Reamrk 4.1 that Mj as above for j odd
are orientable, and hence SV is orientable. Thus in this case spt ‖V ‖ \ Σ is the image
of a proper, oriented C2 immersion ι : SV → N such that V = ι#(|SV |).
Remark 1.18. The orientability aspects of conclusion (ii) will be discussed in Remark
4.6.

In case N is non-orientable, for an arbitrary embedded two-sided hypersurfaces M
with a continuous unit normal ν, the condition that the mean curvature is gν can-
not be variationally characterised as stationarity with respect to Jg because relative
enclosed g-volume Volg is defined only when M is oriented. (cf. Remark 1.13). How-
ever, our proof of Theorem 1.5 gives the following result, in which hypothesis (b) of
Theorem 1.5 is replaced with a non-variational mean curvature assumption, and a
conclusion analogous to conclusion (ii) of Theorem 1.5 is obtained.

Theorem 1.5′ (Non-orientable N). Suppose all hypotheses of Theorem 1.5 hold
except (b). Suppose that for each open set O ⊂⊂ N \ (spt ‖V ‖ \ reg1 V ) such that
reg1 V ∩ O is two-sided, there exists a continuous unit normal ν such that the mean
curvature HV on the (embedded) C1 hypersurface reg1 V ∩O is given by HV = gν. Then
conclusion (i) of Theorem 1.5 holds. Furthermore, if for all odd j, the hypersurfaces
Mj as in conclusion (ii) of Theorem 1.5 are two-sided, then there is an n-manifold
SV and a proper C2 immersion ι : SV → N such that V = ι#(|SV |), and there is a
continuous choice of unit normal ν on SV such that the mean curvature HV (x) of SV
at x is given by HV (x) = g(ι(x))ν(x).

Remark 1.19. The two-sidedness of Mj for j odd is true for the varifolds obtained in
[RogTon08].

1.5 Remarks on the regularity theorems

Remark 1.20. A key common feature of the variational assumptions in Theorems 1.1,
1.3, 1.5 is the fact that they are required only on orientable portions of the regular
set ; here regular means C1 for stationarity and and C2 for stability, i.e. respectively
the regularity conditions that allow to state stationarity and stability for immersions
in a classical way. A priori these portions could be very small in measure, since we
assume no size control on the genuine singular set spt ‖V ‖ \ gen-regV . The only
global assumption on V is the Lploc-condition on the first variation, which, by Allard’s
compactness theorem, can be verified in many situations of interest. We also stress
that the only control required on the singular set by assumption involves just two
specific types of singularities that can be described by means of regular pieces that
come together in a regular fashion: this mild hypothesis favours checkability in the
potential applications of the theory.

Remark 1.21. The regularity theorems 1.1, 1.3 and 1.5 have a twofold scope (in the
case of Theorem 1.1 we refer here to the version of the result that was described in
Remark 1.5, i.e. assuming (m)). The three theorems give:
(i) the local regularity of spt ‖V ‖, i.e. the desired conclusion from the point of view of
varifold theory (in our context, a point is considered regular if it is in gen-regV );
(ii) a global geometric characterization, namely the fact that V is a classical immersion
that is C2 oriented and Jg-stationary.
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Remark 1.22. We digress on the variational assumptions in Theorem 1.1. It can be
checked that condition (c) is automatically satisfied if O is a small enough ambient
ball B, since in this case gen-regV ∩ B is, by definition, either a graph or the union
of two graphs (thus an oriented immersed hypersurface, stationary thanks to the one-
sided maximum principle — moreover the graph structure gives stability). The key
observation that gives power to (c) in Theorem 1.1 is the fact that whenever O ⊂
N \ (spt ‖V ‖ \ gen-reg V ), then gen-regV ∩ O is an oriented C2 immersion that is
stationary with respect to Jg. This will be proved later in a more general context.
However, we point out that, when g > 0, it suffices to observe that the local immersion

that describes gen-regV in a neighbourhood of any point is naturally oriented by
~H
g ;

considering the unit sphere bundle over O and taking the lift of gen-regV according

to the orientation
~H
g (so that points in gen-regV \ reg 1 V are lifted twice, since by the

one-sided maximum principle, ~H points in opposite directions for the two graphs) we
construct an embedded oriented manifold (the lift) and a C2 immersion (the projection)
that describes gen-regV ∩O, as desired. (Also note that if (m) is additionally assumed,
then the local lift can be done with multiplicity and we obtain, in the bundle, an
embedded manifold with an integer multiplicity that is constant on each connected
component, so the abstract manifold SO can be constructed by creating as many
copies of each connected component as the multiplicity requires.) These observations
also show that hypothesis (b∗) in Theorem 1.3 is implied by hypothesis (m) when
g > 0.

Remark 1.23. We stress, for later reference, that within the proof of Theorems 1.1,
1.3 and 1.5 the stability condition (c) must be used (in its analytic formulation, the
so-called stability inequality) on ambient balls of fixed size in which spt ‖V ‖\gen-regV
is known to be suitably small (n− 7-dimensional at the most), as pointed out also in
Remark 1.16. This requires to known that gen-regV is, in such a ball and away from
the small set, a C2-immersed oriented manifold. As explained in Remark 1.22, this is
true in a rather straightforward way and for the whole of gen-regV for g > 0, i.e. in
Theorem 1.1. For Theorem 1.3 this is just (b*). However, it becomes much more
delicate in Theorem 1.5, when (b*) is not assumed and we drop the assumptions g > 0
(even just for g ≥ 0). More precisely, the major difficulty arises when {g = 0}∩ reg 1 V
has non-empty interior in reg 1 V (compare with Theorem A.1): the mean curvature
vanishes on such a set, preventing an immediate orientation, moreover this set may
have to be covered with multiplicity by the immersion with image gen-regV ∩ O (see
the picture on the right in Figure 1). The immersion itself has to be defined differently
than in Remark 1.22 and its orientability is not straightforward; this is discussed in
Section 4.

Remark 1.24. The properness of the immersion with image gen-regV in the stability
hypothesis (c) of our theorems is needed so that we can speak of deformations as an
immersion that are “compactly supported in O” (it guarantees that they are compactly
supported in SO too), and we will indeed need to use deformations as an immersion
that are induced by test functions compactly supported in O.

Remark 1.25. A global orientation of gen-regV could be assumed if V is the multiplicity-
1 varifold associated to the boundary of a Caccioppoli set. Whilst too restrictive for
the general theory, as explained in Sections 1.3 (see e.g. Fig. 1) and Section 1.4 (see
e.g. [BelWic-2], [RogTon08]), the assumption that V is the multiplicity-1 varifold asso-
ciated to the boundary of a Caccioppoli set is fulfilled in certain interesting instances.
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Moreover, in this case, assumption (T) is redundant and the functional Volg has a
very natural meaning, as pointed out after Definition 1.1. We thus provide, in the
next section, corollaries of Theorem 1.5 for this special class of integral varifolds.

1.6 Corollaries for Caccioppoli sets

Remark 1.26 (redundancy of (a3), (a4)). Theorems 1.5 and 1.5′ can of course be
applied to the case in which V is the multiplicity-1 varifold associated to the reduced
boundary ∂∗E of a Caccioppoli set E ⊂ N . In this case De Giorgi’s rectifiability
theorem implies that (a3) and (a4) of Theorems 1.5 and 1.5′ are automatically satisfied
(see [BelWic-1, Remark 2.20] for (a3), while the validity of (a4) follows from the
stronger fact that reg 1 V has multiplicity 1).

Throughout this section, we let N be a Riemannian manifold of dimension n + 1
with n ≥ 2 and g : N → R be a C1,α function. Whenever C ⊂ N is a Caccioppoli set
and U ⊂⊂ N is an open subset, denote by Jg,U the functional

Jg,U (C) = ‖∂∗C‖(U) +

∫
C∩U

g dHn+1.

As pointed out after Definition 1.1, in the case in which ∂∗C ∩U is C1 embedded,
for any one-parameter family of deformations ψt (as in Definition 1.1) that fix N \ U
we have Volg(t) =

∫
ψt(C)∩U gdH

n+1 −
∫
ψt(C)∩U gdH

n+1. The functional Jg,U provides
an “absolute” notion of g-enclosed volume, as opposed to the relative one in Definition
1.1. Caccioppoli sets provide a natural setting to pose a stationarity condition with
respect to Jg,U that is stronger than the one required in Theorems 1.5 and 1.5′.

Remark 1.27. [redundancy of (bT )] We note that the requirement of stationarity with
respect to Jg,U made on reg 1 |∂∗E| gives already more information than the one with
respect to Jg: in fact (we will discuss this below in more generality) the stationarity
condition with respect to Jg,U for U such that ∂∗E ∩ U is C1-embedded implies that
the generalized mean curvature of |∂∗E| in U is given by gν, where ν is the exterior
unit normal to E. This additional information, that was not be present in the general
framework (where we had neither a notion of interior nor a global well-defined normal
to V ), together with the fact that multiplicity ≥ 2 points form a set of n-dimensional
measure zero (by the De Giorgi rectifiability theorem), implies also that (bT ) of Theo-
rems 1.5 and 1.5′ is automatically satisfied when we require stationarity of reg 1 |∂∗E|
with respect to Jg,U .

In this section we provide two different formulations of the regularity theorem for
Caccioppoli sets (Corollaries 1.1 and 1.2 below), in which we remove further structural
assumptions from Theorem 1.5′ (in addition to (a3), (a4), (bT ) that have been removed
in Remarks 1.26 and 1.27 above), by requiring a stronger stationarity condition in two
different ways. At the end of the section, we also provide a result that characterizes
varifold limits of Caccioppoli sets that satisfy the assumptions of Theorem 1.5′.

Corollary 1.1 below requires stationarity of the reduced boundary of a Caccioppoli
set E with respect to Jg,U under all ambient deformations, i.e. under any one-parameter
family of diffeomorphisms of the ambient manifold that are the identity outside a
compact set. The reason why this is stronger than (b) of Theorem 1.5′ is that we
impose the stationarity condition on the whole of ∂∗E, rather than only on its C1-
embedded regular part. By strengthening the stationarity requirement in this fashion,
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condition (a1) of Theorem 1.5′ is automatically satisfied (see [BelWic-1, Remark 2.19]
or [Mag12, Ch. 17]) and moreover we obtain (following the argument in [BelWic-1,
Remark 2.19]) that the generalized mean curvature of ∂∗E is given by gν, where ν is
the outward unit normal. We thus have:

Corollary 1.1. Let E ⊂ N be a Caccioppoli set and U ⊂⊂ N be open. Assume that,
for every one-parameter family ψ(t, x) of diffeomorphisms of N that fix N outside a
compact set K ⊂ U (i.e. , for ε > 0, ψ : (− ε, ε) × N → N is of class C1, for every
t ∈ (− ε, ε) the map ψt(·) = ψ(t, ·) : N → N is a diffeomorphisms with ψt(·) = Id on
N \K, ψ0(·) = Id on N) the following stationarity condition holds:

d

dt

∣∣∣∣
t=0

Jg,U (Et) = 0,

where Et is the Caccioppoli set (ψt)(E). Assume moreover that
(a2) of Theorem 1.5 holds with |∂∗E| in place of V (i.e. |∂∗E| has no classical singu-
larities in U);
(c) of Theorem 1.5 holds with |∂∗E| in place of V , U in place of N .

Then there is a closed set Σ ⊂ ∂∗E∩U with Σ = ∅ if n ≤ 6, Σ discrete if n = 7 and
dimH (Σ) ≤ n− 7 if n ≥ 8 such that locally near each point p ∈ (∂∗E ∩ U) \ Σ, either
∂∗E is a single smoothly embedded disk or ∂∗E is precisely two smoothly embedded
disks with only tangential intersection.

If the assumptions hold true for all U ⊂⊂ N then there exist an n-dimensional
manifold S and a C2 immersion ι : S → N such that ∂∗E \ Σ = ι(S) and |∂∗E| =
ι#(|S|); moreover, there exists a continuous choice of unit normal ν on S such that
ν coincides with the exterior (measure-theoretical) unit normal on ∂∗E and gν is the
mean curvature of ι.

The second way in which we can strengthen the stationarity assumption (b) is by
considering the L1

loc-topology on Caccioppoli sets and working with continuous one-
sided deformations of a given Caccioppoli set E. By doing so, we are able to remove
(a2) as well as (a1), (a3), (a4) and (bT ) . We refer to [BelWic-1, Definition 2.6] for
the definition on one-sided one-parameter family of deformations with respect to the
L1

loc-topology and to [BelWic-1, Section 9] for the argument that rules out classical
singularities under this stronger stationarity notion.

Corollary 1.2. Let E ⊂ N be a Caccioppoli set and U ⊂⊂ N be open. Assume
that, for every one-sided one-parameter family {Et}t∈[0,ε) of deformations of E in U
(continuous with respect to the L1

loc-topology, see [BelWic-1, Definition 2.6, 2.7]) the
following stationarity condition holds:

d

dt

∣∣∣∣
t=0

Jg,U (Et) ≥ 0.

Assume moreover the following stability condition: (c) of Theorem 1.5 holds with |∂∗E|
in place of V , U in place of N . Then the conclusions of Corollary 1.1 hold.

Remark 1.28 (analytic data). If in Corollary 1.2 we further assume that the Rieman-
nian manifold N and the function g are analytic, then we can weaken the stability
assumption to the following requirement:
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(c′) for each orientable open set O ⊂ U \ (spt ‖DχE‖ \ reg |∂∗E|), E has finite Morse
index with respect to the functional Jg,O for ambient deformations that fix the com-
plement of O.

Note that this is a condition on reg |∂∗E| only (rather than on gen-reg |∂∗E|).
In Section 1.6 we show why this weaker assumption implies the stability condition
in Corollary 1.2. In this analytic framework, Corollary 1.2 generalizes the regularity
results that are known for minimizers of Jg,U (see [GMT83], [Mor03]). We conjecture
that Corollary 1.2 with the stability assumption (c′) holds true for arbitrary smooth
manifolds and for g ∈ C1,α.

We conclude the discussion on Caccioppoli sets by addressing a compactness ques-
tion. Figure 1 shows that in the class of Caccioppoli sets (i.e. with respect to BVloc

topology) we cannot expect a compactness result, analogous to Theorem 1.4, for bound-
aries of Caccioppoli sets that are stationary with respect to Jg,U and satisfy locally
uniform mass and Morse index bounds. Indeed, assuming that in Figure 1 the exterior
of Ej , for j ∈ N, is given by the portion between the two curves, the multiplicity 2
minimal interface that appears in the varifold limit is not present in the BVloc-limit,
causing the reduced boundary of the limiting Caccioppoli set E to develop “varifold
boundary” (at the cusps), violating the condition (a1) that the first variation be in
Lp(‖∂∗E‖). It is interesting to investigate and characterize, for the class of Cacciop-
poli sets whose reduced boundaries satisfy the assumptions of Theorem 1.5′ (these
assumption are implied by the hypotheses in either of the Corollaries in this section),
the possible varifold limit, under the natural mass and mean curvature bounds. We
have the following optimal characterization for such varifold limits. The proof of the
result is (see Section 8) an immediate consequence of Theorems 1.4,1.5, 1.5′.

Corollary 1.3 (varifold limits of finite index Caccioppoli sets). For j ∈ N, let g, gj :

N → R be C1,α functions such that gj → g in C1,α
loc (N). Let {Ej}j∈N be a sequence of

Caccioppoli sets in N such that, for every j, assumptions (a1), (a2) of Theorem 1.5 are
valid with |∂∗Ej | in place of V . Assume that for every open set O ⊂ N \ (spt ‖DχEj‖\
reg 1 |∂∗Ej |) the generalized mean curvaure of ∂∗Ej ∩ O is given by gjνj, where νj
denotes the exterior unit normal to Ej.

For every open set Õ ⊂⊂ N such that |∂∗Ej | Oj = ιOj #|SOj |, where Oj =

Õ \ (spt ‖DχEj‖ \ gen-reg |∂∗Ej |) and ιOj : SOj → Oj is a C2 immersion of an n-
manifold SOj whose mean curvature is given by gjnj with nj a global normal on SOj
that agrees with νj on ι−1

Oj (∂
∗E ∩Oj), assume that the Morse index relative to ambient

functions (see Definition 1.9) of ιOj with respect to Jgj is finite.
Assume moreover that lim supj→∞ ‖DχEj‖(K) < ∞ for every compact K ⊂⊂ N

and that lim supj→∞Morse index (ιOj ) < ∞ for every Õ ⊂⊂ N , where Oj = Õ \
(spt ‖DχEj‖ \ gen-reg |∂∗Ej |) and ιOj is as above.

Then there is a subsequence {j′} and an integral n-varifold V of N such that
|∂∗Ej′ | → V as varifolds, and V satisfies the hypotheses of Theorem 1.5′, and the
local regularity conclusion (i) of Theorem 1.5 holds. Moreover, V = ι#|S|, where
ι : S → N is a C2 immersion with image gen-regV and there is a global normal n̂ on
S such that the mean curvature of ι is (g ◦ ι)n̂.
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2 Preliminaries

Let g be a C1,α function on N (without any sign assumption). In Sections 2.1
and 2.2 we recall some well-known facts on hypersurfaces regarding stationarity and
stability with respect to Jg (and with respect to the area functional for deformations
that preserve Volg).

2.1 Stationarity: classical results

With notation and orientation as in Definition 1.1, we consider a proper C1 im-
mersion ι : S → O, for O ⊂ N open and oriented and S an orientable n-dimensional
manifold; let S be oriented by a choice ν of unit normal so that the frame dι(~S)∧ ν is
positive with respect to the orientation of O. Let dS denote the n-volume induced on
S by ι and by the Riemannian metric of N .

Let ψ be a deformation of ι as in Definition 1.1, with ψt(x) = ψ(t, x) for each
t ∈ (− ε, ε) and x ∈ S. Thus ψ is differentiable on (− ε, ε)×S, ψ0 = ι and ψt(x) = ι(x)
for all t ∈ (− ε, ε) and x ∈ S \ ι−1(O). Recall that stationarity of ι with respect to the
functional Jg(t) = A(t) + Volg(t)(= ‖(ψt)#(|S|) O ‖+ Volg(t)) is the requirement

dJg(t)

dt

∣∣∣∣
t=0

= 0 for any O and ψ as above. (1)

As we are about to show, the condition just stated is equivalent to the requirement
that ι is a C2 immersion whose mean curvature vector ~H is pointwise dictated by
the value attained by g, i.e. ~H = gν. Moreover, if ι is a C1 embedding, then the
stationarity with respect to Jg(t) for ambient deformations suffices to draw the same
conclusion. Indeed, for ι, O and ψ as above, one can compute that

dVolg(t)

dt

∣∣∣∣
t=0

=

∫
S

(g ◦ ι) dψ
dt

∣∣∣∣
t=0

· ν dS,

where ν is the unit normal to the immersed hypersurface in O. (The proof of this fact
follows [BDE88, Lemma 2.1 (ii)] with the due changes.) In particular, we point out

that the normal velocity ζ = dψ
dt

∣∣∣
t=0
· ν of a Volg-preserving deformation satisfies∫
ζ(g ◦ ι) dS = 0. (2)

Recall the first variation formula (e.g. [BDE88, Lemma 2.1 (i)] for C2 immersions and
[Sim83] in general)

dA(t)

dt

∣∣∣∣
t=0

= −
∫
S

dψ

dt

∣∣∣∣
t=0

· ~H dS,

where ~H = Hν is the generalized mean curvature vector, with the convention that H
stands for the sum of principal curvatures of ι (rather than the average as in [BDE88]).
The claim on the generalized mean curvature ~H = (g ◦ ι)ν follows and implies that
S is C2 by standard elliptic theory (see Sections 3.1 and 3.2 for details). To avoid
confusion, note that any connected orientable S that is stationary for the functional
‖ψt#|S| O ‖+ Volg(t) can only be so for one of the two possible orientations (for the
other orientation, it is stationary for the functional ‖(ψt#|S| O ‖ −Volg(t) instead).
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Remark 2.1. Condition (1) implies that S is a stationary hypersurface with respect
to the standard area functional for Volg-preserving (ambient) deformations (since for
such deformations Jg is just the area up to a constant).

In the case g > 0 we have, conversely to (2): whenever O is orientable, ι is smooth
and ζ ∈ C1

c (ι−1(O)) is such that
∫
ζ (g ◦ ι) dS = 0, then there exists a deformation

ψ : (− ε, ε) × S → N such that Volg(t) = 0 for all t ∈ (− ε, ε) and dψ
dt

∣∣∣
t=0

= ζν,

i.e. ψ is a Volg(·)-preserving normal deformation (as an immersion) of ι, with initial
velocity ζν. For the proof it suffices to suitably modify [BarDoC84, Lemma 2.4] or
[BDE88, Lemma 2.2]: we note that the proof would fail if g vanished identically on an
open set contained in the hypersurface, more precisely, following [BarDoC84, Lemma
2.4], we would not be able to choose the auxiliary function (that is denoted by g in
[BarDoC84, Lemma 2.4]), or, following [BDE88, Lemma 2.2], we would not be able to
solve the initial value problem (because the volume form denoted there by dM has to
be multiplied by our function g, and so the left hand side could vanish identically).
The examples in Section 1.11 show that this failure is not a technical problem of the
proof, but the deformation might fail to exist. A more general condition than g > 0
for the validity of the property just expressed, is the fact that {g = 0} has non-empty
interior in the hypersurface.

Remark 2.2. If g > 0, then the condition of stationarity with respect to the standard
area functional for Volg-preserving (ambient) deformations (see Remark 2.1) turns out
to be “essentially” equivalent to (1), in the following sense. Let ι be an oriented
immersion of S (an analogous statement holds for an embedding) into an oriented
manifold, assume that ι is stationary with respect to the hypersurface area for Volg-
preserving deformations as an immersion (ambient deformations if ι is an embedding).
Then there exists λ ∈ R such that the mean curvature ~H of ι is given by λgν and ι
satisfies the stationarity condition d

dt

∣∣
t=0

(‖ψt#(|S|) O ‖+ λVolg(t)) = 0 for arbitrary
deformations as an immersion (ambient deformations if ι is an embedding). The proof
follows [BDE88, Prop. 2.3] and [BarDoC84, Prop. 2.7]. The real number λ becomes a
Lagrange multiplier and the Volg-preserving constraint gets encoded in the functional,
thus allowing unconstrained deformations. We then conclude that, upon replacing g
with λg, ι is stationary in the sense of (1).

2.2 Stability: classical results

Keeping notations as in Section 2.1, assuming that the immersion ι is stationary
for Jg, the second variation

d2

dt2

∣∣∣∣
t=0

Jg(t) =
d2

dt2

∣∣∣∣
t=0

(‖ψt#|S| O ‖+ Volg(t))

along a normal deformation ψt with initial (normal) velocity ζ = dψ
dt

∣∣∣
t=0

can be ex-

pressed by

J ′′g (0) =

∫
S
|∇ζ|2 − (Ric(ν, ν) + |A|2 −Dνg)ζ2,

where A is the second fundamental form of the immersed hypersurface and ∇ denotes
the gradient induced by the metric dS. This can be proved following the arguments
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in [BDE88, (2.4)-(2.5)] and [BarDoC84, Appendix 4]. Stability of ι with respect to Jg
(as an immersion) implies therefore that ι satisfies the strong stability inequality∫

S
(Ric(ν, ν) + |A|2 −Dνg)ζ2 dS ≤

∫
S
|∇ζ|2 dS (3)

for any ζ ∈ C1
c (S).

In our regularity results Theorems 1.3, 1.5 we impose a condition on J ′′g for V O
(whenever V O is an oriented, Jg-stationary C2 immersion) by employing normal
deformations (as an immersion) induced by φ ∈ C1

c (O). If the Morse index in (c) of
Theorems 1.3, 1.5 is zero, then the assumption amounts to requiring the validity of (3)
for all ζ of the type φ ◦ ι. More intrinsically, we can write the inequality as∫

O
(Ric(ν, ν) + |A|2 −Dνg)φ2 d‖V ‖ ≤

∫
O
|∇φ|2 d‖V ‖

for all φ ∈ C1
c (O), where ∇ is the ambient gradient projected onto the tangent plane to

V , which is well-defined everywhere on gen-regV (there are no classical singularities).

Finite index implies strong stability locally. If the Morse index s 6= 0 then the same
inequality holds for all φ ◦ ι such that φ is L2-orthogonal to an s-dimensional linear
subspace of C1

c (O). We will now show that this condition implies that for every point
we can find a ball around it such that (c) is valid in the ball with Morse index 0.

Assume condition (c) is valid in O with Morse index s. The key observation is that,
given any two disjoint open sets contained in O, then in at least one of them the Morse
index is ≤ s − 1. If that were not the case, then we would find that the total index
in O is ≥ 2s. Consider now an arbitrary point x in O and a fixed ball BR(x) ⊂ O.
Choose 0 < r < R and consider the disjoint open sets Br(x) and BR(x) \ Br(x). By
the previous observation, in at least one of the two we have index ≤ s− 1 and this can
be done for every r in (0, R). Therefore, either we find r such that the index in Br(x)
is ≤ s − 1, or the index is ≤ s − 1 in BR(x) \ {x}. The latter means that for every
φ ∈ C1

c (BR(x) \ {x}) and orthogonal to a (s− 1)-dimensional subspace, the inequality
holds. Using n ≥ 2 and the fact that the density Θ(‖V ‖, x) is finite (by (a1), via
the almost monotonicity formula), a standard capacity argument shows that for every
φ ∈ C1

c (BR(x)) orthogonal to a (s− 1)-dimensional subspace the inequality holds. In
other words, both alternative lead to the existence of a ball around x in which the
index is ≤ s− 1. The argument can now be iterated finitely many times to reach the
conclusion.

Weak stability, g > 0. For Theorem 1.1, with (c) replaced by the weaker assumption
in Remark 1.7, we note that the argument just described applies as in the case s = 1.
In fact, one can show that weak stability condition assumed there implies that the
Morse index is ≤ 1; alternatively, one can directly prove that whenever two disjoint
open sets A1 and A2 in O are considered, then in at least one of them we have strong
stability. (To see this, argue by contradiction and assume that stability fails both for
a function φ1 supported in A1 and for a function φ2 supported in A2. Take a linear
combination φ of them such that φ verifies the integral constraint that is needed for
the validity of the weak stability. Then adding up the two reversed inequalities for
φ1 and φ2, we contadict the weak stability inequality for φ. Also see [BelWic-1] for a
detailed proof.)
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Remark 2.3 (Volg-preserving deformations, g > 0). Let g > 0. The stability of ι
with respect to the area functional for Volg-preserving normal deformations (as an
immersion) implies that ι satisfies the weak stability inequality∫

S
(Ric(ν, ν) + |A|2 −Dνg)ζ2 dS ≤

∫
S
|∇ζ|2 dS (4)

for any ζ ∈ C1
c (S) such that

∫
S ζ(g ◦ ι) dS = 0. (To see this, given such a ζ we can

produce, as said earlier, a Volg(·)-preserving normal deformation (as an immersion) of
ι, with initial velocity ζ. Along this deformation the functional Jg agrees with the area
functional, so the immersion is stable for Jg under this deformation, i.e. the inequality
is valid.)

Note that the validity of the weak stability inequality (4) for ι is in fact equivalent
to the variational characterization just discussed (i.e. stability with respect to the area
functional for Volg-preserving normal deformations). More precisely, assume that for
any ζ ∈ C1

c (S) such that
∫
S ζ(g ◦ ι) dS = 0 we have

∫
S(Ric(ν, ν) + |A|2 −Dνg)ζ2 dS ≤∫

S |∇ζ|
2 dS. Let ψ be any Volg-preserving normal deformation (as an immersion) of

S in O. Then the initial normal velocity ζ of ψ satisfies the constraint for the validity
of the weak stability inequality. By the expression of the second variation J ′′g (0) we
conclude that S in O is stable with respect to Jg for Volg-preserving deformations (as
an immersion), and therefore S in O is stable with respect to the area functional for
Volg-preserving normal deformations (as an immersion).

3 Local consequences of stationarity

3.1 Localization to a chart

All our regularity conclusions in this work are local results. For the local study
of a varifold as in Theorems 1.1, 1.3, 1.5 around an arbitrary point X ∈ N it is
convenient to use a local chart given by the exponential map expX at X. Let RX
denote the injectivity radius at X and Nρ(X) the normal coordinate ball of radius
ρ < RX around X.

If Ṽ is an integral n-varifold in N , then for X0 ∈ spt ‖Ṽ ‖ and ρ0 < RX0 we consider
the integral n-varifold V in Bn+1

ρ0 (0) defined by

V = exp−1
X0#

(
Ṽ Nρ0(X0)

)
.

In the following discussion, assuming that Ṽ satisfies the assumptions of Theorem 1.1
we derive the hypotheses that we need to impose on V in order to rephrase Theorem
1.1 in Bn+1

ρ0 (0) ⊂ Rn+1.
• The structural conditions (a2) and (a3) are not affected by the exponential map,

so they hold in the same formulation for V .
• Assume stationarity of reg Ṽ with respect to the functional in Theorem 1.1 (b):

this becomes a stationarity condition for reg V with respect to a new functional, as
we now describe.

Define, for M a C1 hypersurface in Bn+1
ρ0 (0),

FX0(M) =

∫
M
|Λn(DexpX0

(y)) ◦ TyM |dHn(y) =

∫
M
F (y, ν(y))dHn(y)
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where ν is a continuous unit normal to M and for (y, p) ∈ Bn+1
ρ0 (0) × Rn+1 \ {0},

F (y, p) = |Λn(DexpX0
(y)) ◦ p⊥|. The functional FX0 in Bn+1

ρ0 (0) encodes, via the
area formula, the n-dimensional area functional in Nρ0(X0) (see [SchSim81, Remark
1]). The integrand F : Bn+1

ρ0 (0) × Rn+1 \ {0} → [0,∞) is smooth, depends only on
the geometric data and satisfies the homogeneity condition F (y, λp) = λF (y, p) for
λ > 0 ([SchSim81, (1.2)]). Moreover, the bounds [SchSim81, (1.3)-(1.4)] hold for some
constants µ, µ1 depending only on the Riemannian manifold N . Since DexpX0

is the
identity at 0 we have F (0, p) = |p| for every p ∈ Rn+1 \ {0} as required by [SchSim81,
(1.5)] (i.e. F agrees with the Euclidean area at the origin).

The relative enclosed g-volume in N changes to Vol
(g◦expX0

)
√
|h| in B

n+1
ρ0 (0), where h

is the Riemannian metric on Bn+1
ρ0 (0) obtained by pulling back the metric on N by the

exponential map. We thus conclude that reg V is stationary in Bn+1
ρ0 (0) with respect

to the functional FX0 + Vol
(g◦expX0

)
√
|h|. Since

√
|h | > 0 and smooth, it is readily seen

that Vol
(g◦expX0

)
√
|h| is a functional of the same type as the relative enclosed g volume

on N (which also preserves any sign assumption on g), so we will write the stationarity
assumption on V with respect to a functional FX0 +Volg on Bn+1

ρ0 (0), with F satisfying
the conditions above.

We postpone the discussion of the stability condition for FX0 +Volg to Section 5.1.

•We finally consider condition (a1) of Theorem 1.3, i.e. the first variation of Ṽ in N
with respect to the (Riemannian) area functional is representable as δ Ṽ = −H

Ṽ
‖Ṽ ‖,

with H
Ṽ
∈ Lp(‖Ṽ ‖), p > n. Recall that this means

δ Ṽ (ψ̃) = −
∫
N
〈H

Ṽ
, ψ̃〉d‖Ṽ ‖

for each compactly supported vector field ψ̃ ∈ χc(N). (The vector-valued function
H
Ṽ
∈ Lploc(‖Ṽ ‖) is referred to as the generalised mean curvature of Ṽ .) Pulling back

via expX0
as above, we obtain

δFX0
V (ψ) = −

∫
Bn+1
ρ0

(0)
〈H

Ṽ
◦ expX0

, ψ〉 d‖V ‖

for all ψ ∈ Cc(B
n+1
ρ0 (0);Rn+1). By a direct calculation, using the fact that the first

variation of V with respect to the (Euclidean) area functional is given by

δV (ψ) =

∫
Bn+1
ρ0

(0)×Gn
divS ψ(X) dV (X,S),

it then follows (as in [SchSim81, Section 5]) that

∣∣∣∣∣
∫
Bn+1
ρ0

(0)×Gn
divS ψ(X) dV (X,S)

∣∣∣∣∣ ≤ µ1

∫
Bn+1
ρ0

(0)
(|ψ(X)|+ |X||∇ψ(X)|) d‖V ‖(X)

+µ

∫
Bn+1
ρ0

(0)
ĤV (X)|ψ(X)| d‖V ‖(X) (5)

for all ψ ∈ C1
c (Bn+1

ρ0 (0);Rn+1), where ĤV = |H
Ṽ
◦ expX0

| and µ, µ1 are fixed positive
constants depending only on the Riemannian manifold N and |·| denotes the Euclidean
length.
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For any Y ∈ Bn+1
ρ0/2

(0), let ϕY = exp−1
expX0

(Y ) ◦ expX0
in a neighbourhood of Y

and extend ϕY to be a diffeomorphism of Bn+1
ρ0 (0) onto itself. Then ϕY (Y ) = 0 and

inequality (5) holds with constants µ, µ1 depending only on (fixed) bounds on the
metric and its derivatives in exp−1

X0
(Nρ0(X0)) and with the varifold ϕY #V in place of

V and with ĤϕY #V = ĤV ◦ ϕ−1
Y .

In summary, if (a1) of Theorem 1.3 holds for Ṽ in N n+1
ρ0 (X0), then the varifold

V = exp−1
X0#

(
Ṽ Nρ0(X0)

)
satisfies the following condition:

(a1′) There exists a non-negative function ĤV ∈ Lp(‖V ‖) and positive constants
µ1, µ with the property that for any Y ∈ Bn+1

ρ0/2
(0) there exists a diffeomorphism ϕY

of Bn+1
ρ0 (0) onto itself with ϕY (Y ) = 0, ϕ0 = identity and with ‖|DϕY ‖C0(Bn+1

ρ0
(0)) +

‖Dϕ−1
Y ‖C0(Bn+1

ρ0
(0)) ≤ µ1 such that inequality (5) holds with ϕY #V in place of V and

with ĤϕY #V = ĤV ◦ ϕ−1
Y in place of ĤV .

Remark 3.1. Suppose (5) holds for a varifold V in Bn+1
ρ0 (0). Then for any σ ∈ (0, 1),

(5) holds with η0,σ# V in place of V , Bn+1
ρ0/σ

(0) in place of Bn+1
ρ0 (0) and with µ1σ in

place of µ1 and Ĥη0,σ# V = σĤV . Also, for any orthogonal rotation Γ : Rn+1 → Rn+1,

(5) holds with Γ# V in place of V and with ĤΓ# V = ĤV ◦ Γ−1.

3.2 PDEs and the one-sided maximum principle

Allard’s theorem [All72] and [BelWic-1, Lemma A1] guarantee that reg 1 V is an
open dense set under assumption (a1), and moreover (by standard PDE theory) that
reg 1 V is of class C1,α ∩W 2,p. The variational assumption (b) in Theorems 1.1, 1.3,
1.5 implies higher regularity of reg 1 V :

Proposition 3.1 (reg 1 V is C2). For the varifolds considered in Theorems 1.1, 1.3,
1.5 we have reg 1 V ⊂ regV , in particular reg 1 V ⊂ gen-regV .

Proof. Whenever Bn+1
σ (p) ∩ spt ‖V ‖ ⊂ reg 1 V then, upon possibly reducing σ > 0 we

can locally write reg 1 V around p as the graph (with respect to the tangent plane at
p) of a C1 function u. If N is an open set in Rn+1, the stationarity condition with
respect to Jg for one of the two possible orientations of graph(u) implies the validity
of one of the two following PDEs in their weak form:

div

(
Du√

1 + |Du|2

)
= g(·, u) or div

(
Du√

1 + |Du|2

)
= −g(·, u).

By elliptic theory we get that u ∈ C2,α, therefore reg 1 V ⊂ regV . For arbitrary N , we
write the stationarity condition with respect to F + Volg as described in Section 3.1
and we get the weak form of one of the following (two) PDEs (note that the following
Euler-Lagrange equation is written by turning the functional F into a non-parametric
one with y = (x, u(x)) and using the area formula, as in [GilTru, 16.8]):

n∑
j=1

Dj

(
DpjF ((x, u), Du,−1)

)
+Dn+1F ((x, u), Du,−1) = ±g(x, u), (6)

where the second order terms

DpipjF ((x, u), Du)D2
iju
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guarantee the ellipticity of the PDE thanks to the fact that F satisfies conditions
[SchSim81, (1.2)-(1.5)] (see [GilTru, 16.8], [SchSim81, Remark 1]). The regularity
conclusion therefore holds.

Remark 3.2. Proposition 3.1 applied in a small enough neighbourhood of p ∈ singT V
under assumptions (a1)-(a2)-(b) implies that spt ‖V ‖ is, in the chosen neighbourhood,
the union of two C1,α graphs that are C2 away from the closed set on which they
coincide.

We pass to a further important consequence of the stationarity condition.

Proposition 3.2 (one-sided maximum principle). Let V satisfy assumptions (a1)-
(a2)-(a3)-(b)-(bT ) of Theorem 1.3. Let p ∈ singT V and let u1 ≤ u2 be the C1,α

functions whose (ordered) graphs describe spt ‖V ‖ in a cylindrical neighbourhood C =
Bn
σ × (−σ, σ) of p, in a reference frame chosen with respect to the tangent plane at p.

Denote by A the open complement of the set {x ∈ Bn
σ : u1 = u2}. Then u1 and u2

satisfy (classically) on A one of the two PDEs (7) below, and they do not satisfy the
same one (i.e. they solve with distinct signs on the right-hand-side). If g ≥ 0 then u1

solves (classically) on A the PDE with the minus sign and u2 solves (classically) on A
the PDE with the plus sign.

On the connected components of A that are in the interior of {u1 = u2} the function
u1 = u2 solves the PDE with g = 0 thanks to (T), so there is nothing to prove in this
case.

Proof. Let p = 0. The Euler-Lagrange equation in Proposition 3.1 tell us that on any
connected component of A each function u1 and u2 (with u1 ≤ u2, u1(0) = u2(0) and
Du1(0) = Du2(0) = 0 — on each connected component of A each graph is embedded
and admits only two orientations) is C2 and solves one of the following PDEs (to
simplify the discussion we consider the case that N is Euclidean, the same proof
adapts to the general case by considering the PDE (6))

div

(
Du√

1 + |Du|2

)
= +g(·, u) or div

(
Du√

1 + |Du|2

)
= −g(·, u). (7)

We analyse, case by case, according to the four possibilities for the choices of the signs
on the right-hand side of the equations, the PDE for the difference v = u1−u2 on any
other connected component of A: we conclude that, if the right-hand-sides have the
same sign, then by the mean value theorem v solves a PDE of the type

Di ((δij + bij(Du1, Du2))Djv) = cv, (8)

where bij is smooth and 0 at 0 and c is smooth (more precisely, either c = Dn+1g(ξ)
or c = −Dn+1g(ξ), with ξ smooth). For y in the chosen connected component of A,
consider a ball Br(y) contained in the chosen connected component and such that there
is a point z on the boundary of the ball that belongs to {u1 = u2} (this can be done
by choosing any ball and enlarging the radius until the boundary touches {u1 = u2}).
Observe that v < 0 on Br(y) and it extends to z with v(z) = 0 and Dv(z) = 0 (because
u1(z) = u2(z) and Du1(z) = Du2(z) by the structural assumptions): this contradicts
Hopf boundary point lemma (in its version that holds regardless of the sign of the
0-th order term, see the comments that follow [GilTru, Theorem 3.5]). Therefore the
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right-hand-sides in (7) have opposite signs for u1 and u2: however, for the moment,
which function carries which sign might depend on the connected component of A.

If g takes both negative and positive values then assumption (bT ) forces the con-
clusion (we comment further on this in Appendix B). We therefore assume for the
remainder of the proof that g ≥ 0.

We continue the previous analysis and we will now rule out the possibility that the
right-hand-side is g(·, u1) for u1 and −g(·, u2) for u2. If that were the case we would
get, again writing the PDE for v,

Di ((δij + bij(Du1, Du2))Djv) ≥ 0, (9)

where we used g ≥ 0; working on Br(y) as above, the conditions v < 0, v(z) = 0 and
Dv(z) = 0 contradict Hopf boundary point lemma for subsolutions of elliptic PDEs
without 0-th order term, see [GilTru, Theorem 3.5].

The only possibility that is allowed is therefore that the right-hand-sides in (7) are
−g(·, u1) for u1 and g(·, u2) for u2, which geometrically means that the mean curvature
vector points downwards for the bottom graph and upward for the top graph wherever
it is non-zero.

We continue the analysis of Proposition 3.2 at a touching singularity p ∈ singT V ∩
gen-regV .

Proposition 3.3 (local stationarity of gen-regV ). Under the assumptions of
Proposition 3.2 and with the further constraint that spt ‖V ‖ ∩ C ⊂ gen-regV , upon
possibly making C smaller we have that the two C2 graphs of u1 and u2 are separately
Jg-stationary; in the case g ≥ 0, we moreover have that u1 has mean curvature −gν
and u2 has mean curvature gν, where ν denotes the upward orientation of each graph.

Proof. Les us consider first the case g(p) > 0, which we can assume to be true in
the neighbourhood C. Then {u1 = u2} has 0-measure by (a3), in particular empty
interior. The C2 regularity of uj implies that the mean curvature of graph(uj) is
continuous for j = 1, 2; moreover g is continuous on each graph. By Proposition 3.2
the mean curvature is gν for graph(u2)∩({u1 6= u2} × (−σ, σ)) and −gν for graph(u1)∩
({u1 6= u2} × (−σ, σ)), so the mean curvature of each graph extends by continuity to
the whole graph. In other words the two graphs are separately stationary.

Let us consider now the case g ≥ 0 in C and p ∈ singT V ∩ gen-regV with g(p) = 0
and with (a3) valid on C. This time {u1 = u2} may have non-empty interior I and
by (a3) graph(uj |I) ⊂ {g = 0}. Away from I, the previous argument extends to give

that the mean curvature is gν for graph(u2) ∩
(
{u1 6= u2} × (−σ, σ)

)
and −gν for

graph(u1)∩
(
{u1 6= u2} × (−σ, σ)

)
. Since on graph(uj |I) we have g = 0 the continuity

of g and of the mean curvature of each graph gives the conclusion: the top graph with
the upward orientation ν has mean curvature ~H = gν everywhere and similarly for the
bottom graph. Equivalently, each disk is stationary with respect to Jg for the choice
of orientation just discribed. A local structure like the one in Figure 3 is ruled out by
assumption (T).

The case in which g can attain both positive and negative values follows immedi-
ately from (bT ).
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Figure 3: Assumption (T) rules out this local structure for spt ‖V ‖ (in the picture g has an
isolated 0). The two graphs that describe spt ‖V ‖ in a neighbourhood of a touching singularity
are allowed to coincide on a set of positive measure only if that portion is minimal (g = 0).

Remark 3.3. The result in Proposition 3.3 is only valid locally. Note, to this end,
that we are not assuming the validity of (b*) in Proposition 3.3, so we are allowing
the varifold in Figure 2 for which the conclusion of Proposition 3.3 is valid locally but
fails in larger open sets (consider for example the varifold obtained by removing the
segment with multiplicity 3 and the curve with multiplicity 1 at the right hand of the
picture: assumption (T) fails on such a large open set and so does the conclusion of
Proposition 3.3).

Remark 3.4. For p ∈ singT V ∩ gen-regV with g(p) > 0, analysing the Hessian of
v = u1 − u2 in the above proof, there must exist an index ` ∈ {1, ..., n} such that
D2
``v(0) 6= 0 (because of the non-vanishing of the mean curvature, g(0) 6= 0). The

implicit function theorem then gives that the set {D`v = 0} is, locally around 0, an
(n − 1)-dimensional submanifold. The set of points {u1 = u2} is contained in the
set {Du1 = Du2} (since there are no classical singularities by (a2)) and therefore
{u1 = u2} ⊂ {Dv = 0} ⊂ {D`v = 0}, a submanifold of dimension (n − 1). This
implies in particular the the set (gen-regV \ regV ) has locally finite Hn−1-dimensional
measure.

Remark 3.5. Note that the proofs above also imply that `-fold touching singularities
with ` ≥ 3 are not possible when the ` ordered graphs are C2. Indeed,if that were
the case, we could apply the previous reasoning to each possible couple of graphs that
describe spt ‖V ‖ in a neighbourhood of p and we would find a contradiction for at least
one couple. In particular, the smoothly immersed part of sptV under assumptions (a),
(a’), (b) agrees with gen-regV . We will draw an even stronger conclusion within the
proof of the regularity theorems, ruling out `-fold touching singularities for spt ‖V ‖
altogether.

Remark 3.6. If p ∈ gen-regV \ regV , then by definition of touching singularity there
is a neighbourhood of p in which spt ‖V ‖ consists of two C2 disks D1, D2 intersecting
only tangentially and with p ∈ D1 ∩D2. Then for each j, the set D̃j = {g 6= 0} ∩Dj

(open in Dj) is non-empty and p ∈ ∂ D̃j . To see this, choose local coordinates centered
at p with Tp V = Rn × {0}, and write Dj = graphuj with uj ∈ C2(Ω) for some open
set Ω ⊂ Rn. By Proposition 3.3, each uj solves one of the two PDE’s in (7) and not
both solve the same one. Suppose contrary to the claim that g = 0 in a neighbourhood
of p in one of the disks, say D1. Then in a neighbourhood of the origin u1, we may
take either g(x, u1(x)) or −g(x, u1(x)) on the right hand side of the PDE that u1

solves (trivially, since g(x, u1(x)) = 0 near the origin). The claim then follows from
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the argument of Proposition 3.2.

4 gen-regV is an immersed oriented hypersurface

The second variation assumption (c) implies, as seen in Section 2.2, that for any
point p ∈ spt ‖V ‖, there is a small ambient neighborhood Up containing p such that
any orientable C2-immersed portion of gen-regV ∩ Up satisfies the strong stability
inequality. What is needed in the proof of our regularity results—which proceeds by
induction on the multiplicity—is the use of the strong stability inequality on gen-regV ∩
B for any ball B with B ⊂ Up whenever dimH ((singV \ gen-regV ) ∩B) ≤ n − 7.
Thus one must know that for a fixed small ball B, gen-regV ∩ B is an immersed
orientable hypersurface whenever dimH ((singV \ gen-regV ) ∩B) ≤ n − 7. This is
quite straightforward, as shown in Remark 1.22, when g > 0, i.e. in Theorem 1.1, and
it is immediate by (b*) in Theorem 1.3. (In these two cases we may in fact take any
open set ⊂⊂ Up in place of B). In Theorem 1.5 however it is a delicate question. We
address this in the present section.

Theorem 4.1 (gen-regV is an oriented immersion). Let V be an integral n-varifold
in a simply connected open set B such that assumptions (a1)-(a2)-(a3)-(a4)-(b)-(bT )
of Theorem 1.5 are satisfied; assume moreover that dim ((spt ‖V ‖ \ gen-regV ) ∩B) ≤
n− 7. Then there exists an oriented n-manifold SB and a C2 immersion ιB : SB → B
such that ιB(SB) ⊂ B \ (spt ‖V ‖ \ gen-regV ); moreover, (ιB)](|SB|) = V B.

We begin by showing that multiplicity higher than 2 on gen-regV can only happen
on “removable” minimal hypersurfaces.

Lemma 4.1. Let V be an integral varifold, in an open set B, that satisfies assumptions
(a1)-(a2)-(a3)-(a4)-(b)-(bT ) of Theorem 1.5; assume moreover that the local regularity
statement (i) is true in B. Then we have the following conclusions on the multiplicity:
• if x ∈ reg 1 V then x has multiplicity 1 or 2, unless the connected component of
reg 1 V that contains x is a minimal hypersurface whose closure (in B) is disjoint from
gen-regV \ reg 1 V (in which case the multiplicity of this minimal hypersurface can be
an arbitrary integer);
• gen-regV \ reg 1 V has multiplicity 2.

Notation: In the proof of this lemma and subsequently, the notation
◦

({g = 0} ∩ reg 1 V )
indicates interior taken relative to the manifold reg1 V .

Proof. Recall that the multiplicity is an integer on gen-regV , see [BelWic-1, Lemma
A.2], and the multiplicity is a constant integer on any connected component of reg 1 V ,
see [BelWic-1, Lemma A.1]. Let p ∈ gen-regV \reg 1 V : we will prove that Θ(‖V ‖, p) =
2. By definition, there esist two C2 disks D1 and D2 that describe spt ‖V ‖ in an open
neighbourhood Br(p) ⊂ B, D1 and D2 can only intersect tangentially and D1 6= D2.
Consider the two open sets Aj = Dj \ D1 ∩ D2, j = 1, 2; then A1 and A2 are C2

embedded portions of V and the multiplicity is constant on each of them, we denote
it by Qj ∈ N. Note that it is not possible that on one of the two disks g vanishes
identically (otherwise we would contradict that one-sided maximum principle, since if g
vanishes on Dj we can write the PDE for the function defining Dj both with g or −g on
the r-h-s). Both D1 and D2 contain therefore an open set on which g 6= 0 and this open
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set must intersect the respective Aj non trivially, since the set {D1 = D2} ∩ {g 6= 0}
has empty interior (it has 0 measure); we denote by Ãj = Aj ∩ {g 6= 0} and note that
Ãj , for j = 1, 2, is an embedded portion of V , with the multiplicity equal on one hand
equal to Qj , on the other hand equal to 1 by assumption. We therefore conclude that
Aj have multiplicity 1 as well for j = 1, 2. This forces the multiplicity to be 2 on the
set {D1 = D2} (e.g. by [BelWic-1, Lemma A.2]), in particular it is 2 on p.

For the case x ∈ reg 1 V , in a neighbourhood of x we have that V is embedded,

with constant multiplicity: note that if x ∈ reg 1 V \
◦

({g = 0} ∩ reg 1 V ) then in any
neighbourhood of x there are points in reg 1 V with g 6= 0, where the multiplicity is 1
by assumption, therefore the multiplicity is also 1 at x. The only case to analyse is

therefore x ∈
◦

({g = 0} ∩ reg 1 V ). Consider the connected component Z of reg 1 V that
contains x and denote with Qx ∈ N the constant multiplicity on Z. If there exists
a point in Z where g 6= 0 then Qx = 1, so assume this is not the case, and assume
further that Z is disconnected from gen-regV \ reg 1 V . Then whenever pj → p ∈ B,
pj ∈ Z, p /∈ Z, we must have that p ∈ singV \ gen-regV , which is a set of codimension
7 by assumption, i.e. Z is a minimal hypersurface in B whose closure in B satisfies
dimH

(
Z \ Z

)
≤ n− 7, in other words Z is a minimal hypersurface in B with possibly

a codimension-7 singular set. This is the only case, allowed in the lemma, in which
the multiplicity can be an arbitrary integer.

The only case left to analyse is the one in which there exists a sequence pj → p ∈ B,
pj ∈ Z, p ∈ gen-regV \ reg 1 V . We thus have, for the touching singularity p, two C2

disks D1 and D2 that describe spt ‖V ‖ in a neighbourhood Br(p) ⊂ B, D1 and D2

can only intersect tangentially and D1 6= D2. The same argument used above, implies
that the multiplicity is 1 on {D1 6= D2} and 2 on {D1 = D2}, in particular 2 at p. By
upper-semicontinuity, the multiplicity of pj (and of x) is either 1 or 2.

Remark 4.1. Our final goal is to show that gen-regV ∩ B, under the assumptions
of Theorem 4.1 and when B is simply connected (a ball being the only case that
we will need), is an oriented immersed hypersurface (of class C2). For this purpose,
any connected component W of reg 1V ∩ B with W ∩ (gen-regV \ reg 1 V ) = ∅ can
be discarded. To see this, note first that W \ W ⊂ spt ‖V ‖ \ gen-regV , and since
dimH (spt ‖V ‖\gen-regV ) ≤ n−7, it follows that the multiplicity 1 varifold associated
with W is stationary with respect to Jg. Furthermore, W is clearly the image of an
immersion and it is orientable by [Sam69] (a codimension-7 singular setW\W inB does
not affect the argument). Thus, until the conclusion of the proof of Proposition 4.1,
we assume that such connected components of reg 1V have been removed, and hence,
in view of Lemma 4.1, that the following holds:

Working assumption: gen-regV has multiplicity 1 or 2 everywhere in B.

Notation: In the remainder of this section, we shall use the notation

M2 =
◦

({g = 0} ∩ reg 1 V ) ∩{Θ = 2};

M1 =
◦

({g = 0} ∩ reg 1 V ) ∩{Θ = 1};

U = {g 6= 0};

O1 = (B \M1) \ (spt ‖V ‖ \ gen-regV ) and

O2 = (B \M2) \ (spt ‖V ‖ \ gen-regV ).
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Lemma 4.2. Let V be an integral n-varifold in an open set B that satisfies assumptions
(a1)-(a2)-(a3)-(a4)-(b)-(bT ) of Theorem 1.5 and suppose that the working assumption
above holds. Then there exists an n-dimensional manifold SO2 and a C2 immersion
ιO2 : SO2 → O2 with ιO2(SO2) = gen-regV \M2.

Proof. Consider the (abstract) manifold S := reg 1 V ∩ O, and denote with ιS : S →
reg 1 V ∩O the immersion (embedding at this stage) into O given by the inclusion map.
We denote with Γ the following class of paths:

Γ :=
{
γ : [0, 1]→ gen-regV ∩ ((B \M2) \ (Sing V \ gen-reg V ))), γ ∈ C0([0, 1]),

γ(0), γ(1) ∈ reg 1 V ∩ O and if γ(s) ∈ gen-regV \ reg 1 V then

there exists δ > 0 s.t. γ((s− δ, s+ δ)) is contained in one of the

two disks that describe gen-regV in a neighbourhood of γ(s)} .

We define the following function d : S × S → [0,∞]:

d(x, y) = inf {length(γ) : γ ∈ Γ, γ(0) = ιS(x), γ(1) = ιS(y)} .

The function d is a metric on S. (If x = y then clearly d(x, y) = 0; if d(x, y) = 0
then, since the ambient distance |ιS(x)−ιS(x)| is always ≤ d(x, y) we get ιS(x) = ιS(y)
and since ιS is an embedding of S we also get x = y. The definition of d is symmetric
in x and y, so d(x, y) = d(y, x). For x, y, z ∈ S, given any path in Γ joining ιS(x) to
ιS(y) and any path in Γ joining ιS(y) to ιS(z), the composition path joins ιS(x) to
ιS(z) and is still in Γ, so the triangular inequality is satisfied.)

The metric space (S, d) will now be “completed with respect to O” to yield a
metric space (SO, d). This means that we consider all Cauchy sequences (pj) in (S, d)
such that limj→∞ ιS(pj) ∈ O (note that it is automatic that limj→∞ ιS(pj) ∈ B since
ιS is distance decreasing), and let SO be the collection of equivalence classes of such
Cauchy sequences under the relation (pj) ∼ (qj) if d(pj , qj) → 0, equipped with the
metric d((pj), (qj)) = limj→∞ d(pj , qj) (this is the usual completion for metric spaces
but we are not including points whose image lie in the boundary of O).

We will show that SO is a manifold. For any point that was already in S, then
there is a neighbourhood in which S and SO are isometrically identified and said
neighbourhood is a disk, so we only need to consider the points that have been added in
the completion. Let p be any such point, and let pj be a Cauchy sequence representing
it. Being a Cauchy sequence for d implies also that ιS(pj) is a Cauchy sequence for
the ambient distance and therefore ιS(pj) → pa for the ambient distance for some
point pa. Since gen-regV is closed in O by assumption, pa ∈ gen-regV ∩ ∩O and pa
cannot be in reg 1 V (since we are assuming that p is a point that has been added), so
pa ∈ gen-regV \ reg 1 V . For any two points a, b ∈ reg 1 V that are close to a touching
singularity but on distinct disks, we have d(a, b) > c > 0 for some c, therefore the
Cauchy sequence pj is all contained in one of the two disks (say D) that describe
gen-regV ∩ Br(pa). A neighbourhood of p in the completion is given by all possible
limits of Cauchy sequences xj such that, for j large enough, d(xj , pj) < c/2. In
particular xj is in the same disk as pj . A neighbourhood of p in the completion
is therefore D (because on D the distance d is identified with the intrinsic induced
distance and D \ reg 1 V has empty interior for it).

The proof also shows that ιS : S → O extends by continuity (since D \ reg 1 V has
empty interior) to give an immersion with image gen-regV ∩O, that is injective except
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for the set that maps to gen-regV \ reg 1 V , which is covered twice (once for each disk).
The map is actually C2, because by definition gen-regV is C2.

To see that the immersion just constructed is proper, let K be a compact set in O
and note that, by the choice of O, gen-regV ∩K is compact in B. By continuity of the
norm of the second fundamental form of the immersion, there exists σK > 0 such that,
whenever x ∈ gen-regV ∩K and r ≤ σK , Bn+1

r (x)∩spt ‖V ‖ is either an embedded disk
or the union of two embedded disks intersecting tangentially; in particular, the inverse
image of Bn+1

r (x) via the immersion is made up of either one (topological) disk or two
disjoint (topological) disks. The C2 regularity further implies that the diameter of
each such disk with respect to the metric d is at most CKr, where CK only depends on
K and on the bound for the C2 norm of the second fundamental form of gen-regV ∩K.
Given ε > 0 such that ε /CK < σK , by choosing a finite collection of balls of radius
ε /CK that covers gen-regV ∩ K, their inverse images provide a finite collection of
open sets that covers the inverse image of K, each open set having diameter smaller
than ε. This proves that the inverse image of K is totally bounded. The fact that it
is complete follows easily by construction. This establishes properness.

Remark 4.2. The previous proof shows an alternative way to write gen-regV as a
C2 immersion under the assumptions of Theorem 1.1 (where M2 is empty), without
exploiting the stationarity condition (which was done, on the other hand, in Remarks
1.4, 1.22).

Remark 4.3. In Lemma 4.2 we defined the metric completion of reg 1 V with respect to
the open set (B\M2)\(singV \gen-regV ): this meant that we only considered Cauchy
sequences (with respect to d) with image (via the inclusion map) converging to a point
in (B \M2) \ (singV \ gen-regV ) with respect to the ambient distance. (Note that the
inclusion map is distance descreasing). The same argument can be used to define the
metric completion of reg 1 V with respect to the larger set (B\M2)\(singV \gen-regV );
this means that we consider Cauchy sequences (with respect to d) with image (under
ιS) converging to a point in (B \M2)\ (singV \gen-regV ). Let Y be this metric space.
Y need not be a manifold, nor a manifold-with-boundary (because we do not have any
regularity assumption for the boundary of the open set {g 6= 0}, nor transversality of
this boundary to V ). The immersion defined in Lemma 4.2 extends to Y by continuity;
we denote by ιY this extension.

Recall that gen-regV ∩U is easily seen to be an oriented C2-immersed hypersurface

by considering the unit vector
~H
g (see Remark 1.22). We have:

Lemma 4.3 (Orientability of gen-regV in the complement of
◦

(reg 1 V ∩ {g = 0})). Let
V be an integral varifold in an open set B that satisfies assumptions (a1)-(a2)-(a3)-
(a4)-(b)-(bT ) of Theorem 1.5 and Y be the metric space defined in Remark 4.3. Let

SU = ι−1
O2

(U) and ιU = ιO2 SU . Then the manifold SU is oriented by ν =
~H
g and

ιU (SU ) = gen-regV ∩ U . (Note that SU is an open set in the n-manifold SO2, which
in turn is a subset of Y .) Moreover, ν extends continuously to SU , where the closure
is taken in Y .

Proof. Let p ∈ SU . We wish to show that there exists a unit vector ν(p) in TιY (p)N
such that ν(p`)→ ν(p) whenever p` → p with p` ∈ SU . Note that it is then automatic
that ν(p) is orthogonal to TιY (p)V. We distinguish two cases:

(i) ιY (p) ∈ reg 1 V ;
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(ii) ιY (p) ∈ (gen-regV \ reg 1 V ).
(i) In this case p is actually a point in the manifold defined in Lemma 4.2. Since

ιY (p) is an embedded point, we can choose σ small such that spt ‖V ‖∩Bn+1
σ (ιY (p)) =

reg 1 V ∩Bn+1
σ (ιY (p)) is embedded and orientable and denote this portion by R; choose

the orientation ν̃ of R for which the stationarity condition ~H = gν̃ holds (this exists

by assumption (b)). Then ν̃ agrees with the orientation ν =
~H
g on SU and moreover,

p has a neighborhood in Y that is mapped by ιY into R. Therefore ν is extendable by
continuity to p (a varifold as the one in Figure 4 below is ruled out by hypothesis (b)).

(ii) If ιY (p) is a touching singularity, denote by D1 and D2 the ordered C2 disks
that describe gen-regV in a neighbourhood of ιY (p) in a reference frame with respect
to TιY (p)V . By Remark 3.6, for each j = 1, 2, there is a non-empty open set Aj ⊂ Dj

on which g 6= 0 and ιY (p) ∈ Aj , where the closure is taken in Dj . By the stationarity

assumptions (b) and (bT ), on each Dj the mean curvature is given by ~H = gν̃j , where
ν̃j is a choice of orientation of Dj . The orientation ν agrees with ν̃j on ι−1

Y (Aj) for
j = 1, 2. Moreover, by construction of Y and ιY , p has a neighborhood in Y that is
mapped by ιY into Dj for precisely one j ∈ {1, 2}. Therefore ν̃j provides the continuous
extension of ν at p.

Figure 4: In the picture we take g ≥ 0. The orientable embedded hypersurface depicted
fulfils the condition that | ~H| = g but fails to satisfy the stationarity condition with respect
to Jg. As shown in this section, reg 1 V (actually all of gen-regV ) can be oriented away from

◦
(reg 1 V ∩ {g = 0}) by extending

~H
g by continuity.

Remark 4.4. Note that, in case (ii), the fact that D1 and D2 both contain a non-empty
open set Aj ⊂ Dj (j = 1, 2) on which g 6= 0 (this is true in any small neighbourhood
of ιY (p)) implies that there are two distinct points in Y that are mapped to the same
point ιY (p).

Remark 4.5. From Lemma 4.3 we conclude, in particular, that when {g = 0}∩gen-regV
has empty interior then gen-regV is the image of an orientable immersion and we can

choose an orientation that agrees with
~H
g on {g 6= 0}. This property allows us to state

Theorem A.1 below, where we drop (a4) (comparing with Theorem 1.5).

Proposition 4.1 (Orientability of gen-regV globally in a ball, assuming smallness
of the “pure” singular set). Let V be an integral n-varifold in a simply connected
open set B such that assumptions (a1)-(a2)-(a3)-(a4)-(b)-(bT ) of Theorem 1.5 are
satisfied; assume moreover that dim ((spt ‖V ‖ \ gen-regV ) ∩B) ≤ n − 7. Then there
exists a manifold SB and an immersion ι : SB → B such that ι# (|SB|) = V B and
ι(SB) = gen-regV ∩ B; moreover SB is orientable and the orientation can be chosen

so that it agrees with
~H
g on {g 6= 0}.
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Proof. Step 0: reminders and notation. Recall that M1 =
◦

({g = 0} ∩ reg 1 V ) ∩{Θ = 1}

and M2 =
◦

({g = 0} ∩ reg 1 V ) ∩{Θ = 2}. Let E2 = ι−1
O2

(B \ M1 \ M2 \ (spt ‖V ‖ \
gen-regV )). Then E2 is an open subset of the manifold SO2 with ιO2(E2) = gen-regV \
M1 \M2. Clearly SU ⊂ E2, and it follows from Remark 3.6 that E2 ⊂ SU (closure
taken in Y ). Hence by Lemma 4.3 E2 is oriented (by the orientation on SU ) and the
orientation extends continuously to E2.

Step 1: existence of an oriented immersion with image gen-regV \M1. Next, we
wish to show that G = gen-regV \M1 is the image of an immersion of an oriented n-
dimensional oriented submanifold SO1 of the unit sphere bundle over B. The working
assumption implies G = G1 ∪ G2, where G1 = {x ∈ G : Θ(‖V ‖, x) = 1} and G2 =
{x ∈ G : Θ(‖V ‖, x) = 2}. The set G1 is open in G by upper-semi-continuity of the
density and it is an embedded manifold oriented by ν, because G1 ⊂ ιO2(E). The set
G2 contains M2 and G2 \M2 ⊂ gen-regV \ reg 1 V ; for any x ∈ G2 we denote by ±n(x)
the two unit normals at x to TxV . We define SO1 ⊂ O1 × Sn by

SO1 = {(x, ν(x)) : x ∈ G1} ∪ {(x, n(x)), (x,−n(x)) : x ∈ G2}.

In order to show the manifold structure of SO1 we need to prove that any point in SO1

admits a neighbourhood in O1 × Sn whose intersection with SO1 is an n-dimensional
disk (the validity of the separation axiom and the countable basis axiom are immediate
because they hold in the ambient sphere bundle, that induces the topology on SO1).
This property will follow upon proving that for every y ∈ G there exists a ball Bn+1

r (y)
such that SO1 ∩

(
Bn+1
r (y)× Sn

)
is either a single embedded disk or the union of two

disjoint embedded disks. If y ∈ G1 then we chooseBn+1
r (y) such thatG∩Bn+1

r (y) ⊂ G1

and is a disk; then SO1 ∩
(
Bn+1
r (y)× Sn

)
is a single embedded disk. If y ∈M2 then we

choose Bn+1
r (y) such that G∩Bn+1

r (y) ⊂M2 and is a disk; then SO1 ∩
(
Bn+1
r (y)× Sn

)
is the union of two disjoint embedded disk. In the remaning case y ∈ G2 \ M2 ⊂
gen-regV \ reg 1 V the point y is a touching singularity ad we choose Bn+1

r (y) so
that spt ‖V ‖ ∩Bn+1

r (y) is the union of two embedded disks D1, D2 that intersect only
tangentially, with y ∈ D1∩D2, with D1\D2, D2\D1 ⊂ G1 non-empty and orientations
νj on Dj such that ~H = gνj on Dj (by Proposition 3.3); on G1 ∩Dj , the orientation
νj agrees with the orientation ν defined on G1 (by Remark 3.6 there exist open sets
Aj ⊂ Dj with y ∈ Aj , for j = 1, 2, in which g 6= 0 and ν was defined by continuously

extending
~H
g ). Moreover, ν1 = −ν2 on D1∩D2 (again by Proposition 3.3). This means

that SO1 ∩
(
Bn+1
r (y)× Sn

)
agrees with the union of the two sets

{(x, v) : x ∈ D1, v = ν1(x)} ∪ {(x, v) : x ∈ D2, v = −ν1(x) = ν2(x)},

which is the union two disjoint embedded disks (respectively the oriented lifts of D1

and D2). This establishes that SO1 is an n-dimensional submanifold of the unit sphere
bundle over B. The orientability of SO1 follows by considering the projection onto the
second factor Sn. The immersion ιO1 : SO1 → O1 with image gen-regV \M1 is defined
by restricting to SO1 the projection onto O1.

Step 2: existence of an immersion with image gen-regV \ (∂M1 ∩ ∂M2). We have
shown, in particular, that gen-regV \M1 is an immersed hypersurface; we proved in
Lemma 4.2 that gen-regV \M2 is an immersed hypersurface. The open sets E1 =
ι−1
O1

(
O1 \M2

)
and E2 ⊂ SO2 are mapped respectively by ιO1 and ιO2 onto the same

set. Moreover, for each j ∈ {1, 2}, the immersion ιOj is injective on Ωj = Ej \Fj , where
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Fj = ι−1
O (Kj) (a closed subset of Ej with empty interior) with Kj ⊂ gen-regV \reg 1 V .

Then ι−1
O2
◦ ιO1 : Ω1 → Ω2 is a bijection, which extends to a diffeomorphism ψ : E1 →

E2. (For each x ∈ E1, there is a small ball Br(x) ⊂ E1 and an open set Ux ⊂ E2 such
that ιO1 |Br(x) and ιO2 |Ux are embeddings with the same image. Define Ψ : E1 → E2

by setting Ψ|Br(x) = ιO2 |
−1
Ux
◦ ιO1 |Br(x) . On Br(x) \ F1, Ψ agrees with the bijection

ι−1
O2
◦ ιO1 , so Ψ is well defined on E1 and is the unique continuous extension of ι−1

O2
◦ ιO1 .

It is clear directly from the definition that Ψ is a local diffeomorphism and it is is
injective on E1.) We get a new manifold SO1 ∪ψ SO2 defined by the gluing of SO1 and
SO2 along the open sets E1 and E2 using the identification ψ. In order to prove that
SO1 ∪ψ SO2 is a manifold we need to check the topological T2-axiom (separation).

To check the T2 axiom, we only need to consider points on the boundary of E1 and
E2 (the glued open sets), so let p1 ∈ SO1 be in ∂E1 and p2 ∈ SO2 be in ∂E2. Note
that ∂E1 and ∂E2 (respectively in SO1 and SO2) are mapped (respectively by ιO1 and
ιO2) to M2 \M1 and M1 \M2 (by definition of E1 and E2), and therefore the images
(respectively under ιO1 and ιO2) of p1 and p2 are distinct points in B \ (spt ‖V ‖ \
gen-regV ). We can then select disjoint open balls B1, B2 ⊂ B \ (spt ‖V ‖ \ gen-regV )
centred at the two images; the open sets ι−1

O1
(B1) and ι−1

O2
(B2) have the property that

ψ(ι−1
O1

(B1) ∩ E1) is disjoint from ι−1
O2

(B2) ∩ E2. This guarantees the validity of the
T2-axiom.

We now have a C2 immersion ιO1∪O2 on SO1 ∪ψ SO2 (by gluing ιO1 and ιO2 along
E2 and E1 via ψ) whose image is gen-regV \ (∂M1 ∩ ∂M2). We need to extend this
immersion so that it also covers ∂M1 ∩ ∂M2 (step 3 below) and then, finally, we need
to check (step 4 below) the orientability of this immersion; this will complete the proof
of the proposition.

Step 3: existence of an immersion with image gen-regV . We will “complete” the
manifold SO1∪ψSO2 to include points that map onto ∂M1∩∂M2\(spt ‖V ‖\gen-regV ).
Let y ∈ ∂M1 ∩ ∂M2 \ (spt ‖V ‖ \ gen-regV ). Then y is a touching singularity and there
exists an ambient ball B(y), centred at y, in which spt ‖V ‖ agrees with the union
of two distinct embedded C2 disks D1 and D2 that intersect only tangentially, with
each lying on one side of the other and with y ∈ D1 ∩ D2. By Remark 3.6, y is
in the closure of reg 1 V ∩ {g 6= 0} ∩ Dj for each j, and therefore we can choose

orientations νj of Dj , for j = 1, 2, so that νj agrees with ν =
~H
g on reg 1 V ∩ {g 6=

0} ∩ Dj . Moreover, Dj with the orientation νj is stationary with respect to Jg. Let
A = ∪yB(y) ⊂ B \ (spt ‖V ‖ \ gen-regV ); we claim that A ∩ gen-regV is an oriented
immersed manifold.

To achieve this, we will show that the orientations chosen in each ball for the two
disks are coherent, i.e. whenever disks from two distinct balls overlap, the orientations
match on the overlap. Upon choosing a small enough ball around each point, we can
ensure that each disk is geodesically convex, and also that each disk is a graph over a
subset of the tangent plane at any of its points.

Let z, w ∈ ∂M1 ∩ ∂M2 \ (spt ‖V ‖ \ gen-regV ) be distinct points, and let Dz (resp.
Dw) be one of the two disks corresponding to z (resp. w) with Dz ∩ Dw 6= ∅. Note
that each point in Dz ∩Dw ∩{Θ = 2} lifts to two distinct points in the sphere bundle.
So we only have to show that at every point in T ≡ Dz ∩ Dw ∩ {Θ = 1}, the two
orientations on Dz and Dw agree (so that that point lifts unambiguously to a point in
the sphere bundle).

So assume T 6= ∅, and note that T is an open subset of both Dz and Dw. Let T̃ be
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a connected component of T . Since T̃ 6= Dz (else z ∈ T contrary to Θ (‖V ‖, z) = 2),
we have that ∂ T̃ ∩Dz 6= ∅. Similarly, ∂ T̃ ∩Dw 6= ∅. We consider the two cases:

(i) Θ (‖V ‖, y) = 1 for some point y ∈ ∂ T̃ ∩Dz and Θ (‖V ‖, y′) = 1 for some point
y′ ∈ ∂ T̃ ∩Dw;

(ii) Θ (‖V ‖, y) = 2 for every point y ∈ ∂ T̃ ∩ Dz or Θ (‖V ‖, y) = 2 for every point
y ∈ ∂ T̃ ∩Dw.

If case (i) holds, let γyz(t) be the geodesic segment connecting y to z parameterized by
t ∈ [0, 1] with γyz(0) = y and γyz(1) = z, and let t1 be the smallest value of t ∈ [0, 1]
with Θ(‖V ‖, γyz(t1)) = 2. Let δ = mint∈[0,1] dist (γyz(t), ∂ Dz). Choose t2 ∈ [0, t1) such
that d(γyz(t1), γyz(t2)) < δ/2. Then there is a connected C2 open subset Lz ⊂⊂ Dz

containing γyz([0, t2]) such that Θ(‖V ‖, x) = 1 for each x ∈ Lz and Θ(‖V ‖, xz) = 2
for some point xz ∈ ∂ Lz. If g = 0 on Lz, this contradicts the Hopf boundary point
lemma (by the argument of Proposition 3.3 and Remark 3.6), so there must exist a
point qz ∈ Lz with g(qz) 6= 0. By the same argument, there is a connected C2 open
subset Lw ⊂⊂ Dw such that g(qw) 6= 0 for some qw ∈ Lw. Let L̃ = T̃ ∪ Lz ∪ Lw.
Since L̃ is an open subset of Dz ∪ Dw, it is a graph over the tangent plane to V at
any point in T (by the way we chose the disks, Dz ∪Dw is a graph over the tangent
plane at any point in Dz ∩Dw), and thus it is orientable. So since L̃ ⊂ reg1 V , we have
by hypothesis that there exists a continuous unit normal ~n on L̃ such that ~H = g~n
on L̃. Since we have an orientation νz on Dz such that ~H = gνz on Dz, it follows
that ~H(qz) = g(qz)νz(qz) = g(z)~n(qz) so ~n(qz) = νz(qz). Similarly, ~n(qw) = νw(qw).
Consequently, since both ~n and νz are continuous on the connected open set Lz ∪ T̃ ,
we see that νz = ~n on Lz ∪ T̃ . Similarly, νw = ~n on Lw ∪ T̃ . So in particular νz = νw
on T̃ .

If case (ii) holds, pick a point x0 ∈ T̃ . Then the small geodesic ballB′ = B
d(x0,∂ T̃ )

(x0)

is C2, Θ (‖V ‖, x) = 1 for every x ∈ B′ and there is a touching singularity x1 ∈ ∂ B′.
Arguing again as in the preceding paragraph (using the Hopf boundary point lemma),
we find a point q ∈ B′ such that g(q) 6= 0. Since ~H = gνz on Dz and ~H = gνw on
Dw, evaluating at q we conclude that νz(q) = νw(q), and hence, since T̃ is connected,
νz = νw on T̃ .

Since T̃ is an arbitrary connected component of T , we have shown that νz = νw on
T . We thus have a well-defined orientation of reg 1 V in A and we can argue as done in
step 1, lifting gen-regV ∩A to the sphere bundle over A to get an embedded oriented
n-submanifold SA, whose projection ιA : SA → A is a C2 immersion with image
gen-regV ∩ A. We can then glue SA to the manifold SO1 ∪ψ SO2 along respectively
the open sets SA \ ι−1

A (∂M1 ∩ ∂M2) and ι−1
O1∪O2

(A) using an argument as the one in
step 2. This produces an n-manifold, that we denote by SB, and a C2-immersion
ιB : SB → B \ (spt ‖V ‖ \ gen-regV ), whose image is gen-regV ∩B.

Step 4: orientability of the immersion. To begin with we show, by a slight modifi-
cation of an argument developed in [Sam69], the following:
Claim: Whenever A ⊂ B \ (spt ‖V ‖ \ reg 1 V ) is open and reg 1 V has multiplicity 1 in
A, then reg 1 V ∩A is orientable.

If orientability fails, then we can find a closed curve γ in A that intersects the
hypersurface reg 1 V ∩ A at exactly one point, as explained in [Sam69]. (Take an
embedded closed curve σ : [0, 1] → regV ∩ A such that any continuous unit normal
~n(t), t ∈ (0, 1], on σ(0, 1] has no continuous extension to 0. Fix such ~n, and let
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γ̃(t) = σ(t) + ε~n(t) for t ∈ (0, 1] and suitably small constant ε > 0. Then γ̃(0, 1] is
disjoint from gen-regV . Complete γ̃ to a continuous closed curve γ by connecting
the end points limt→0+ γ̃(t) and γ̃(1) with a geodesic segment.) Although γ is not
necessarily contractible in A, it is so in B, so there exists a homotopy of γ to a point:
we denote by f : S1×[0, 1]→ B this homotopy; without loss of generality we may make
f transverse to ιB and with image disjoint from the codimension-7 singular set (by
slightly perturbing it). By intersection theory mod 2 (or by analogous transversality
arguments) we find a contradiction, since we saw before that γ∩gen-regV (= γ∩reg1 V )
consists of exactly one point (in the present context, we are counting multiplicities,
i.e. we count intersections with the immersion ιB) while f1, that maps to a point, can
be made disjoint from gen-regV . So the claim is proved.

What is left to prove is that SB is orientable and the orientation can be chosen

so that it matches
~H
g on ι−1

B ({g 6= 0}). We know that ι−1
B (gen-regV \M1) satisfies

this orientability condition (by step 1 and by Lemma 4.3). We will show that we
can choose an orientation for ι−1

B (M1) (which is orientable by the claim above) that
matches continuously the one on ι−1

B (gen-regV \M1).
Let M be a connected component of M1. We will use the notation ∂M = M \

(spt ‖V ‖ \ gen-regV ) \M . We only have to address the case when ∂M ∩ gen-regV 6=
∅. Let M̃ be the largest connected component of reg1 V containing M . Since each
x ∈ ∂M ∩ reg1 V has a neighborhood in which spt ‖V ‖ is C1 embedded, it follows that

∂M ∩ reg 1 V ⊂ M̃. By the constancy lemma ([BelWic-1, Lemma A1]), Θ(‖V ‖, ·) = 1

on M̃ , and moreover M̃ is orientable by the above claim.
Next we show that ∂M ∩ reg 1 V 6= ∅ and that ∂M is contained in the closure of

M̃ ∩{g 6= 0}. Let y ∈ ∂M . If y ∈ ∂M ∩ reg 1 V , then it is clear that any neighborhood

of y in reg 1 V contains a point where g 6= 0, so y belongs to the closure of M̃ ∩{g 6= 0}.
If on the other hand y ∈ ∂M ∩ (gen-regV \ reg 1 V ), i.e. if y is a touching singularity,6

choose a reference frame with respect to TyV and denote by π the projection onto
TyV . In a cylindrical neighbourhood of y of the form Uy = Bn

y × (−σ, σ) (where Bn
y

is a ball in TyV centred at y), spt ‖V ‖ is the union of two C2 disks Dy and Dy that
intersect tangentially. Consider the projection K of the touching set onto Bn

y . For any
point a ∈ Bn

y ∩ (π(M) \K) sufficiently close to π(y) there is an open ball B(a) ⊂⊂ Bn
y

centred at a that is disjoint from K and such that there is a point z ∈ ∂ B(a) ∩ K.
Then there is a touching singularity at (z, z′) ∈ Uy and we must have that both
Dy ∩ (B(a)× (−σ, σ)) and Dy ∩ (B(a)× (−σ, σ)) contain non-empty open sets where
g 6= 0, otherwise we would contradict Hopf boundary point lemma (see the argument
of Proposition 3.2 and Remark 3.6). At least one of the two disks Dy∩(B(a)×(−σ, σ))

and Dy ∩ (B(a)× (−σ, σ)) must intersects M , by the choice of a; denote this disk by
Za.

At this stage we have established that Za ∩ ∂M 6= ∅, because Za ∩M 6= ∅ and Za
contains points where g 6= 0 (g = 0 on M); moreover, Za ⊂ reg 1 V by construction.

So the claim that ∂M ∩ reg 1 V 6= ∅ is proved (and Za ⊂ M̃). Note that Za is as close

to y as we wish, which implies that y is in the closure of M̃ ∩ {g 6= 0}.
By hypothesis (b), there is a choice of orientation that makes M̃ (and hence M)

stationary with respect to Jg, and this choice is unique since it has to agree with
~H
g

6This would be prevented by Hopf lemma if the open set {g 6= 0} ⊂ B satisfied an exterior ball
condition at y, but this is not necessarily true.

38



on the non-empty set M̃ ∩ {g 6= 0}.
It remains to check that the uniquely determined orientations on ι−1

B (M̃) and SB \
ι−1
B (M1) agree on their intersection ι−1

B (M̃ \M1). But this is clear now, since M̃ \M1

is in the closure of the set reg1 V ∩ {g 6= 0}, and by Lemma 4.3, the orientation on
SB \ ι−1

B (M1) is determined by the orientation on reg1 V ∩ {g 6= 0}. Since M was an
arbitrary connected component of M1, this completes the proof.

Proof of Theorem 4.1. This is now immediate from Proposition 4.1 and Remark 4.1.

Remark 4.6. (what if B is not simply connected in Theorem 4.1? ) We have shown
that, if B is a simply connected open set and dimH

((
gen-regV \ gen-regV

)
∩B

)
≤

n− 7, then gen-regV ∩B is an oriented immersion (and the orientation agrees with
~H
g

wherever g 6= 0). We note that these two assumptions were used only in two places:
in the claim in Step 4 of Proposition 4.1, and in Remark 4.1. In the first case it was
used to deduce the orientability of M1, and in the second to deduce orientability of
any minimal hypersurface separated from gen-regV \ reg 1 V.

Consider now O = N \ (singV \ gen-regV ) (where N is the ambient manifold) and
denote by Sj any (embedded) minimal hypersurface that is separated from gen-regV \
reg 1 V and has constant multiplicity j, and by M1 the multiplicity-1 minimal hyper-
surface not separated from gen-regV \ reg 1 V and by M2 the multiplicity-2 minimal
hypersurface not separated from gen-regV \ reg 1 V . Then the arguments used in this
section prove that gen-regV \(M1∪joddSj) is the image of a two-sided immersion. (As
before, M2 and any minimal hypersurfaces Sj with j even can be lifted to the sphere
bundle as its double cover.) If we know a priori the two-sidedness of each Sj for j odd,
and of M1 (for example, this is the case in the situation addressed in [BelWic-2] by
the results in [RogTon08]) then we can conclude, using the same arguments exploited
in this section, that gen-regV is globally the image of a two-sided immersion in N
(conclusion (ii) of Theorem 1.5) and the proofs given in this section can be shortened.

5 Local consequences of stability

Remark 5.1. Let Ṽ be an integral n-varifold in N such that the hypotheses of Theo-
rem 1.3 hold with Ṽ in place of V . Let X0 ∈ spt ‖Ṽ ‖, ρ0 ∈ (0, RX0) where RX0 > 0 is

the injectivity radius at X0, and let V = exp−1
X0#

(
Ṽ Nρ0(X0)

)
. Let O = Nρ0(X0) \(

spt ‖Ṽ ‖ \ gen-reg Ṽ
)

. Then, in accordance with hypothesis (b*), Ṽ O = ι̃O # (|SO|)
where SO is an oriented n-manifold and ι̃O : SO → O is a Jg-stationary C2 immersion.
In view of the fact that the regularity conclusion (i) of our theorems is of local nature
and the fact that finite Morse index implies local stability, by taking ρ0 sufficiently
small we may, and we will, assume that Ṽ O is stable with respect to Jg for all normal
deformations induced by an ambient test function φ ∈ C1

c (O) (i.e. deformations as in
Defintion 1.9), or equivalently (see Section 2.2) that:∫ (

|A|2 + Ric(ν, ν)−Dνg
)
φ2d‖Ṽ ‖ ≤

∫
|∇φ|2d‖Ṽ ‖

for all φ ∈ C1
c (O), where A is the second fundamental form of the immersion ιO in the

Riemannian ambient manifold, norms are computed with respect to the Riemannian
metric and the gradient is the intrinsic one (on the hypersurface).
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5.1 Localization to a chart; Schoen’s inequality

Let Ṽ , V , X0 ∈ spt ‖Ṽ ‖, O = Nρ0(X0)\
(

spt ‖Ṽ ‖ \ gen-reg Ṽ
)

and ι̃O be as above.

Let ιO : SO → exp−1
X0

(O) ⊂ Bn+1
ρ0 (0) be the immersion ιO = exp−1

X0
◦ι̃O. Relabeling√

|h |g ◦ expX0
as g (as explained in Section 3.1), we then have that the Jg-stationarity

of ι̃O (as above) is equivalent to stationarity of ιO with respect to

F(t) =

∫
exp−1

X0
(O)

F (x, ν(x)) d‖ψt# |SO|‖+ Volg(t),

(i.e. to the condition F ′(0) = 0) for all C2 deformations ψ : (−ε, ε)× SO → exp−1
X0

(O)
with ψ(0, x) = ιO(x) for x ∈ SO and ψ(t, x) = ιO(x) for (t, x) ∈ (−ε, ε) × SO \K for
some compact K ⊂ SO. Here ψt(·) = ψ(t, ·) and F is as in Section 3.1. We note that

Volg(t) =

∫
~f(x) · ν(x) d‖ψt# |SO|‖ −

∫
~f(x) · ν(x) d‖ιO # |SO|‖

for any C2 vector field ~f satisfying div~f = g in Bn+1
ρ0 (0), and we can find such ~f by set-

ting ~f = ∇u where u is the unique solution to ∆u = g in Bn+1
ρ0 (0), u = 0 on ∂ Bn+1

ρ0 (0).

Since g ∈ C1,α(Bn+1
ρ0 (0)), it follows by standard elliptic theory that ~f ∈ C2,α(Bn+1

ρ0 (0)),

with supBn+1
ρ0

(0) (|~f |+ρ0|D~f |+ρ2
0|D2 ~f |)+ρ2+α

0 supx1,x2∈Bn+1
ρ0

(0),x1 6=x2
|D2 ~f(x1)−D2 ~f(x2)|

|x1−x2|α ≤

C
(
ρ0 supBn+1

ρ0
(0) |g|+ ρ1+α

0 supx1,x2∈Bn+1
ρ0

(0),x1 6=x2
|g(x1)−g(x2)|
|x1−x2|α

)
where C = C(n). Fix

this ~f and for any constant vector ~c, set

F̃~c(x, p) = F (x, p) + (~f(x) + ~c) · p. (10)

It follows then that

ι̃O is Jg-stationary ⇐⇒ for any constant vector ~c, the immersion ιO is stationary

with respect to

F~c(ιO) =

∫
exp−1

X0
(O)

F̃~c(x, ν(x)) d‖ιO # |SO|‖ (i.e. d
dt

∣∣
t=0
F~c(ψt) = 0.) (11)

Now by the same reasoning as in [SchSim81], the integrand F satisfies conditions
[SchSim81, (1.2)-(1.6)] for some constants µ, µ1 (say) in place of µ, µ1. In partic-
ular (by [SchSim81, (1.6)]), for each point y ∈ Bn+1

ρ0/2
(0), there is a diffeomorphism

ηy : Bn+1
ρ0 (0) → Bn+1

ρ0 (0) which takes 0 to y and transforms F to η#
y F (notation as

in [SchSim81]) such that η#
y F satisfies conditions [SchSim81, (1.2)-(1.5)] with µ, µ1

(independent of y) in place of µ, µ1.7 We may, and we shall, take η0 = identity. From
this it follows that for each y ∈ Bn+1

ρ0/2
(0), there is a vector ~c(y) (namely, ~c(y) = −~f(y))

such that η#
y F̃~c(y) satisfies [SchSim81, (1.2)-(1.5)] taken with η#

y F̃~c(y) in place of F ,
again with a fixed choice of µ, µ1 independent of y (but depending on µ, µ1, g, ρ0 and
α).8

7This map ηy is called ψy in [SchSim81].
8Note that F̃~c is in C2,α in the x variables and is C3 in the p variables; although it is assumed

in [SchSim81] that the integrand F̃~c is of class C3, the proofs therein require less regularity. What is
needed in fact are [SchSim81, (1.3)] and [SchSim81, (1.4)], each of which requires at least one derivative

of F̃~c in the ν variable, and hence at most 2 derivatives of f ; thus our assumption that f ∈ C2,α suffices
to satisfy the regularity conditions on F̃~c needed in the proofs of [SchSim81].
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Similar reasoning applies with regard to the stability hypothesis. Thus, the Jg-
stability of ι̃O is equivalent to stability of ιO with respect to F~c(ιO) for any ~c, i.e. to
the condition

d2

dt2

∣∣∣∣
t=0

F~c(ψt) ≥ 0 (12)

for any ~c and all deformations

ψ(t, x) = exp−1
X0
◦ expι̃(x) ◦

(
ι̃O(x) + t(φ ◦ exp−1

X0
◦ι̃O(x))νι̃O(x)

)
, (x, t) ∈ SO × (−ε, ε)

with φ ∈ C1
c (exp−1

X0
(O)). Computing this second derivative and following the argu-

ments in [SchSim81] leads to the validity of the inequality [SchSim81, (1.17)]:∫
|A|2φ2d‖V ‖ ≤

∫
|∇φ|2d‖V ‖+ (13)

+c5µ1

∫
(µ1φ

2 + φ|∇φ|+ φ|A|+ |x||∇φ|2 + |x|φ2|A|2 + µ1φ
2|x|2|A|2)d‖V ‖

for all φ ∈ C1
c (exp−1(O)), where A is the second fundamental form of the immersion

ιO, norms are Euclidean, ∇ is the intrinsic gradient of ιO, c5 is a dimensional constant
and µ1 is the constant fixed as in the preceding discussion.

Adaptation of Schoen’s lemma. The validity of (13) implies the following: there
exists c1, ε0 > 0 (depending only on n, µ, µ1ρ0) such that for any ρ with µ1ρ ≤ ε0 and
ϕ ∈ C1

c (Bn+1
ρ (0) \ (spt ‖V ‖ \ gen-regV )),∫
M
|A|2ϕ2d‖V ‖ ≤ c1

∫
M

(1− (ν · en+1)2)|∇Mϕ|2 + c1µ
2
1

∫
M
ϕ2d‖V ‖, (14)

where the quantities are relative to an immersion in O and ∇M is the intrinsic gradi-
ent. The proof of (14) is by the argument of [SchSim81, Lemma 1] incorporating the
modifications described in [BelWic-1, proof of Theorem 3.4].

Within the proof of our regularity theorem we will need to use (14) on the hyper-
surface gen-regV in open balls in which the singular set spt ‖V ‖ \ gen-regV is known
to have codimension 7 or higher.

5.2 Strong stability inequality for graphs and a preliminary sheeting
theorem

The stability hypothesis enters the proof of our regularity results primarily via
applications of the preliminary sheeting theorem (Theorem 5.1) below. This result is
very much in the spirit of [SchSim81, Theorem 1], in that it assumes a priori smallness
of the (genuine) singular set (hypothesis (iii)).

We point out that Theorem 5.1 has non-variational hypotheses, i.e. the varifold is
not assumed to be a critical point of a geometric functional. For its application in the
present work (namely, within the proof of Theorem 1.3, or more specifically within the
proof of Theorem 6.2 below), it would suffice to prove a “variational counterpart” of
Theorem 5.1 (in the style of [SchSim81], or of the analogous result [BelWic-1, The-
orem 3.4]). More precisely, for the purposes of the present paper it would suffice to
prove Theorem 5.1 under the additional variational assumptions on gen-regV that are
available in Theorem 6.2 (namely, conditions (I), (II) in Definition 6.2). However, we
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observe that the arguments in [SchSim81] (that need to be followed closely to prove
Theorem 5.1, and to which we will refer below) only make use of the variational hy-
potheses insofar as they imply hypotheses (v) and (vi) of Theorem 5.1. We therefore
drop, in Theorem 5.1, any stationarity and stability requirements on gen-regV in
favour of (the weaker) hypotheses (v) and (vi). While not needed in this generality
for the present work, Theorem 5.1 does not require any additional effort to prove com-
pared to its variational counterpart. More importantly, Theorem 5.1 is applicable to
non-variational settings as well, such as the one arising in our work [BelWic-2] address-
ing the question of existence of prescribed mean curvature hypersurfaces in compact
Riemannian manifolds. Eventhough such a hypersurface has the variational charac-
terisation as a critical point of Jg where g is the prescribing function for the mean
curvature, the Allen–Cahn approximation scheme employed in that work produces, in
the first instance, a limit varifold V which may develop stationary (i.e. zero generalised
mean curvature) portions in addition to mean curvature g parts; this may happen, as
far as anyone knows, even when g is a non-zero constant. If this happens then clearly
V will not be variationally characterrised. The approach taken in [BelWic-2] is to
prove regularity of V nonetheless, and then argue that the mean curvature g portion
can be extracted from V by virtue of regularity of V .

We shall comment further on the hypotheses of Theorem 5.1, and the applicability
of Theorem 5.1 within the proof of Theorem 6.2, in Remarks 5.2, 5.3 and 5.4 below.

Theorem 5.1 (Sheeting Theorem à la Schoen–Simon). Given q a positive integer,
p > n, and numbers µ, µ1, c3, ρ0, there exists ε = ε(n, q, µ, µ1ρ0, p, c3) ∈ (0, 1/2) such
that the following holds: Let V be an integral n-varifold in Bn+1

ρ0 (0) such that:

(i) there is an oriented n-manifold SV and a C2 immersion ιV : SV → Bn+1
1 (0) such

that ιV (SV ) = gen-regV and ιV # (|SV |) = V
(
Bn+1
ρ0 (0) \ (spt ‖V ‖ \ gen-regV )

)
;

(ii) for each y ∈ gen-regV ∩ singT V and any neighborhood O of y with spt ‖V ‖ ∩O =
graphu1 ∪ graphu2 for C2 functions u1 ≤ u2 and with ι−1

V (O) equal to a finite number
of (topological) disks9, we have that the image under ιV of each of these disks is equal
to either graphu1 or graphu2;
(iii) singV \ singT V = ∅ in case n < 6, singV \ singT V is discrete in case n = 7 or
dimH (singV \ singTV ) ≤ n− 7 in case n ≥ 8; moreover, singT V ⊂ gen-regV ;
(iv) condition (a1′) of Section 3.1 holds;
(v) the scalar mean curvature h of the immersion ιV satisfies

|h(x)| ≤ c3(µ1|ιV (x)||A(x)|+ µ1)

for x ∈ SV , where A(x) is the second fundamental form of ιV at x and |ιV (x)| denotes
the distance to the origin;
(vi) for µ1ρ < ε, inequality (14) holds for all φ ∈ C1

c (Bn+1
ρ (0) \ (singV \ singT V )),

φ ≥ 0, with the ambient (i.e. Rn+1) gradient ∇ in place of ∇M ;
(vii)

Eρ ≡ ρ−n−2

∫
Bnρ (0)×R

|xn+1|2 d‖V ‖(X) +

(
ρp−n

∫
Bnρ (0)×R

|HV |p d‖V ‖(X)

) 1
p

+ µ1ρ < ε

(where HV is the function as in condition (a1′) for Y = 0).

9The existence of such a neighbourhood O follows from the definitions of gen-regV and singT V
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Then

V
(
Bn
ρ/2(0)× R

)
=

q∑
j=1

|graphuj |,

where uj ∈ C2,α (Bn
ρ/2(0);R), u1 ≤ u2 ≤ . . . ≤ uq and for each j,

sup
Bn
ρ/2

(0)

(
ρ−2|uj |2 + |Duj |2 + ρ2|D2uj |2

)
+ ρ2+2α sup

x,y∈Bn
ρ/2

(0), x 6=y

|D2uj(x)−D2uj(y)|2

|x− y|2α
≤ CEρ

for some fixed constants α = α(n, p, q, µ, µ1ρ0) ∈ (0, 1/2), C = C(n, p, q, µ, µ1ρ0) ∈
(0,∞).

Remark 5.2. The relevant case of Theorem 5.1 in the present work is when V is the pull
back, via the exponential map, of an integral n-varifold Ṽ in a Riemannian manifold. If
the first variation of Ṽ (with respect to the area fuctional induced by the Riemannian
metric) is given by −HṼ ‖Ṽ ‖ for a function HṼ ∈ L

p(‖Ṽ ‖) with p > n (the function

HV is the generalised mean curvature of Ṽ ), then hypothesis (iv) in Theorem 5.1 holds
for V , as explained in Section 3.1. Moreover, if Ṽ additionally satisfies that its C2

immersed oriented portions have (classical) mean curvature prescribed by an ambient
function g of class C1,α on the Riemannian manifold, then hypothesis (v) in Theorem
5.1 holds true for V (this follows by computations as in [SchSim81, (1.16)] and only
uses the fact that g is bounded in L∞). Similarly, if V satisfies (I) of Definition 6.2,
then V also satisfies (v) in Theorem 5.1.

Remark 5.3. With notation as in Remark 5.2, if Ṽ satisfies assumption (b*) of Theorem
1.3, then V satisfies (i) of Theorem 5.1. Moreover, if Ṽ satisfies assumption (bT ) of
Theorem 1.3, then V satisfies (ii) of Theorem 5.1. Similarly, if V satisfies (I) of
Definition 6.2, then V also satisfies (i) and (ii) of Theorem 5.1.

Remark 5.4. We recall that (with notation as in Remark 5.2) the validity of hypothesis
(vi) in Theorem 5.1 is implied by the assumption that Ṽ satisfies a stability hypothesis
(Morse index equal to 0 in the sense of Definition 1.9) on its C2 immersed part. We
note that if V satisfies (II) of Definition 6.2 then (vi) in Theorem 5.1 is satisfied by
virtue of the discussion in Section 5.1.

Remark 5.5. As already mentioned, Theorem 5.1 will be used within the proof of the
(more general) sheeting result Theorem 6.2. By virtue of Remarks 5.2, 5.3, 5.4, any
varifold V as in Theorem 6.2 below, that additionally satisfies an a priori bound on
the (genuine) singular set (hypotheses (iii) of Theorem 5.1), satisfies all the assump-
tions (and thus the conclusion) of Theorem 5.1. The aim of Theorem 6.2 is to drop
assumption (iii) of Theorem 5.1 in favour of the no-classical-singularities assumption
and hypothesis (T).

Remark 5.6. The proof of the preliminary sheeting theorem 5.1 is achieved by suitably
adapting the arguments in [SchSim81]. In order carry out the proof it is essential to
ensure the validity of [SchSim81, Lemma 1] for any graph M that appears in the partial
graph decomposition produced by following [SchSim81]. We achieve this by showing
(in Lemma 5.1 below) that for any graph M of class C2 that satisfies the inequality
in (v) of Theorem 5.1, it is automatically true that inequality [SchSim81, (1.17)] holds
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(without an explicit strong stability assumption on M , from which the same inequality
would immediately follow). This observation is the one that allows to state condition
(II) in Theorem 6.1 (see the remark that follows it) with only ambient test functions
and with the ambient gradient on the right-hand-side, rather than the intrinsic one.
In fact, [SchSim81] uses [SchSim81, Lemma 1] either with an ambient test function ϕ
(in which case the ambient gradient suffices in their arguments) or with a non-ambient
test function that is supported on a single graph of the partial graph decomposition.

Lemma 5.1 (stability inequality for graphs). Let Ω ⊂ Bn
1/2(0) be open, f : Ω→

[−1/2, 1/2] be of class C2 and suppose that the mean curvature H of M = graph f
satisfies

|H| ≤ c ( |(x, f(x))| |A| + 1 ) ,

where c > 0, A is the second fundamental form of M and both H and A are evaluated
at (x, f(x)). Then inequality (13) (i.e. inequality [SchSim81, (1.17)]) holds for all

ϕ ∈ C1
c (M) with c2

2 in place of c5µ.

Proof. Denote by ν the unit normal vector to M such that ν · en+1 > 0 and let
H(x, f(x)) denote the scalar mean curvature ofM with respect to ν at (x, f(x)). LetNt

be the graph of f+tφ for φ ∈ C1
c (Ω) and t ∈ (− ε, ε). Let Lt be the (n+1)-dimensional

manifold with boundary M −Nt defined, for t > 0, by taking {(x, y) : x ∈ Ω, φ(x) >
0, f(x) < y < f(x) + tφ(x)} with positive orientation and {(x, y) : x ∈ Ω, φ(x) <
0, f(x) + tφ(x) < y < f(x)} with negative orientation (and similarly for t < 0).
Extend ν to a vector field on Ω×R by setting ν(x, y) = ν(x, f(x)), for x ∈ Ω and y ∈ R
(vertically invariant extension). Define the n-form ω = ινdvoln+1, where dvoln+1 =
dx1∧ . . .∧dxn+1 is the standard volume form on Rn+1 and ι denotes the inner product
(contraction). Then, computing at (x, y) we get dω = divν dvoln+1 = H̃(x, y) dvoln+1

where H̃(x, y) = H(x, f(x)) for (x, y) ∈ Lt. Note also that
∫
M ω = Hn(M) and that ω

has comass 1. Using Stokes’ theorem we compute:

Hn(M) =

∫
M
ω =

∫
Nt

ω +

∫
Lt

dω =

∫
Nt

ω +

∫
Lt

H̃(x, y)dvoln+1.

Using
∫
Nt
ω ≤ Hn(Nt) we get

Hn(M) ≤ Hn(Nt) +

∫
Lt

H̃(x, y)dvoln+1 = Hn(Nt) +

∫
Ω

∫ f(x)+tφ(x)

f(x)
H̃(x, y)dydx

= Hn(Nt) + t

∫
Ω
φ(x)H(x, f(x)) dx.

This shows that the right hand side of the above inequality, as a function of t near
0, has a minimum at t = 0, and hence has non-negative second derivative at t = 0.
Therefore we conclude that

d2

dt2

∣∣∣∣
t=0

Hn(Nt) ≥ 0.

Since d2

dt2

∣∣∣
t=0
Hn(Nt) =

∫
M |∇

M φ|2 − |A|2φ2 + H2φ2 dHn ([Sim83]), we conclude, in

view of the assumption on H, that (13) holds with c2

2 in place of c5µ.
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To apply Lemma 5.1 (with c = c3µ1) within the proof of Theorem 5.1, for any graph
M appearing in the partial graph decomposition, we choose φ = ϕ(1 − (ν · ν0)2)1/2

in (13) and arguing as in the proof of [SchSim81, Lemma 1], we then conclude the
validity of∫

M
|A|2ϕ2dHn ≤ c1

∫
M

(1− (ν · en+1)2)|∇Mϕ|2dHn + c1µ
2
1

∫
M
ϕ2dHn (15)

for any ϕ ∈ C1
c (M).

Proof of Theorem 5.1. The proof now proceeds as in [SchSim81], incorporating the
changes as described in the proof of [BelWic-1, Theorem 3.4] (in particular using
inequality (15) where the proof in [SchSim81] uses [SchSim81, Lemma 1] on separate
“sheets” of the partial graph decomposition). Note also that in [SchSim81, Theorem
1] (see [SchSim81, Remark 2]), the small excess requirement is that the tilt-excess

Êρ ≡ ρ−n
∫
Bnρ (0)×R

(1− (ν · en+1)2) d‖V ‖

is small, but this is implied by our assumption (vii) since it follows from the first
variation inequality (5) (analogously to [SchSim81, Remark 2] or [Sim83, 22.2]) that
Êρ/2 ≤ CEρ for a fixed constant C = C(n). With these changes in place, we proceed as
in [SchSim81] to obtain the analogues of [SchSim81, (4.33)] and [SchSim81, (4.36)]; this
implies, by standard arguments, the claimed conclusion of the present theorem.

6 Proof of the regularity theorems

We discuss in this section the proofs10 of Theorem 1.1 with (m) (as in Remark
1.5), Theorem 1.3 and Theorem 1.5. Conclusion (i) of all three theorems is local in
nature; thus it suffices to prove it with N replaced by a small geodesic ball of N .
Therefore, recalling Remark 5.1, we may and do assume that the Morse index is zero,
i.e. that strong stability holds. So in view of the discussion in Sections 3.1 and 5.1,
the proof of Conclusion (i) reduces to Theorem 6.1 (below) which concerns a class of
varifolds SΓ,µ,µ1 in a Euclidean ball that satisfies, among other things, stationarity and
stability hypotheses with respect to a functional whose integrand belongs to the class
of functions I(µ, µ1) defined below:

Definition 6.1. For constants µ, µ1, let I(µ, µ1) denote the class of functions F̃ :
Bn+1
ρ0 (0)× Rn+1 \ {0} → R satisfying the following requirements:

• F̃ (·, p) ∈ C2,α(Bn+1
2 (0)), F̃ (x, ·) ∈ C3(Rn+1 \ {0}).

• for each y ∈ Bn+1
1 (0), there is a vector ~c(y) ∈ Rn+1 and C2 diffeomorphism

ηy : Bn+1
2 (0) → Bn+1

2 (0) with ηy(0) = y and η0 = identity such that η#
y F̃~c(y)

satisfies [SchSim81, (1.2)-(1.5)] (with the fixed µ, µ1) taken with η#
y F̃~c(y) in place

of F and ρ0 = 2, where F̃~c(x, p) = F̃ (x, p) + ~c · p.
10Theorem 1.1 itself, i.e. without assumption (m), will be discussed, in a more general formulation,

in Appendix A.
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Definition 6.1 is motivated, as we saw in Section 3.1, by pulling back the area
functional, or more generally the functional Jg, to an Euclidean ball by means of an
exponential map. Moreover, we saw in Section 3.1 that (a1) of Theorem 1.3 becomes
(a1′) when we pull back via the exponential map. These facts justify the next definition.

Definition 6.2. Let p > n. Let Γ, µ, µ1, c > 0. Denote by SΓ,µ,µ1,c the class of integral
n-varifold V in Bn+1

2 (0) such that:

1. (a2), (a3) of Theorem 1.3 (taken with N = Bn+1
2 (0)) hold, and (a1′) of Section

3.1 holds with ρ0 = 2 and for a non-negative function ĤV ∈ Lp(‖V ‖;Rn+1) with∫
Bn+1

2 (0) |ĤV |p ≤ Γ;

2. For some F̃ ∈ I(µ, µ1), letting F =
∫
F̃ (x, ν(x)), the varifold V satisfies the

following:

(I) the stationarity assumptions (b), (bT ) of Theorem 1.3 (taken with N =
Bn+1

2 (0)) hold with F in place of Jg; the stationarity assumption (b*) of The-
orem 1.3 (taken with N = Bn+1

2 (0)) holds with F in place of Jg and when-
ever O = Ω \ Z, with Ω a simply connected open set and Z a closed set with
dimH(Z) ≤ n− 7;

(II) whenever O = Ω \ Z is as in (I), we have that∫
|A|2φ2d‖V ‖ ≤

∫
|∇φ|2d‖V ‖+

+cµ1

∫
(µ1φ

2 + φ|∇φ|+ φ|A|+ |x||∇φ|2 + |x|φ2|A|2 + µ1φ
2|x|2|A|2)d‖V ‖

for all φ ∈ C1
c (Ω \Z), where A is the second fundamental form of the immersion

ιO.

Remark 6.1. In the case of Theorem 1.3, the inequality in (II) with c = c5, where c5 =
c5(n) is as in [SchSim81, (1.17)], follows from hypotheses (b*) and (c) (of Theorem 1.3);
in the case of Theorem 1.5, it follows (again with c = c5) from hypothesis (c) (of
Theorem 1.5) and Theorem 4.1.

Theorem 6.1 (Local regularity for stable F-stationary hypersurfaces). Let V ∈
SΓ,µ,µ1,c. Then spt ‖V ‖ satisfies conclusion (i) of Theorem 1.3.

Remark 6.2. The stability assumption (II) can be replaced by the following: inequality
(14) holds, with the ambient gradient in place of ∇M , for all φ ∈ C1

c (O), φ ≥ 0, and
for any O as in (b*).

Theorem 6.1 is deduced by proving the following three theorems by simultaneous
induction on q.

Theorem 6.2 (Sheeting Theorem). Let q be a positive integer. There exists ε =
ε(n, p, q, µ, µ1, c) ∈ (0, 1) such that if V ∈ SΓ,µ,µ1,c satisfies, for σ ∈ (0, 1),

(ωn2n)−1‖η0,σ#V ‖(Bn+1
2 (0)) < q+1/2, q−1/2 ≤ ω−1

n ‖η0,σ#V ‖ (Bn
1 (0)× R) < q+1/2

and the following flatness condition∫
Bn1 (0)×R

|xn+1|2 d‖η0,σ#V ‖(X) +
1

ε

(∫
Bn1 (0)×R

|Hη0,σ#V |
p d‖η0,σ#V ‖(X)

) 1
p

+ σ < ε,
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then

η0,σ#V
(
Bn

1/2(0)× R
)

=

q∑
j=1

|graphuj |,

where uj ∈ C1,α (Bn
1/2(0);R) and u1 ≤ u2 ≤ . . . ≤ uq, with

‖uj‖2C1,α(Bn
1/2

(0)) ≤ C
∫
Bn1 (0)×R

|xn+1|2 d‖η0,σ#V ‖(X)

+
C

ε

(∫
Bn1 (0)×R

|Hη0,σ#V |
p d‖η0,σ#V ‖(X)

) 1
p

+ Cσ

for some fixed constants α = α(n, p, q, µ, µ1, c) ∈ (0, 1/2), C = C(n, p, q, µ, µ1, c) ∈
(0,∞) and each j = 1, 2, . . . , q.

Theorem 6.3 (Minimum Distance Theorem). Let δ ∈ (0, 1/2) and C be a stationary
integral varifold that is a cone in Rn+1 such that spt ‖C‖ consists of three or more n-
dimensional half-hyperplanes meeting along a common (n − 1)-dimensional subspace.
There exists ε = ε(C, δ, n, p,Γ, µ, µ1, c) ∈ (0, 1) such that if V ∈ SΓ,µ,µ1,c satisfies, for
σ ∈ (0, 1), (ωnσ

n)−1‖V ‖(Bn+1
σ (0)) ≤ Θ (‖C‖, 0) + δ then

σ +
1

σ
distH (spt ‖V ‖ ∩Bn+1

σ (0), spt ‖C‖ ∩Bn+1
σ (0)) > ε .

Theorem 6.4 (Higher Regularity Theorem). Let q be a positive integer and let V ∈
SΓ,µ,µ1,c be such that

V
(
Bn

1/2(0)× R
)

=

q∑
j=1

|graphuj |

where uj ∈ C1,α (Bn
1/2(0);R) for some α ∈ (0, 1/2), and u1 ≤ u2 ≤ . . . ≤ uq. Then

(i) uj ∈ C2(Bn
1/2(0);R) and their graphs are stationary with respect to F (and hence

by elliptic regularity uj ∈ C∞(Bn
1/2(0);R)) for each j if g ∈ C∞);

(ii) if q ≥ 2, the graphs of uj touch at most in pairs, i.e. if there exist x ∈ Bn
1/2(0)

and i ∈ {1, 2, ...q − 1} such that ui(x) = ui+1(x) then Dui(x) = Dui+1(x) and
uj(x) 6= ui(x) for all j ∈ {1, 2, ...q} \ {i, i+ 1}.

The induction scheme for the proofs of the above theorems is as follows. Let q ≥ 2
be an integer, and assume the following:
induction hypotheses:
(H1) Theorem 6.2 holds with any q′ ∈ {1, . . . , q − 1} in place of q.
(H2) Theorem 6.3 holds whenever Θ (‖C‖, 0) ∈ {3/2, . . . , q − 1/2, q}.
(H3) Theorem 6.4 holds with any q′ ∈ {1, . . . , q − 1} in place of q.

Completion of induction is achieved by carrying out, assuming (H1), (H2), (H3),
the following four steps in the order they are listed:

(i) prove Theorem 6.2;

(ii) prove Theorem 6.3 in case Θ (‖C‖, 0) = q + 1/2;
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(iii) prove Theorem 6.3 in case Θ (‖C‖, 0) = q + 1;

(iv) prove Theorem 6.4.

The three theorems above are combined within the induction with the following
proposition (used at several places in the induction argument, both in the proof of
the sheeting theorem and in the proof of the minimum distance theorem), whose proof
relies on a standard tangent cone analysis. (see [BelWic-1, Proposition 3.1] for details).

Proposition 6.1. Let V be an integral n-varifold in Ω, an open subset of Bn+1
2 (0),

with V satisfying the assumptions of Theorem 6.1. For 2 ≤ q ∈ N let Sq = {Z :
Θ (‖V ‖, Z) ≥ q}. Assume that (H1), (H2), (H3) are satisfied and assume further that
Sq ∩ Ω = ∅. Then (singV \ gen-regV ) ∩ Ω = ∅ if n ≤ 6, (singV \ gen-regV ) ∩ Ω is
discrete if n = 7 and dimH ((singV \ gen-regV ) ∩ Ω) ≤ n− 7 for n ≥ 8.

The steps (i), (ii), (iii) above follow very closely the arguments developed in
[BelWic-1, Sections 4, 5, 6], to which we refer. In fact, a key advance provided by
[BelWic-1] lies in the fact that the constant-mean-curvature property is not used di-
rectly in the proof of these inductive steps, but it is only used, through the inductive
assumption, insofar as it allows to exploit the regularity given by (H1), (H2), (H3).
The estimates and the excess decay arguments in [BelWic-1, Sections 4, 5] only require,
in terms of direct use of the assumptions, the validity of hypothesis (a1′): this makes
the arguments robust and possibly adaptable to other variational problems or even
to non-variational settings in which we have an integral n-varifold with first variation
summable in Lp for p > n. Theorem 9.1 below makes this observation explicit. Sim-
ilarly, the arguments in [BelWic-1, Sections 6] only require (H1), (H2), (H3), Step (i)
and the structural assumption (a2) (incidentally, this is the only step in which the no-
classical-singularity assumption is used non-inductively). To complete the induction
scheme we need step (iv), for which we need the following initial lemma (this is the
analogue of [BelWic-1, Lemma 7.1] and it is obtained using the arguments developed
in Section 3.2).

Lemma 6.1. Under the assumptions of Theorem 6.4 and assuming the validity of
(H1), (H2), (H3), let X = (x,Xn+1) ∈ spt ‖V ‖ be a point of density q where spt ‖V ‖
is not embedded. Then X ∈ singT V (a “two-fold” touching singularity). In other
words, singT

`(V ) = ∅ for ` ≥ 3.

Proof. The only difference, when we compare with Section 3.2, lies in the fact that we
may have more than two sheets. Denote by π : Bn

1/2(0) × R → Bn
1/2(0) the standard

projection, let C = π{y ∈ spt ‖V ‖ : Θ(‖V ‖, y) = q} (closed set). We argue by contra-
diction and assume X ∈ singT

`(V ) for ` ≥ 3. We know, by inductive assumption, that
away from points of density q the ordered graphs are C2 and individually stationary
for F . We can therefore follow [BelWic-1, Lemma 7.1] and select two ordered graphs
(when g can take both positive and negative values, this uses (bT )) over a connected
component of Bn

1/2(0) \ C such that they do not coincide identically (here we use the

fact that X is not an embedded point) both graphs are C2 and satisfy the PDE (7)
or (6) with the same sign on the right-hand-side (this is there we use q ≥ 3 and the
contradiction assumption), which contradicts the one-sided maximum principle (cf.
Section 3.2).
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The remainder of the proof of (iv) follows the general scheme of [BelWic-1], with
the due modifications of the PDE arguments developed in [BelWic-1, Section 7].

Conclusion (ii) of Theorems 1.3 and 1.5. This follows locally in any ball by the
arguments in Section 4 once the estimate on Σ is obtained in conclusion (i). The global
conclusion is discussed at the end of Section 4.

7 Proof of the compactness theorem

We describe in this section the proof of Theorem 1.4 (and of its special case Theorem
1.2). Allard’s theorem [All72] gives subsequential convergence of Vj to V∞ in the
varifold topology (since mass is bounded locally uniformly and gj → g∞ in C0

loc), with
the integral n-varifold V∞ satisfying (a1). We will check that all other assumptions of
Theorem 1.3 are preserved on V∞, from which the regularity of V∞ follows.

Remark 7.1. In carrying out the proof we also obtain finer information. The (subse-
quential) convergence is graphical (and C2, possibly with multiplicity) away from a
collection X of at most s points (the “neck regions” in claim 3 below), where s is the
uniform bound on the Morse index: the index bound is preserved in the limit, and
actually every point that gives rise to a “neck region” reduces the index by 1, i.e. the
Morse index of V∞ is ≤ s−#X.

The following claim allows to reduce, upon neglecting a set of isolated points and
suitably localizing, to the case in which the Morse index s is 0; it is a generalization
of the argument used in Section 2.2, however it requires more care since we have a
sequence of varifolds, rather than only one. The starting assumption is that Vj → V∞
in an open neighbourhood U of the closure of an open ball B, with Vj as in Theorem
1.4, in particular the Morse index in U is bounded, uniformly in j, by s ∈ N.
Claim 1 : We can select a collection X ⊂ B of at most s points (i.e. 0 ≤ #X ≤ s)
such that for any x ∈ B \X there exists a ball Bn+1

r (x) with the property that for a
subsequence jk the varifolds Vjk Bn+1

r (x) are stable, i.e. they satisfy (c) with s = 0
in Bn+1

r (x). (The subsequence might depend on the point and on the ball.)

proof of claim 1. For every r > 0 we consider the collection {Bx}x, where Bx :=
Bn+1
r (x) and select the collection Xr of centres x ∈ B such that there is no subsequence

jk for which Vjk Bx is stable (in the sense of (c) — we know that spt ‖Vj‖\gen-regVj
has codimension 7 at least, by regularity of Vj). If Xr = ∅ for a certain r > 0, then
we have the result with X = ∅. Otherwise, we repeat the selection for every r and
take r → 0. The set Xr, non-empty for every r > 0, will have a set of limit points
X ⊂ B, where x ∈ X if there exists xq → x (as q → ∞) with xq ∈ Xrq and rq → 0
as q → ∞. We will next prove that X is made of at most s points. If we can find
s + 1 distinct points z1, ..., zs+1 in X, then consider R > 0 small enough such that
Bn+1
R (za) are pairwise disjoint for all a ∈ {1, ..., s+1}. By definition we have, for every

a, sequences xa` → za as ` → ∞, with xa` ∈ Xr` and r` → 0. In particular, for all `
large enough and for all a ∈ {1, ..., s+ 1} we have Bn+1

r`
(xa` ) ⊂ Bn+1

R (za). This means
that there exists ` such that the s+ 1 balls (indexed on a) Bn+1

r`
(xa` ) are disjoint and

Vj Bn+1
r`

(xa` ) are unstable for all j large enough (there are finitely many balls so we
can take j large enough independently of the ball). This implies that the Morse index
of Vj in U is ≥ s + 1, contradiction. So we have proved that X is made of at most
s points. The claim now follows by showing that for every y ∈ B \ X we can find a
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ball centred at y and a subsequence Vjk such that Vjk is stable in the ball. If this were
not the case, then we would have that for every r > 0 the varifold Vj Bn+1

r (y) is not
stable for all j large enough. This means, by definition, y ∈ Xr for every r > 0, so
y ∈ X, contradiction.

The localization provided by claim 1 will allow to check assumptions (a2), (a3), (b)
for V∞ (B \ X), since these assumptions are of local nature. Before doing that, we
point out the following. The existence of a classical singularity implies, by definition,
the existence of an (n − 1)-dimensional set of classical singularities: since n ≥ 2,
ensuring (a2) on B \X actually proves (a2) on B. Assumption (a3) involves proving
that an n-dimensional measure is 0, so here n ≥ 1 suffices to conclude that the validity
of (a3) in B \X implies the validity of (a3) in B. Using again n ≥ 2 we also conclude
that the stationarity condition (b) in B \ X implies the validity of (b) in B (point
singularities are removable for the stationarity condition if n ≥ 2).

Claim 2: (a2), (a3), (b) are valid for for spt ‖V∞‖. The proof now follows [BelWic-1,
Section 8] closely, to which we refer for details; here we discribe the key ideas. As ex-
plained above, it suffices to prove (a2), (a3), (b) in Bn+1

r (y) for y ∈ B \ X, where
Bn+1
r (y) is chosen so to ensure the existence of Vjk that are stable in it, Vjk → V∞.

proof of claim 2. 11 The validity of (a2) on V∞ is proved by contradiction and is a con-
sequence of the minimum distance theorem (Theorem 6.3) combined with a standard
rescaling argument.

Conditions (a3) and (b) must be checked locally around points at which V∞ has a
planar tangent (possibly with multiplicity)12: in this case, on which we focus next, the
sheeting and higher regularity theorems (Theorems 6.2 and 6.4) play a decisive role.

Consider any x ∈ spt ‖V∞‖ at which the tangent to V∞ is a plane with multiplicity
q ∈ N. We claim that, in a (possibly suitably dilated) ball centred at x every Vj in
the subsequence extracted in the localization step satisfies, for all j large enough, the
conditions of the Sheeting Theorem. In view of the localization step, the only ones
to check are the mass and flatness conditions of Theorem 6.2. Varifold convergence
implies convergence of the masses; moreover convergence of spt ‖Vj‖ to spt ‖V∞‖ in
Hausdorff distance is implied by the monotonicity formula applied to each Vj (using
the uniform smallness of the mean curvatures gj). Analogous observations hold for a
sequence of dilations of V∞ that converge to the tangent plane (counted q times). We
can ensure, upon suitably dilating a ball around x, that V∞ is as flat as we wish and
that its mass is as close as we wish to q in ball of radius 2. These conditions imply the
validity of the mass and flatness conditions of Theorem 6.2 for Vj for j large enough.
In particular, using the combined power of Theorems 6.2 and 6.4, we obtain graphical
convergence Vj → V∞ with C2-estimates around any such x (for the subsequence Vj):
this allows to check the validity of (b) and (a3) for V∞.

The local C2 convergence obtained also allows to check the validity of the remaining
assumptions (b*), (bT ) and (c) in Bn+1

r (y), since these conditions only concern regular
parts of V , where the tangents are planar. In particular the local regularity of spt ‖V∞‖

11We stress that Theorems 6.2,6.3 and 6.4 are results in their own sake, whose validity for every q is
guaranteed after completing the induction in Section 6. In doing so, the regularity conclusion of the
sheeting theorem can be improved to C2, with elliptic estimates, upon combining it with Theorem 6.4.

12Since uniqueness of tangents in not known, by this we mean that there is at least a planar tangent
at the chosen point.
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can be established already at this stage. We skip this step, since in the next we prove
directly the validity of (b*), (bT ) and (c) for V∞ in B.

Note that, in verifying (b*) and (c) for V∞, we only need to consider open sets that
are cylinders C and in which the “pure” singular set is assumed to be of codimension
≥ 7. Fix any such C.

Claim 3: identification of at most s “neck regions”. We can find a set X =
{x1, ..., xm} ⊂ gen-regV with 0 ≤ m ≤ s, such that for every R > 0 there exist a

subsequence Vjk such that Vjk

(
C \

(
∪m`=1B

n+1
R (x`)

))
has Morse index ≤ s −m for

every jk. (The subsequence may depend on R but this will not affect the conclusion.)
Moreover, for each R (in the following we drop the dependence on R for notational con-
venience) we can produce an n-manifold S∞ and an immersion ι∞ : S∞ → C such that

(ι∞)](S∞) = V∞

(
C \

(
∪m`=1B

n+1
R (x`)

))
and a sequence of immersions ιjk : S∞ → C

such that (ιjk)](S∞) = Vjk

(
C \

(
∪m`=1B

n+1
R (x`)

))
and such that ιjk → ι in C2 and

with locally graphical convergence in the image.
The validity of (b*) follows from the claim by sending R→ 0. For (c), it suffices to

test on ambient test functions compactly supported away from X and C2 convergence
gives that the index passes to the limit, so the index of V∞ in C \ X is ≤ s −m. A
standard capacity argument gives that the index is the same in C.

proof of claim 3. step 1. This argument is similar to the one used in a previous claim
but this time we are aiming for a different conclusion. Whenever Vj in U have Morse
index ≤ s ∈ N, we can prove that either (a) there exists r > 0 and a cover of gen-regV∞
with balls Br(x) such that a subsequence Vjk is stable in each ball or (b) for every r > 0
there exists a ball Br(x) in which stability fails for all Vj with j large enough. When
we are in alternative (b), sending r → 0 and taking a limit point of the associated
points x we obtain y and BR(y) (with R as small as we wish) such that stability fails
in BR(y) on a subsequence Vjk . For this Vjk we can therefore conclude that the Morse
index in U \BR(y) is at most s− 1, using the argument in Section 2.2. Iterating (and
each time extracting from the subsequence identified at the previous step) we select a
collection X as in the first part of the claim and such that there exists r > 0 and a

cover of gen-regV∞ \
(
∪m`=1B

n+1
R (x`)

)
with balls Br(x) such that a subsequence Vjk

is stable in each ball (however the Morse index of Vjk in U \
(
∪m`=1B

n+1
R (x`)

)
may be

s−m > 0).
step 2. We work in a slighly smaller cylinder whose compact closure is contained

in the original C. By abuse of notation we still denote by C the new cylinder and
by Vj the subsequence. By step 1 we can cover gen-regV∞ ∩

(
C \

(
∪m`=1B

n+1
R (x`)

))
with open cylinders of the type Bn

r (x) × (−σ, σ) with the first factor in the tangent
TxV∞ for x ∈ gen-regV∞ and ensuring the validity of the sheeting theorem in each
cylinder. The cover can be made finite by compactness so that the sheeting result holds
simultaneously in all cylinders from all large enough j. This allows to indentify, as C2

manifolds, Sj (the abstract manifold whose immersion gives gen-regVj— this exists
by assumption and by the regularity of Vj) with Sj+` for all ` > 0 for j large enough.
Once the identification is made, denoting by S∞ the manifold, we can reparametrize
the immersions ιj : Sj → N as immersions ι′j : S∞ → N and show, thanks to the

graphical convergence, that these converge in C2 to a C2-immersion ι∞ : S∞ → N
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whose push-forward is V∞ (again, this follows from the graphical convergence as it is
a local property).

Having done the previous step on a smaller cylinder, the conclusion for the original
C follows by exhausing the original C.

Verification of (bT ). The verification of (bT ) requires to consider a cylinder C =
B × (−σ, σ) in which spt ‖V∞‖ is the union of two (ordered) C1,α graphs, graph(u1)
and graph(u2), with gradients bounded e.g. by 1/2. By removing a set X of at most s
points, as done above, we may assume that the conditions that ensure the validity of
the sheeting theorem are valid locally around each point y ∈ spt ‖V∞‖ (C\X) and the
graphs obtained in each small cylinder Cy describe Vj Cy and have small gradients
(e.g. bounded by 1/4). Pasting the graphs, these bounds imply that Vj (C \X) can
be exressed as a union of graphs on B: the ordered graphs satisfy separately the
stationarity condition (by the regularity of Vj). Passing to the limit the PDE we get
the validity of (bT ) for each of the two graphs graph(uj) \ X, and this immediately
extends across X since n ≥ 2 (by improving the convergence to C2 via the higher
regularity theorem for Vj , we may conclude that uj are C2 for j = 1, 2, but this is not
needed).

8 Proofs of the corollaries for Caccioppoli sets

proof of Corollary 1.3. Each Ej satisfies the local regularity conclusions of Theorem
1.5 and therefore, by the results of Section 4, Ej satifies (b*) of Theorem 1.4 whenever

O = A \ Z where A is simply connected (e.g. a fixed ambient geodesic ball) and
Z = spt ‖DχEj‖ \ gen-reg |∂∗Ej |. By Theorem 1.3, any limit V of |Ej | satisfies the
assumptions of Theorem 1.3. Moreover, by the proof of Theorem 1.4, the convergence
of |Ej | to V is, away from a locally finite collection of points, locally C2 graphical.

All that is left to check to ensure that V satisfies the assumptions of Theorem
1.5′ (and therefore conclusion (i) of Theorem 1.5) is that (a4) of Theorem 1.5 is valid
for the limit V . Let p ∈ regV ∩ {g 6= 0} such that in a geodesic ball around p, in
which g 6= 0, the convergence of |Ej | to V is C2 and graphical. Then by the one-sided
maximum principle (Section 3.2), by the topological constraint that the graphs bound
Ej and by the condition that the mean curvatures on each graph do not vanish and
have to point in opposite directions for any two adjacent graphs (ordering by height),
we can conclude that there could only be one graph and therefore the density at p is
1.

The global two-sidedness conclusion will follow from the fact that any connected

component of
◦

regV ∩ {g = 0} with odd multiplicity is two-sided (as in Theorem 1.5′).
This is again a consequence of the sheeting result proved within the compactness
theorem in Section 7. Let Mm be any such connected component, with m ∈ N odd
that denotes its multiplicity. Working away from a locally finite collection of points in
Mm (this collection does not disconnect Mm, since n ≥ 2) we obtain locally graphical
convergence of ∂Ej to Mm, with an odd number of graphs collapsing to the common
limit. Since, for each j, the m graphs bound Ej , we have well-defined outer normals
to Ej that give well-defined normals on the graphs. For topological reasons, adjacent
graphs (ordered by height) must have opposite pointing normals. Therefore there
exists a preferred normal on Mm, i.e. the one pointing in the direction that agrees
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with the normal on (m + 1)/2 of the graphs (while the remaining (m − 1)/2 graphs
have a normal pointing in the opposite direction). Since the outer normals to Ej are
well-defined globally in N , we get a well-defined normal on Mm in N .

We prove now that with analytic data N and g the weaker assumption (c′) in
Remark 1.28 actually implies the validity of the stability condition of Corollary 1.2.

proof of the statement in Remark 1.28. Let D1, D2 ⊂ gen-reg |∂∗E| be the two dis-
tinct embedded C2 disks whose union is spt ‖DχE‖ in a neighbourhood of a point
in gen-reg |∂∗E| \ reg |∂∗E|; in particular, D1 and D2 intersect only tangentially and
their mean curvatures are given by gνj , where the unit normal νj on Dj is chosen,
for j ∈ {1, 2}, so that ν1 = −ν2 at points in D1 ∩ D2. Then the analyticity of g
and standard PDE theory imply that D1 and D2 are analytic, therefore D1 ∩ D2 is
the finite stratified union of analytic submanifold of dimensions ∈ {0, 1, . . . , n − 1}.
The stationarity assumption of Corollary 1.2 rules out the possibility that D1 ∩ D2

is of dimension n − 1: this can be seen by arguing as in [BelWic-1, Section 9]. Then
D1 ∩ D2 has locally finite n − 2-dimensional Hausdorff measure. With this size esti-
mate, the stability inequality on reg 1 |∂∗E| that follows from (c′) can be extended to
gen-reg |∂∗E| by a standard capacity argument.

9 A byproduct: an abstract regularity theorem

The argument used in the inductive step of the proof of Theorem 6.2 (under the
induction hypotheses (H1), (H2), (H3), see Section 6) gives an abstract regularity result
for codimension 1 integral varifolds that we make explicit in Theorem 9.1 below. The
hypotheses of this theorem are “non-variational” in the sense that they do not require
the varifold to be stationary point of a functional. For a given integral varifold V ,
Theorem 9.1 is applicable at a point y where one tangent cone is a multiplicity q plane,
provided there are no classical singularities nearby and a suitable “good behaviour in
C2 sense” holds in the region where density ≤ q−1 (see hypothesis (d)); the conclusion
is that C1,α regularity (with sheeting) holds in a neighbourhood of that point.

Theorem 9.1 is not required for the present work. However, it plays a fundamental
role in [BelWic-2], where it is applied to varifolds obtained by taking limits of (the var-
ifolds associated to) energy-bounded, index-bounded solutions to the inhomogeneous
Allen–Cahn equation, as the Allen–Cahn parameter tends to 0. In that setting, the
varifold obtained in the limit is not necessarily a critical point of a geometric functional.

Theorem 9.1. Let µ, µ1 ∈ (0,∞). Let q be a positive integer, β ∈ (0, 1) and let p > n.
Let V be a class of of integral n-varifolds V on Bn+1

1 (0) with 0 ∈ spt ‖V ‖ and satisfying
the following properties (a)-(c):

(a) for each V ∈ V there is a non-negative function ĤV ∈ Lploc(‖V ‖) such that
hypothesis (a1′) of Section 3.1 holds with ρ0 = 1.

(b) if V ∈ V then V has no classical singularities Y with Θ (‖V ‖, Y ) = q;

(c) if V ∈ V, σ ∈ (0, 1), (ωn2n)−1‖η0,σ# V ‖(Bn+1
1 (0)) ≤ q + 1/2, q − 1/2 ≤

ω−1
n ‖η0,σ#V ‖((Bn

1/2(0) × R) ∩ Bn+1
1 (0)) ≤ q + 1/2, Θ (‖η0,σ#V ‖, X) < q for
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each X ∈ Bn+1
1 (0) and

E ≡
∫

(Bn
1/2

(0)×R)∩Bn+1
1 (0)

|xn+1|2 d‖η0,σ#V ‖

+

(∫
(Bn

1/2
(0)×R)∩Bn+1

1 (0)
|σĤV |p d‖η0,σ#V ‖

)1/p

+ µ1σ < β,

then η0,σ#V ((Bn
1/2(0) × R) ∩ Bn+1

1 (0)) =
∑q

j=1 |graphuj | for some functions

uj ∈ C2(Bn
1/2(0)) satisfying u1 ≤ u2 ≤ . . . ≤ uq and ‖uj‖C1,α(B1/2(0)) ≤ C

√
E for

any α ∈ (0, 1) and some constant C = C(n, p, q, µ, µ1, α).

Conclusion : there exists ε = ε(n, p, q, µ, µ1, β,V) ∈ (0, 1) such that if V ∈ V, σ ∈ (0, 1),
(ωn2n)−1‖η0,σ# V ‖(Bn+1

1 (0)) ≤ q + 1/2, q − 1/2 ≤ ω−1
n ‖η0,σ#V ‖((Bn

1/2(0) × R) ∩
Bn+1

1 (0)) ≤ q + 1/2 and

E ≡
∫

(Bn
1/2

(0)×R)∩Bn+1
1 (0)

|xn+1|2 d‖η0,σ#V ‖

+

(∫
(Bn

1/2
(0)×R)∩Bn+1

1 (0)
|σĤV |p d‖η0,σ#V ‖

)1/p

+ µ1σ < ε,

then η0,σ#V ((Bn
1/2(0)×R)∩Bn+1

1 (0)) =
∑q

j=1 |graphuj | for some uj ∈ C1,α(Bn
1/2(0)),

j = 1, 2, . . . , q, with u1 ≤ u2 ≤ . . . ≤ uq, where α = 1
2

(
1− n

p

)
. Furthermore, we have

that
‖uj‖C1,α(B1/2(0)) ≤ C

√
E

for each j ∈ {1, 2, . . . , q}, where C = C(n, p, q, µ, µ1).

Remark 9.1. It is important to recall that assumption (a) holds true when V is ob-
tained by pulling back via the exponential map an integral n-varifold on a Riemannian
manifold whose first variation (with respect to the Riemannian area functional) is in
Lp for p > n, as described in Section 3.1.

Proof. The argument is precisely as in the inductive step of Theorem 6.2.

A Other instances of the regularity theorems

Consider the case in which g ∈ C1,α(N) and {g = 0} ∩ reg 1 V has empty interior
in reg 1 V . In this situation, which holds for example when Hn ({g = 0}) = 0 (or if g is
analytic and generic in the sense of Theorem A.3 below), hypothesis (a4) in Theorem
1.5 can be removed and we obtain a theorem that is the immediate generalization
of Theorem 1.1. The fact that gen-regV is the image of an an orientable immersion
follows in this case directly from Lemma 4.2, Lemma 4.3 and Step 1 of Proposition 4.1
because both M1 and M2 (notation as in Section 4) are empty sets. (Thus, under
this extra condition on the nodal set, the issue that appeared in Figure 2 is removed.)
gen-regV is stationary with respect to Jg by hypothesis (b) (neither (a4) of Theorem
1.5 nor (b*) of Theorem 1.3 is needed). Hence it follows from Theorem 1.3 that the
same statement as Theorem 1.1 holds true with the additional assumption (bT ) unless
g ≥ 0. So we have:
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Theorem A.1 (Regularity theorem when {g = 0} ∩ reg 1 V has empty interior). For
n ≥ 2 let N be a Riemannian manifold of dimension n + 1 and g : N → R be a C1,α

function. Let V be an integral n-varifold in N such that {g = 0} ∩ reg 1 V has empty
interior in reg 1 V . Assume that:

(a1) the first variation of V in Lploc (‖V ‖) for some p > n;

(a2) no point of spt ‖V ‖ is a classical singularity of spt ‖V ‖;

(a3) V satisfies (T).

Suppose moreover that:

(b) the (embedded) C1 hypersurface S = reg1 V is stationary with respect to Jg in
the sense of Definition 1.2 taken with ι : S → N equal to the inclusion map;

(bT ) (redundant if g ≥ 0) each touching singularity p ∈ singT V has a neighbor-
hood O such that writing exp−1

p (spt ‖V ‖ ∩ O) = graphu1 ∪ graphu2 for C1,α

functions u1 ≤ u2,
13 we have that for j = 1, 2, the stationarity of Sj = reg 1 V ∩

expp graph(uj) (which follows from (b)) holds for the orientation that agrees with
one of the two possible orientations of expp graph(uj);

(b*) (redundant if g > 0) for each orientable open set O ⊂ N \ (spt ‖V ‖ \ gen-reg V )
there exist an oriented n-manifold SO and a proper C2 immersion ιO : SO → O
with V O = (ιO)#(|SO|) such that ιO is stationary with respect to Jg;

(c) for each orientable open set O ⊂ N \(spt ‖V ‖\gen-reg V ) such that gen-regV ∩O
is the image of a proper C2 orientable immersion ιO : SO → O that is station-
ary with respect to Jg, ιO has finite Morse index relative to ambient functions
(Definition 1.9).

Then there is a closed set Σ ⊂ spt ‖V ‖ with Σ = ∅ if n ≤ 6, Σ discrete if n = 7 and
dimH (Σ) ≤ n− 7 if n ≥ 8 such that:

(i) locally near each point p ∈ spt ‖V ‖\Σ, either spt ‖V ‖ is a single C2 embedded disk
or spt ‖V ‖ is precisely two C2 embedded disks with only tangential intersection;
if we are in the second alternative and if g(p) 6= 0, then locally around p the
intersection of the two disks is contained in an (n− 1)-dimensional submanifold;

(ii) spt ‖V ‖ \ Σ is the image of a proper C2 oriented immersion ι : SV → N and
there is a continuous choice of unit normal ν on SV so that the mean curvature
HV (x) of SV at any x ∈ SV is given by HV (x) = g(ι(x))ν(x);

(iii) if additionally hypothesis (m) (see Remark 1.5) holds, then SV can be chosen
such that V = ι#(|SV |).

Moreover, the following compactness theorem is now a direct consequence of The-
orem 1.4.

13Such u1, u2 always exist by the definition of touching singularity; see remark 1.2.
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Theorem A.2 (compactness). Let n ≥ 2 and N be a Riemannian manifold of
dimension n + 1, let gj : N → R and g∞ : N → R be C1,α functions such that

Hn ({gj = 0}) = 0 for each j and gj → g∞ in C1,α
loc . Let Vj be a sequence of integral

n-varifolds such that hypotheses (a1), (a2), (a3), (b), (bT ) and (c) of Theorem A.1 hold
with Vj, gj in place of V , g. Suppose further that lim supj→∞ ‖Vj‖(N ∩K) < ∞ for

each compact K ⊂ N , and that lim supj→∞ Morse Index (ιOj ) <∞ for each Õ ⊂⊂ N ,

where Oj = Õ \ (spt ‖Vj‖ \ gen-regVj) and ιOj is as in hypothesis (c) of Theorem A.1.
Then there is a subsequence of (Vj) that converges in the varifold topology to a varifold
V that satisfies the conclusions (i) and (ii) of Theorem A.1 with g∞ in place of g.
Furthermore, if Vj satisfies hypothesis (m) (see Remark 1.5) for each j, then so does
V , and V satisfies conclusion (iii) of Theorem A.1.

Here of course it need not be the case that {g = 0} ∩ reg 1 V has empty interior.

Let us consider the case in which we have analytic data N , g : N → R, g not
identically 0. Then the nodal set {g = 0} is the stratified union of analytic submanifolds
of dimension ∈ {0, 1, . . . , n}. Recall that if reg 1 V has an open set in common with
an n-dimensional submanifold Nn in the top stratum of {g = 0}, then V is minimal
in that open set, therefore Nn contains a minimal portion with non-empty interior.
However, Nn itself is analytic and its mean curvature is an analytic function on Nn,
so its vanishing in an open set forces its vanishing everywhere on Nn. We therefore
conclude that

Theorem A.3 (Regularity theorem for analytic functions). Let N and g : N → R
be analytic, with g not identically 0, and assume that the no irreducible component
of the top stratum of the nodal set {g = 0} is a minimal hypersurface in N . Let V
be an integral n-varifold in N such that hypotheses (a1), (a2), (a3), (b), (bT ), (c) of
Theorem A.1 hold (if g ≥ 0 then (bT ) is not needed). Then conclusions (i), (ii), (iii)
of Theorem A.1 hold.

Remark A.1. For an arbitrary analytic function g on N , if the hypotheses of Theorem
1.5 or of Theorem 1.3 are satisfied, then the only way in which {g = 0} ∩ reg 1 V may
have non-empty interior in reg 1 V is when a whole n-manifold of the top stratum of
the nodal set is contained in spt ‖V ‖. Indeed, the regularity results Theorem 1.5 or
of Theorem 1.3 guarantee that V is, away from a codimension-7 “pure” singular set,
a smooth immersed oriented g-hypersurface, and therefore analytic by elliptic PDE
theory. Then the fact that the immersion has an open set on which it coincides with
the analytic n-manifold Nn forces a whole connected component of the immersion to
agree with Nn.

B On the hypothesis (bT)

Hypothesis (bT ) in Theorem 1.3 is fulfilled in two instances where the theory can
be applied: to characterze the class of integral varifolds obtained by taking limits
of embedded stable Jg-stationary hypersurfaces, as discussed in Remark 1.12, and in
the Allen–Cahn approximation schemes as in [BelWic-2], [RogTon08], as discussed in
Section 1.4. By enforcing (bT ) we rule out a varifold as the one depicted in Figure
5, which satisfies the remaining assumptions of Theorem 1.3: although it is a C2-
immersion, stationary and stable with respect to Jg, this varifold is not a limit of
embedded Jg-stationary hypersurfaces.
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Figure 5: Hypersurface 1 is oriented with normal pointing downwards and hypersurface 2 is
oriented with normal pointing upwards. The two hypersurfaces are separately stationary and
stable with respect to Jg (being graphs), therefore so is the immersion.

One could ask whether Theorem 1.3 holds without hypothesis (bT ). We wish
to point out that in the absence of (bT ), the natural geometric class that includes
examples as the one in Figure 5 is a class of more general immersions than those
allowed in the conclusions of Theorem 1.3, which are in fact “quasi-embedded,” i.e.
locally near each non-embedded point, gen-regV is the union of two separately Jg-
stationary ordered C2 graphs. The immersions for which assumption (bT ) fails but
all other hypotheses hold (such as that depicted in the example above) are not of this
type, nor are they weak limits of embedded Jg-stationary hypersurfaces. If we give up
hypothesis (bT ), then it seems more natural to allow general smooth immersions of
Jg-stationary hypersurfaces: i.e. (i) to also allow classical singularities but only those
where the support of the varifold is immersed, and (ii) define gen-regV to be the C2

immersed part. In that generality however, the non-immersed points of the varifold
may contain branch point singularities (even in the case g = 0), and their analysis is
more subtle. We do not pursue this direction in the present work.
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