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Abstract

We consider, in a first instance, the class of boundaries of sets with locally finite
perimeter whose (weakly defined) mean curvature is gv, for a given continuous
positive ambient function g, and where v denotes the inner normal. It is well-
known that taking limits in the sense of varifolds within this class is not possible in
general, due to the appearance of “hidden boundaries”, that is, portions (of positive
measure with even multiplicity) on which the (weakly defined) mean curvature
vanishes, so that g does not prescribe the mean curvature in the limit. As a
special instance of a more general result, we prove that locally uniform L%-bounds
on the (weakly defined) second fundamental form, for ¢ > 1, in addition to the
customary locally uniform bounds on the perimeters, lead to a compact class of
boundaries with mean curvature prescribed by g.

The proof relies on treating the boundaries as oriented integral varifolds, in
order to exploit their orientability feature (that is lost when treating them as
(unoriented) varifolds). Specifically, it relies on the formulation and analysis of
a weak notion of curvature coeflicients for oriented integral varifolds (inspired by
Hutchinson’s work [7]).

This framework gives (with no additional effort) a compactness result for ori-
ented integral varifolds with curvature locally bounded in L? with ¢ > 1 and with
mean curvature prescribed by any g € C° (in fact, the function can vary with the
varifold for which it prescribes the mean curvature, as long as there is locally uni-
form convergence of the prescribing functions). Our notions and statements are
given in a Riemannian manifold, with the oriented varifolds that need not arise as
boundaries (for instance, they could come from two-sided immersions).

1 Introduction

Let Q C R*! be open; let Fy C R"! £ € N, and E be Caccioppoli sets in § (sets
with locally finite perimeter); let go : @ - R, £ € N, and ¢ : 2 — R be functions in
CY(9). Assume that

gr — g in CI%C(Q); Sl;p/ |VXxE,| <ooforany U CCQ; xg, — xg in Llloc(Q). (1)
U

Note that, given the second condition in , the existence of a Caccioppoli set E for
which the third condition holds is automatically true for a subsequence of {Ey}, by BV

*Research partially supported by the EPSRC (grant EP/S005641/1).



compactness. (Also note that locally uniform C%*bounds on g, would guarantee the
existence of g for which the first condition holds for a subsequence of gy.)

We denote by 0*F the reduced boundary of a Caccioppoli set F', that is, the set of
points where the measure-theoretic unit normal exists. This set is n-rectifiable. The
inner measure-theoretic unit normal, well-defined at points in 0*F, is denoted by vp.
The perimeter measure |Vy | (here V is distributional and xr € BV;,.(92) by definition
of Caccioppoli sets) coincides with H" L 0*F. These are consequences of De Giorgi’s
fundamental theorem. In particular, the second condition in can equivalently be
written as sup, H"(0*E; N U) < oo. We refer to [9] for details.

The hypersurfaces 9* E, will be assumed to have mean curvature prescribed by the
ambient function gy, in a weak sense that will be specified below. (In the case in which
OFy and gy are smooth, then we will just be saying that the classical mean curvature
vector of the hypersurface 0E; is gyvg,, where vg, is the inward unit normal.) We
will be interested in the mean curvature properties of the “limit hypersurface” obtained
from the sequence 0*Ep; the notion of limit will be specified below. In particular we
will be interested in how the mean curvature of the limit hypersurface relates to g.

This problem was successfully addressed by R. Schéatzle in [14]. We start with a
discussion that shows why the notion of “limit hypersurface” and its mean curvature
properties are delicate matters. An example constructed by K. Groke-Brauckmann in
[6], and reported in [14], gives a sequence of CMC embedded surfaces in R with mean
curvature 1 that converge in the Hausdorff distance to a plane P. The convergence
can be expressed effectively in the language of varifolds, in which case the limit is
the integral varifold corresponding to the plane endowed with multiplicity 2. Varifold
convergence makes area continuous (under the limit operation) and keeps track of the
nature of the CMC surfaces, that are “double-layered” on the plane, with necks that
connect the two layers and become dense as ¢ — oo, see the figures in [14], p. 376]. Note
that in this example, with reference to the notation used earlier, g = g = 1 and the set
E is empty (Fy is the set “between the two layers”). In particular, if we take limits only
in the sense of boundaries, or in the sense of currents, we would just get I[E;] — 0 (as
customary, [E;] denotes the (n + 1)-current of integration on Ey and 0 the boundary
operator on currents). This convergence does not see the accumulation of mass (area)
onto the double plane. Varifold convergence, on the other hand, in particular implies
that H"LO0*Ey — 2H"™_P (as Radon measures). Clearly the mean curvature of P
is 0, hence it is not prescribed by the ambient function g: the “ambient-prescribed”
feature is lost in the limit. This is essentially due to a cancellation phenomenon: the
two layers of the CMC boundaries approach onto P with mean curvature vectors that
are close to being opposite on a large set; this set gets larger and larger as £ — oo, and
on it the two vectors get closer and closer to being opposite.

When we look at the convergence of H"L0*E;, — ||V||, where ||V denotes the
weight measure of the limit varifold, it is immediate to see that ¥ = spt(||V]|) contains
O*E. As shown by the previous example, where 0*E = () and ||V || = 2H" L P, the strict
inclusion is possible. It is also fairly straightforward to check that on spt(uy )\ 0*E the
mean curvature is almost everywhere 0 and that the multiplicity is almost everywhere
even on spt(||V]]) \0*E. A priori it could also happen that the multiplicity of the limit
varifold on (a set of positive measure in) 0*E is odd and higher than 1. This is however
shown to be impossible in [I4] if g # 0. In other words, if g does not vanish then the
only difference between the limit in the sense of boundaries and the varifold limit is



given by “even-multiplicity minimal pieces”, that appear only in the varifold limit. Any
such portion is known in the literature as “hidden boundary”.

A relevant special instance of Theorem [2] below, is the following compactness result,
valid for a class of boundaries with mean curvature prescribed by an ambient function
that does not vanish (or only vanishes on a sufficiently small set). Given the above
example, an additional assumption is to be expected, to avoid hidden boundaries. It is
known that hidden boundaries do not appear if the Morse index of the hypersurfaces
is uniformly bounded; this follows from the (more general) results in [1] [2], [15]H
The scope here is to identify a weaker assumption that guarantees compactness (in
particular, the preservation of the 'prescribed mean curvature condition’). We identify
it in an LY bound on the curvatures, for ¢ > 1.

Theorem 1. Let g5, g (¢ € N) be functions and Ey, E be sets of locally finite perimeter
in R™1 that satisfy (). Assume that H"({g = 0}) = 0 (in particular, g >0 or g < 0)
and that 0E, = 0*E; are C?-embedded for all £. Denoting by vy the inner unit normal
to OFy, assume that the mean curvature vector of OFEy is given by gevp for all £ € N.
Denote by B’ the second fundamental form of the hypersurface OE,. Assume that for
q > 1 we have, for every open set U CC €1,

sup/ |BY7dH" < c.
LeN JOE,NU

Then the set of locally finite perimeter E in satisfies:

o |0*Ey| converges to |0*E| in the sense of varifolds (as customary, |0*E| is the
multiplicity-1 varifold associated to the reduced boundary of E);

e the first variation of |0*E| (as a functional on Cl-vector fields) is represented
by integration (with respect to H"LO*E) of gv, where v is the (H"-a.e. defined)
inward pointing unit normal to O*E.

Remark 1.1. It follows from the more general Theorem [2| that C?-embeddedness can
be replaced by C?-quasi-embeddedness, in the sense of [2].

The two conclusions of Theorem [I| state respectively that "hidden boundaries’ do
not arise and that the ’prescribed mean curvature condition’ is preserved in the limit.
In fact, it is known from the main result in [I4] (which makes no curvature hypotheses)
that when g # 0 the loss of the 'prescribed mean curvature condition’ for a sequence of
boundaries arises exactly where "hidden boundaries’ appear (and viceversa). The proof
of Theorem (1] given here is independent of [14].

We treat the hypersurfaces in question neither as integral varifolds nor as bound-
aries, but rather as oriented integral varifolds. This notion was considered by J. E.
Hutchinson in [7], where the basic compactness result for this class was provided (de-
tails in Section. The notion of oriented varifolds can be traced back to L. C. Young’s

!Digressing a bit, the ‘cancellation of first variation’ under study arises in other situations as well,
see [I4] Section 1.2]. For example, in the context (|8]) of the Allen—Cahn inhomogeneous PDE, a
sequence of solutions with first variation equal to a given positive constant can give rise (as the Allen—
Cahn parameter € — 0) to a hyperplane with multiplicity 2 (vanishing first variation). In this case
one wants to relate first variations with respect to different functionals (Allen—Cahn for the sequence,
area for the limit) and the phenomenon is likely to be more complex. Even assuming uniform Morse
index bounds on the sequence, it is at present unknown whether minimal limits can arise (the optimal
regularity result for the limit is on the other hand available under index bounds, see [3, Theorem 1.2]).



work, see [I7]. We informally sketch some key ideas here: first we analyse the example
of CMC boundaries given earlier from this different point of view.

Viewing the smooth boundary 0F; as an oriented integral varifold means that we
“lift” it to the oriented Grassmannian R"T! x S" (as opposed to the unoriented Grass-
mannian, which corresponds to the more customary notion of (unoriented) varifold).
The point x € 0Ey is lifted to (x,vg,(x)). More precisely, the oriented integral var-
ifold associated to the smooth oriented hypersurface dE, is the Radon measure V*
in R" x §» ¢ R x R*! that is supported on the n-dimensional submanifold
{(z,vg,(z)) : © € OE,;} and is characterised by the fact that its pushforward via the
projection onto the first factor (x,v) € R*"™! x R**! — 2 € R is the measure
H" L OFEy. In the example in question, assuming that P is the plane spanned by eq, es,
taking the limit in the sense of oriented varifold means that we pass to the limit (as mea-
sures in R"*! x R"*1) the lifts considered; we obtain, as limit, V = H2L P, + H?L_P_,
where Py = {(z,v) : € P,v = e3} and P_ = (x,v) : * € P,v = —e3}. Taking the
limit as oriented varifolds keeps track of the fact that the double plane arises as the
union of two copies of P with opposite orientations (respectively es and —es). In the
notation that will be introduced in Section V¢ = (0Ey,vg,,1,0)and V = (P, e3, 1,1).

The key advantage of this is that, not only we can speak of the unit normal in the
limit, but crucially the unit normal is (the restriction of) a fized ambient function: it
is the vector valued function @, where v = (vy,...,v,41) is the variable in the second
factor of R*t1 xR”*! in which we embed the oriented Grassmannian bundle R?**t! xS™.

Given the prescribed nature of the mean curvature for each ¢, the mean curvature
vector can also be lifted to R"*1 x R"*! as the vector-valued function g (x,v) = ge(x)v.
This is a (continuous) ambient function, generally depending on ¢. Under hypothesis
the sequence g converges to 7(z,v) = g(z)v in CP (R xR™"*1). (This is independent
of the sequence V%) In the specific example, gy = g = 1. The issue of “loss of prescribed
mean curvature condition” corresponds to the fact that the candidate vector field 7 does
not yield the mean curvature vector on V. In the example in question, the candidate
is v; its restriction gives eg3 on PT and —e3 on P~, which are clearly not the mean
curvature vectors of P with orientation (respectively) e3 and —e3. One can note that
the average of the candidate mean curvature vectors is 0, which is the correct mean
curvature of P, with either orientation; this is a general fact that we will observe in
due course, and it corresponds to the cancellation effect of the mean curvature vectors
that happens when hidden boundaries form, as discussed earlier.

This suggests that writing the usual first variation formula (in which one uses a
vector field in §2) as an identity in the oriented Grassmannian bundle and passing it
to the limit yields an identity that is not separately meaningful for portions that have
opposite orientations, like PT and P~. For V, 7 itself has no variational meaning,
only its average (in v) does; in fact, one can write an analogous (valid) identity for
V, replacing 7 with any vector-valued function that has the same average values (see
Section . To obtain separate first variation information on P* and P~, one would
like to evaluate the first variation on a vector field that deforms P+ and P~ indepen-
dently, which is not possible with a vector field in €2: one needs to employ a vector field
that depends on the oriented unit normal (a function of (z,v)). This suggests that full
curvatures should be relevant, in order to argue that the first variation operator for the
sequence gives rise to the first variation operator for the limit.

Again in Hutchinson’s work [7], the notion of ’curvature integral varifolds’ is intro-
duced; this amounts to the fact that the (unoriented) integral varifold admits a weak



notion of second fundamental form, or curvature coefficients, defined via the validity
of a certain identity in the unoriented Grassmannian bundle. (See also C. Mantegazza
[10], where the notion is extended to include the possible presence of boundary, and
U. Menne [12, Section 15|, where the notion of weak differentiability on varifolds is
employed to give an equivalent formulation of curvature varifolds.) In the absence of
any regularity information in the limit, it is natural to employ a weak notion of mean
curvature, and, more generally, a weak notion of curvature coefficients.

We will revisit the definition of curvature varifolds given in [7], formulating one
that is more suited (for our purposes) to the oriented class (details in Section .
The identity that defines the weak notion of curvature coefficients Wfb associated to
0* By holds in Q x R™"! (in which we embed the oriented Grassmannian bundle Q x S™).
This identity can be passed to the limit thanks to the LY bounds assumed. In view
of the discussion above on the mean curvature, it is not a priori clear that the limit
coefficients Wy, appearing in this identity are “meaningful curvature coefficients” for
the limit oriented integral varifold V. However, it turns out that the identity for weak
second fundamental form for oriented integral varifolds is rigid (unlike the one obtained
from the first variation formula alone). More precisely, this identity can only hold for
a unique choice of curvature coefficients W, and they must be odd in v.

We check this by relating the coefficients W, that are in principle just functions in
L%(V) satisfying an identity, to a “geometric” notion of curvature coefficients (Section
3). To make sense of this, we exploit the fundamental C2-rectifiability of |V given
by U. Menne [11], which provides countably many C? hypersurfaces that cover ||V||-
almost every point. We use these C? hypersurfaces to build appropriate test functions
in QO x R"! to be used in the identity.

The parity property removes the issue that was arising earlier and implies that the
candidate mean curvature g is the correct one (Section . Having established that
the prescribed mean curvature condition holds in the limit, the fact that the limit is a
boundary follows by fairly straightforward arguments.

In view of the ideas described, it is natural to prove a more general result that em-
ploys the framework of “oriented integral varifolds with curvature” in the assumptions
as well. This allows in particular to remove the C? assumption in Theorem [1] (which
was made to make sense classically of the second fundamental form). The result is
a general compactness statement with preservation of the 'prescribed mean curvature
condition’; we will give the most general form in Theorem [3] once all the relevant no-
tions have been introduced. For the moment, we record the following fairly general
instance, which immediately implies Theorem [1} Note that g € C? is unrestricted, and
the limit is not necessarily a boundary (as easy examples show), it is just an oriented
integral varifold V', and the multiplicity of ||V is a.e. equal to 1 where g # 0.

Theorem 2. Let gs, g (¢ € N) be functions and Ey, E be sets of locally finite perimeter
in R*L that satisfy . Denoting by vy the inner unit normal to 0*Ey (in the sense
of De Giorgi), assume that the first variation of |0*Ey| is given by integration (with
respect to H"L_O*Ey) of geve for all £ € N. Assume that, for every {, the oriented
integral varifold V¢ = (0*Ey,vp,1,0) has curvature in the sense of Definition 1| below,
with curvature coefficients Wﬁl, for a,i € {1,...,n+ 1}. Moreover, let ¢ > 1 and
assume that, for every open set U CC €0,

sup/ (W |7dV* < co.
LeN JU



Then there exists an oriented integral varifold V, to which V¢ converge (in the sense
of oriented varifolds) such that

o V =(0"FE,vg,1,0) + (R,n,0,0), where R is n-rectifiable, m is any measurable
determination of unit normal a.e. on R, 0 : R — N\ {0} is L} (H"LR) and
R C{z:g(x) =0};

e the generalised mean curvature of |V|| is given (||V]|-a.e.) by gvg on O*E and
by gn = —gn = 0 on R (as |V|| has automatically first variation that is an
absolutely continuous measure with respect to |V||, the generalised mean curvature
represents the first variation of n-area of ||V||).

The first conclusion implies that O(||V||,z) = 1 for |[V]-a.e. * € R*™\ {z : g(z) =
0}. Note that H"L(0*E N {g # 0}) = ||V||L{g # 0}.

Remark 1.2. Part of the conclusions in Theorem [2| follows from [I4], at least if we
assume gy to satisfy locally uniform C' bounds. Namely [14] gives (even without
curvature assumptions) that the (unoriented) varifold obtained in the limit is of the
type |0*E| 4+ (R, 260) and that the generalised mean curvature of this varifold is (a.e.)
given by gvg on 0*F and 0 on R (in particular, R N 0*E C {g = 0}, up to an
‘H"-negligible set). The relevant additional conclusion in Theorem 2| is that R must
be contained in {g = 0}, thereby preserving the “prescribed mean curvature” feature.
(This is not true without the curvature assumption.) We will not rely on [I4] to obtain
the partial conclusions just recalled, as our proof will give all the conclusions at once.

Under suitable restrictions on the nodal set {g = 0} of g, Theorem [2| becomes a
compactness result in the class of boundaries. This was the case in Theorem [I], by
dimensional considerations. We provide another instance in the following corollary
(whose proof is immediate, once Theorem [2|is proved).

Corollary 1. Under the assumptions of Theorem|[3, further assume that g is a smooth
function such that S = {g = 0} is a smooth hypersurface with the property that its
mean curvature hg can only vanish (on S) to finite order. Then V = (0*E,vg,1,0),
equivalently, |0*E,;| — |0*E)|.

Theorems [T} 2] and Corollary [I] continue to hold if €2 is a Riemannian manifold;
we prove this in Section [5 Theorem [4] after giving the relevant definitions. We note
that the class of functions considered in Corollary [I] is generic in the set of smooth
functions (in the sense of Baire category) on a compact Riemannian manifold, see [18,
Proposition 3.8|.

A more general class. As mentioned earlier, the arguments employed in this
work lead to a compactness result, Theorem |3| in Section [5| that permits to pass to
the limit the prescribed-mean-curvature condition, regardless of whether the oriented
varifolds in question arise as boundaries. (As a special instance we address the case
of a sequence of two-sided immersions with mean curvature prescribed by ambient
functions, see Theorem ) Looking at the problem in this generality has the effect of
decoupling the ‘loss of mean curvature’ from the ‘formation of multiplicity’. Indeed,
multiplicity may become higher than 1 in the region {g # 0} (unlike in the case of
boundaries); the prescribed-mean-curvature condition is nonetheless preserved (with
respect to a measurable unit normal on the limit).



Regularity aspects. We do not address here the question of optimal regularity
of the limit varifold. Some regularity conclusions in Theorem (1| (and, restricting to
{g # 0}, in Theorem are immediate from De Giorgi’s and Allard’s theorems. Indeed,
V|| =H"LO*E and at every x € 0*E the density satisfies O(||V||,z) = 1; as the first
variation of V is given by integration of gvg € L®(||V||; R* 1), for every z € §*E there
exists an open neighbourhood of z in which spt ||V|| is a C%* (embedded) hypersurface
(for every a € (0,1)), and in which spt||V|| = 0*E. As H"(spt ||V \ 0*FE) = 0 we
conclude that there exists a closed set N with H"(N) = 0 such that spt ||V| \ N is
C1, for every a € (0,1). (If g € C*®, the regularity of spt|V| \ N is improved to
C*+2a by standard Schauder theory.)

This conclusion does not really make use of the curvature bounds and finer regu-
larity results can probably be obtained. To give an explicit idea, the following appears
to be a plausible conjectural statement (not the most ambitious one), to which we
plan to return to in future work. In Theorem 1 assume further that ¢ = 2, g» — ¢
in C%g(Q), and ¢ > 0. Then V = |9*E| is the varifold of integration over a C%¢
embedded hypersurface M, and dim (spt ||V|| \ M) <n — 2.

A simple example of this situation can be obtained in U C R?, for g = g = 1, by
considering a sequence of (portions of) unduloids My, with constant mean curvature
1, that converge to the union of two spherical hemispheres S1, Se (with constant mean
curvature 1) that intersect tangentially at a point p = S; N S2. We note that, in this
case, My have uniformly bounded areas and Morse index equal to 1 (for the functional
H2(0*FNU)—H3(FNU)). This implies uniform L? bounds on the second fundamental
forms. (Uniform mass bounds, mean curvature prescribed by an ambient function and
uniform Morse index bounds are the setting for the regularity theory of [1], [2].)

On the other hand, we may consider the hypersurfaces M; x R* in R3tF = R+1,
They still satisfy that the masses are locally uniformly bounded, their mean curvatures
are constant and equal to 1, and the second fundamental forms are locally uniformly
bounded in L?. These hypersurfaces converge to (S; x R¥)U(S2 x R¥). In this example,
the Morse index of M, x R¥ tends to infinity (with ¢) in any bounded open set that
intersects {p} x R¥.

2 Preliminaries

2.1 Oriented integral varifolds

We recall the notion of oriented integral varifold from [7], limiting ourselves to the
codimension-1 case that will be of interest here. (For the moment, in Euclidean space
— see Section |5| for the Riemannian setting.) We will identify S™ with the oriented
Grassmannian of n-planes in R™*!'. The identification is given by the Hodge star
operator x; for v € S”, v is the unit n-vector that spans the orthogonal to v and
whose orientation is such that v A v agrees with the orientation of R™*+1.

Let U ¢ R™*! be open. A Radon measure V in the oriented Grassmannian bundle
U x S™, that we will always view as embedded in U x R"!, is called an oriented n-
varifold. Such a V' is an oriented integral n-varifold if there exist an n-rectifiable set R in
U, a couple (61, 02) of locally integrable N-valued functions on R, with (61, 62) # (0,0),
and a measurable choice of orientation ¢ : R — R™"! (the latter means that, for H"-
a.e.x € R, {(x) € S € R is one of the two choices of unit normal to the approximate
tangent at R, and the map & is measurable) such that V acts on ¢ € CO(U x R*1) as



follows:

V(‘P):/}%91(95)80(9575(95)))+92(9C)<P(33, —&(2))) dH" (). (2)

We write V' = (R,£,01,02) in the above situation. The class of oriented integral n-
varifolds just introduced is denoted by IV,?(U) (following the notation in [7]).

The n-current c(V') associated to an oriented integral n-varifold V' is defined as
follows by its action on an arbitrary n-form 7 having compact support in U:

cV)) = [ (o) (a.v)

It follows that, if V' is an oriented integral varifold, the current c(V) is integral as well
and, with the above notation, ¢(V') is the current of integration on R with orientation
¢ and multiplicity function 6; — 5.

Finally, recall that given an oriented varifold V', we consider q : U x S — U x
RP", the projection from the the oriented to the unoriented Grassmannian bundle.
The pushforward measure q;V" is the (unoriented) varifold associated to V. With
slight abuse of notation, we will identify RP" with the Grassmannian Gp(n + 1) of
unoriented n-planes in R"T!, which is in turn identified with the (n + 1) x (n + 1)-
matrices of orthogonal projection onto said plane; the latter is a submanifold of R(+1D?
Concretely, for v € S* C R™"! we have q(v) = §;; — v;v;, for i,j € {1,...,n + 1}; the
(n+1) x (n 4+ 1)-matrix §;; — v;v; can be identified with a point in R +D? uging its
entries as coordinates. We will denote by P;; = d;; — v;v; the projection matrix.

Given an integral oriented n-varifold V' as above then q;V' is the varifold of inte-
gration on R with multiplicity 61 + 02. The weight measure |[q;V[| is (61 + O2)H"L R
and is the same as the weight measure ||V|| associated to V. (Recall that ||V|| is the
pushforward of V under the projection map U x R**! — U and la; V| is the pushfor-

ward of g4V under the projection map U x R+D?* 5 .) The first variation of q;V" is
denoted by 6(qyV') and is defined as a linear functional on CHU;R"™*1). If the action
of §(q;V') is bounded by the C%-norm of the vector field, then §(q,V) is a measure in
U, denoted by [|6(qsV)]-

Convergence as oriented varifolds means (weak*) convergence as Radon measures
in U x S* € U x R"!. The following compactness result is proved by Hutchinson.

Theorem (compactnessﬂ for oriented integral varifold, [7]). Let V; be oriented integral
varifolds on U such that limsup,_, [|g;V[|(U) < oo, limsup,_,, [[6(gV)||(U) < oo
and limsup,_,.o My (0¢(Vy)) < oo (where My denotes the mass of a current in U and
0 is the boundary operator for currents). Then V; subsequentially converges, in the
sense of oriented varifolds, to an oriented integral varifold V.

We recall that, given an (unoriented) integral varifold W, the first variation (of
area) evaluated on X € CH(U) is (§W)(X) = [divpX dW (x,T), where divp X is the
divergence with respect to the (unoriented) n-plane 7. When 6W is a R !-valued
Radon measure (in U), denoted by |[6W ||, its absolutely continuous part with respect

2The fact that there exist (subsequentially) limits that are oriented rectifiable varifolds with mul-
tiplicity taking values a.e. in the half-integers is immediate from Allard’s compactness for integral
(unoriented) varifolds and from Federer-Fleming’s compactness for integral currents; in [7] it is proved
that the multiplicity must be a.e. integer-valued.



to ||W|| is called generalised mean curvature of W, denoted by Hyy, see [16]. (We note
explicitly, in view of forthcoming sections, that this is a function defined ||W||-a.e.,
hence in U, not in the Grassmannian bundle.)

We finally notice that if V¥ — V as oriented varifolds, then qﬁVZ — qV as (un-
oriented) varifolds and c¢(V¥) — ¢(V) as currents. The former follows by definition
of pushforward measure; the latter follows upon noticing that for any n-form n with
compact support in U, the function (xv,n(z)) is in C2(U x R"+1).

2.2 Lifting the first variation formula to U x R"™!

Let V be an oriented integral n-varifold, V € IV,2(U) for U C R™"! recall that q;V
denotes the associated (unoriented) integral n-varifold. Assume that the first variation
(6qﬁV)(X) = [divp X d||V| is represented by a (vector-valued) function He LP(IV)
in the sense that, for any X € C}(U), (0q,V)(X) = — fﬁX d||V||. Then the function

—

M (x,v) = H(z) is defined V-a.e. and automatically even, in the sense that V-a.e. we
have M (z,v) = M(z,—v). Moreover, using the fact that ||V is the pushforward of
V, the following identity holds for every i € {1,...,n + 1} and for any ¢ € CX(U),
implicitly extended to U x R"*! independently of the v-variables (here D; denotes the
partial derivative in x;):

/ (637 — viv;) Dy + Mig) dV = 0: (3)

this is checked by choosing the vector field X = ¢(z)e; in the first variation formula and
computing that divy(¢(z)e;) = P;jjDje = (6;5 — viv;)Djp (with implicit summation
over repeated indices). Identity is a lift to the oriented Grassmannian bundle of
the first variation formula; in the situation of interest in Theorems [I] and [2| where the
generalised mean curvature of V¢ = (9*Ey, 14, 1,0) is induced by an ambient function
g¢, (3) holds with M!(z,v) = go(z)v in place of M and V¥ in place of V.

We have, in Theorems [I] and [2] a uniform mass bound and a uniform L*° bound
for the mean curvatures. Then we can pass to the limit, both in the sense of (un-
oriented) varifolds for qﬁVﬁ , by Allard’s theorem, or in the sense of oriented varifolds
by the result of [7] recalled earlier (note that c(V¥) = 9[E,] are cycles). We let V'
be the oriented integral varifold obtained in the (subsequential) limit; then q;V is the
limit of qﬁVZ. The interest in considering is that (since we have uniform bounds

on [ |J\_ﬂ|pdV, from the L°°-bounds on ﬁ), the identity can be passed to the limit,
obtaining [ ((6;; — vivj)Djp + guip) dV = 0. However, this does not mean that gv
(appearing in the identity) is the generalised mean curvature of q;V, as shown by the
example of CMC surfaces converging to a double plane (see Section . In that example
(with gp = 1 for every ¢) the limit in the sense of oriented varifold is (P,v,1,1), where
v is either of the two choices of unit normal on the plane P. The identity (3) holds
with M; = v; for the limit. In other words, M = v on the lift of (P,v) and M = —v
on the lift of (P,—v). It is only the average of M that is 0, i.e. the mean curvature of
P: as we are about to see, this is not accidental.

Lemma 2.1. Let V be an oriented integral varifold in U, V = (R, &, 01, 62) with nota-
tion as in Section . Assume that there exists fori € {1,...,n+1} a function M; in
LP(V) such that the following identity is valid for every o € CH(U) (¢ is thought of as



a function on U x R that is independent of the variables in the second factmﬂ):

/ (617 — viv;) Dy + Mig) dV = 0. (4)

The first variation (5(qﬁV) 1s @ Radon measure in U that is absolutely continuous with
respect to ||V||; the generalised mean curvature of g,V (the Radon-Nikodym derivative
of 0(q;V') with respect to ||[V]|) is given at a.e. point in R by the weighted average of

the vector-valued functions M at the points (x,€) and (z,—€):

01 () M (2, £(x)) + Oa(z) M (x, —&(z))
(01 + 92)(.7)) ’

Proof. For i fixed, consider the measure M;V and denote by pu its pushforward by
moq. Then u is absolutely continuous with respect to ||V||. Indeed, if A is such that
IVI(A) = 0 we also have V(A x R"!) = 0 and hence (M;V)(A x R"*!) = 0, which
shows u(A) = 0. We denote by H; the density of p with respect to |V||, which gives
(Radon-Nikodym theorem) p = H;||[V|. We claim that the first variation of q;V is
given by the Radon measure that is absolutely continuous with respect to ||V and
whose generalised mean curvature (the density of said Radon measure with respect to
|V||) is the function H = (Hy, ..., Hpy1). Indeed we have, for every ¢ € C1(U), that
the first variation of g4V evaluated on the vector field pe; is given by

H(z) =

/@memp/%QWWH

and Pj; = d;; — v;v;, so the last term is f(éij — v;v;)Djpd V' and this first variation
coincides with (by assumption)

- [wipav = - [ edmo@y0av) =~ [ Hipd|V] = - [ - (e |V

By linearity of the first variation, we conclude that for any vector field X € C}(U) the
first variation of V is given by — [ H - X d||V|. Note that H € LP(|V]).

To complete the proof of the lemma, note that the measure M;V is defined (by its
action on any ¢ € C2(U x R"!) — recall that the action of V extends to functions
in LP(V), and M;yp is such a function whenever ¢ € C9) by (M;V)(p) = V(M;p) =
Jp 01(2)Mi(z, £(2)))p(x, £(2))) + ba2(2) (z, =€ (2)))o(x, =E(x))) dH"(x). The pushfor-
ward of M;V via 7o q is the measure u defined (by its action on ¢ € C2(U)) by

1(9) —/E(91($)Mi($,§(x))+92($)M¢(%‘, —¢(2))) () dH" ().

Since ||V]| = (01 + 62)H"L R and (6, + 02) # 0 a.e., we conclude that, for ||V |-a.e. x,

_ O1(x)M;(z,(x))+02(x) M;(x,—&(x
Hy(z) = DML Hale(omt(e)) O

We note that, if @; # 0,6 # 0 for the limit V' of V¢, we have that the function gv
is odd on V', while M in is naturally even; hence gv cannot restrict to the “lift of
the mean curvature”, unless the limit ||V|| has a.e. multiplicity 1. (This is in agreement
with [14], p. 375, case (ii)].)

3We do not worry about the fact that ¢ is formally not compactly supported in U x R*™!, as the
support of V' is in U x S™, hence one can always cut-off ¢ in the v-variables.
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2.3 Oriented integral varifolds with curvature

Definition 1. An oriented integral n-varifold V in U C R"*! (recall that V is a Radon
measure in U x S* C U x R" 1) has curvature if there exist real-valued V -measurable
functions Wi, fori,a € {1,...,n+ 1}, defined V-a.e., such that the following identity
holds for any ¢ € CH({U x R™1) (with summation over a repeated index):

[ (@5 = v323) D3+ Wi D3 = (Wors + Woso)9)dV = . (5)

The notation D} denotes the partial derivative with respect to the variable v, in the
second factor R™ | while Dj denotes the partial derivative with respect to the variable
xzj in U. We say that V has curvature in L7 if Wy, € LA(V') for all i,a and we refer to
the collection Wiq (i,a € {1,...,n+ 1}) as curvature coefficients.

Remark 2.1. If V is as in Definition With curvature in L{ _(V), then the first variation
of q;V is representable by integration of an L (||V]|) generalised mean curvature.
To see this, test with ¢ € C}(U) (extended independently of the v-variables to
U x R"1); we obtain [ Pis(Dsp) — (Wyv; + Wyiv.)pd V. = 0. Then Lemma
used with M; = Wy, + Wy, € Llloc(V), implies that the first variation of q4V is
represented by integration of the average of M;, which is then in LL (||V]]).

loc
The following argument justifies the requirement of (5 and shows that a C? hyper-
surface oriented by a choice v of unit normal is naturally an oriented n-varifold that
satisfies Definition |1} We use the notation (as in [7]) d; = P;sDs. Equivalently, for any
function f, &;f is the i-th component of V7 f, the projection of Vf onto the tangent

space, or also 6; f = V7 f, where eiT is the projection of e; onto the tangent space.

Claim. Let M be an oriented C%-embedded hypersurface in U, with a chosen unit
normal v. Let V be the oriented integral varifold associated to (M,v,0:,602). Then V
has curvature in the sense of Definition [1} with W;,(z,v) = §;(v,) for (z,v) such that
v =v(z) and Wis(x,v) = —06;(v,) for (x,v) such that v = —v(x), where v, = v - e,.
(This defines W;, for V-a.e. (z,v).)

The verification of the claim involves only the use of the divergence theorem, (just as in
the case of (unoriented) curvature varifolds in [7]) for the vector field X = ¢(x,v(x))e;
(where ¢ is as in Definition . Denote the tangential part of X by X7 = ¢P,;e,. Then
VM(XT)" = Puig-(¢Pri)ei, so that divy X = e, - VM(XT)" = P52 (¢P.:). Then
the divergence theorem | o divar X TdH™ = 0 gives (using P,sP.; = Py; and P, = Py;)

0 n 0 . o
/M PTST%(¢PTZ)CZH = /M Prs <8.%'S¢(x’ I/(l‘))) Pm + d)(srpm =

- / PZS(DS¢) + (DZ@@W + (bérpri =0.
M

Note that 6; P, = 6;(d;r — vjur) = —(8vj)vr — (d;vk)v;. The functions Pjy, v, vy, are
evaluated at (z,v(x)), hence 0;(ve(x,v(x)) = d;vp (where vy = v-ey). Therefore we can
define Wiy(z,v) = ;v for (z,v) such that v = v(x). The previous identity becomes

/ (815 — vivs) Doth + Wi D — (Wrpts + Wrgy)) dH" = 0,
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with the integrand evaluated at (z,v(z)). Similarly we set Wi,(x,v) = —d;v for (z,v)
such that v = —v(x) and we get

/ ((515 - Uivs) Dyop+ Wiy D;(Z) - Qb(Wrr'Ui + Wrivr)) dH" = 0,

with the integrand evaluated at (x, —v(z)). Note that we have defined Wy, V-a.e. A
linear combination of the two identities with coefficients respectively 6,0y gives ().

We note that, in the above example, W;, is odd in v, in the sense that V-a.e. we
have Wy (xz,v) = —Wy(x,—v). It does not seem a priori clear that the coefficients
Wia In are necessarily odd in v. A related issue is whether there could be distinct
choices of W;, for which holds. (As seen in Section if we require the validity of
only for test functions ¢ independent of v, then there are indeed multiple choices
for M;, since only the weighted average is uniquely determined.) The following result
is key for our arguments and settles this issue.

Proposition 2.1 (Curvature coefficients are unique and odd). Let V' be an oriented
integral varifold with curvature, as in Deﬁm’tz’on and assume that Wi, € L}, (V) (for

alliya). Then Wi, are odd functions, that is, V-a.e. we have Wig(x,v) = —Wi,(z, —v).
Moreover, any two choices of curvature coefficients in (3) must agree V-a.e.

Remark 2.2. If we were to add the requirement that W;, are odd in Definition [1| we
would not gain any advantage in our forthcoming arguments, since the odd condition
does not pass in any standard way to the limit under oriented varifold convergence.

We will prove Proposition [2.1]in Section[3] We further have the following properties
for curvature coefficients. We note that (a) is a consequence of Proposition[2.1] while (c)
follows from the stronger statement established in Section [3] so we postpone its proof.
We will make use of (a) in the proof of Theorem [2|in Section {4} (b) and (c) are, strictly
speaking, not used in the proof of Theorem [2] and are given here for completeness.

Proposition 2.2. Let V be an oriented integral varifold with curvature, as in Definition
and assume that Wi, € LL (V) (for all i,a). Then

loc

(a) the function —(W,v; + Wyv,) appearing in (@) is V-a.e. the (even) lift ofﬁ- e,
where H is the generalised mean curvature vector of q;V';

(b) Wij’l)j =0 V-a.e. 5

(¢) V-a.e. we have Wij = Wj;, and Wyv, = 0 (so that the mean curvature term in
(@ can be written as —W,v; ).

Proof. (a) As in Remark for any ¢ € C}(U) (extended independently of the v-
variables to U x R"*1) we have [ Pis(Dsp) — (Wyrv; + Wyivy)d V = 0. Proposition
imp_ljes that —(W,,v; + Wyv,) is even in v. By Lemma it must then the (even)
lift of H - e;.

(b) For any ¢ € CH{U x R™1) we test in with ¢ = (1 — v,vp)1 and obtain
J (1 —=vpvp) Pis(Dst)) 4 (1 — vpvp) Wia Disth + 20, Wigth — (Wipv; 4+ Wiivp ) (1 — vpup )d V =
0. Note that (1 — vpvp) vanishes identically on U x S™ (hence on spt(V')), therefore
f vaWiqdV = 0. Since 9 is arbitrary, we conclude. ]
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Remark 2.3. We will prove (c), that is, W;; = Wj; V-a.e., in Section This, combined
with (b), gives also that W,;v, vanishes V-a.e. We note that the condition W;.;u, = 0 is
equivalent to the fact that the generalised mean curvature H of q;V is a.e. orthogonal
to the approximate tangent to [|q;V|| (which is known to be a.e. true, [4, Chapter 5]).
Indeed, using (a), we have —(Pﬁ ) €q = Poi(Wipvi + Wiivy) = Wi (Piv;) + Whidaivy —
Wivgvivy, = Wy, (using (b) and Pyv; =0 V-ae. ).

2.4 Relation with curvature integral varifolds in [7]

While not essential for the forthcoming sections, we compare here Definition [I] to
the notion of curvature integral varifold in [7] (see also [I0]). The validity of (5] for
V with Wi, € LL (V) implies that q;V is a curvature integral varifold in the sense
of [7]. Indeed, let ¢ € CHU x R"D?), with variables P;; in the second factor,
i,j €{1,...,n+1}. Then ¢(z,v) = p(x, P(v)) with P;;(v) = d;; — v;v; is admissible

in (5)). The chain rule gives Dj¢ = —D3,p (vj0gp + vpogj). We now substitute in :

/ (((Sl] — ’UZ"U]')DJ‘ — (I/Vipvj + Wijvp)D;pcp — (Wrﬂ)i + Wm"Ur)gO) dV =0,

where ¢ and its derivatives are evaluated at (z, P(v)). As the function —(W;,v;+W;jvp)
is even in v (by Proposition , it descends to a well-defined (qyV-a.e.) function in

U x RD? that we denote by A;jp. By definition of push-forward measure then

/ (PijDjp + AijpDjpp + Avipp) dqgV = 0. (6)

The existence of real-valued functions A;ji, for i,7,k € {1,...,n + 1}, defined q;V-

a.e. (in U x R(”+1)2) such that this identity holds expresses the fact that q;V" is a
curvature integral varifold in the sense of [7]. Note that (as expected from |7, Propo-
sition 5.2.4|) A;jr, = Aii; and (using Proposition (b)) Aij; = 0.

In the above situation (V' is an oriented integral varifold with curvature in the
sense of Definition (1)) the curvature coefficients W;, are determined by the curvature
coefficients A;ji. of g4V by the following relation (we also include the coefficients ij
of the generalised second fundamental form of q;V" as in [7]):

Wia(z,v) = = Paq(v) Aigp(2, q(v))vp = =B}, (x,q(v))vp.

To see this, we observe that A;;,v, = —Wipvjv, — Wij, hence PyjA;jv, = —FPyjWij.
Moreover, Wjq = 6q;Wij = PojWij + Wijvjv, = PojWij (using Proposition (b)).

While the idea (illustrated in Section [2.3) behind Definition [I]is the same as for the
notion of curvature (unoriented) varifolds in [7], to avoid confusion we remark that in
[7] the notion of curvature varifolds CV,,(U) is essentially given only for (unoriented)
integral varifolds. In the case of an oriented integral varifold V' € IV,?(U), [7] defines
V € CV(U) (oriented curvature varifolds) by the requirement that q,V € CV,,(U).
That is, in [7] an oriented integral varifold is said to be a curvature varifold when
the associated (unoriented) varifold is a curvature varifold. In Definition [1] instead
we require the defining identity directly on the oriented varifold V', in order to
say that it has curvature; the functions W;; are defined V-a.e. (thus in the oriented
Grassmannian bundle U xS C U x R**1). Our notion may a priori be more restrictive
than membership to CV,2(U) in the sense of [7]. (The two notions coincide if V' is
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sufficiently regular. For example, if V is associated to a C?-embedded hypersurface M,
the condition that V is an oriented curvature varifold in the sense of Definition [ is
equivalent to V' € CV,2(U) in the sense of [7].)

In the forthcoming sections we will work with oriented integral varifolds associated
to reduced boundaries (without any regularity assumption). We will use the terminol-
ogy “V is an oriented varifold with curvature”, or “the oriented varifold V' has curvature”,
to mean the condition in Definition [I] w1thout reference to the class CV,2(U) of [7].

3 Curvature coefficients and their geometric counterpart

The aim of this section (see Proposition below) is to relate the coefficients Wi,
appearing in , which are just functions on V, to “geometric” curvature coefficients
associated to the weight measure ||V||. We assume that Wi, € LL (V) for all i,a. As
a byproduct, we will also establish Proposition 2.1}

We begin by recalling that q;V" is an integral varifold with first variation represented
by a function in LIOC(Hqﬁ(V) ), as observed in Remark The weight measures of V'
and qy(V') are the same, ||V|| = [[qy(V)||. We denote by R the n-rectifiable set in R™*!
such that V' = (R, §,01,02), and q4(V) = (R, 1 + 02).

The result of Menne [II] (see also [13], which proves a weaker version that is suffi-
cient for the proof of Theorem 2] since an L bound on the generalised mean curvatures
is available) guarantees the C2-rectifiability of ||V|], namely there exists a collection
{M;}52, of C%-hypersurfaces in U such that HV||(U\ (U521 M;)) = 0.

Upon possibly redefining the hypersurfaces M, we may assume that each M; admits
a continuous choice of unit normal vy, E| Con51der for each j, the lift of M; to U xS" C
U x R™1 that is the C! hypersurface M; = {(z,v) € U x R™!: |v| = 1,z € Mj,v =
+v,(z)}. (Note that if M; is connected then M; has two connected components.)

Remark 3.1. The measure V' is absolutely continuous with respect to H" I_(U;-";IMj).

Assume that A C U x R™"! satisfies H”(AH(UOO \M;)) = 0. Denote by @ : U xR —
U the standard projection and by v*(R) the two sets defined respectively by

vE(R) = {(x,v) € UxR™ : 2 € R, the approximate tangent T}, R exists, v = +£(x)}.
Then by definition of V' we have
V(A) = (1 H")(w(ANvT(R))) + (02H")(w(AN v~ (R))).

By (C'-)rectifiability, for any j we have that at ||V|-a.e. € M; the approximate
tangent to R at x exists and agrees with T,,M;, and {(x) = +v, (). In other words,
for every j there exists N; C M; such that ||[V||(N;) = 0 and for every x € M; \ N; we
have that = € R, the approximate tangent to R at x exists and (z, +&(z)) € M;. Hence
vE(R)\ (N x R € (U2, M;), where N = No U (U2, N;) and No = R\ (U2, M;);
note that ||[V||(N) = 0. We then have that cw(ANv*(R)) C w(AN(UsZ \M;))UN. This

inclusion gives V(A) < ((61 + 62)H™)w(AN (UOo M;)). Recalhng that the projection
decreases the H™-measure, H" ( (AN (U ) (Aﬂ (szle)) =0, we

conclude V(A) = 0.

“This can be ensured by considering, for each j of the initial family {M;}, the hypersurfaces
M;N B2 (z) with 2 € U having rational coordinates, and with » € Q sufficiently small to ensure that
M; N B2 (x) is orientable. There are only countably many choices for z and r, so the claim follows.
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By the previous remark and by Radon-Nikodym’s theorem there exists a function
o€ Li <’H”I_(U]9’il]\~4j)> such that V = O'/HHL(U;ile). This is (by definition)

loc
a rectifiable measure. By the characterisation of rectifiability through approximate
tangents (e.g. [16, Chapter 3]), for V-a.e. (z,v) the approximate tangent measure to V'
at (z,v) exists and is o(x,v)H" LI, , for an n-dimensional subspace II,, in R"T! x
R 1 Explicitly, denoting by N(aw)r(+) the dilation @, this means that for r — 0

the measures T%(n(x’v)m)ﬁv converge to o(z,v)H"LII;,, that is, for every function
¢ S Cg(n(m,v),r(U) X Rn+1)7

ri”(b d(n(m,)ﬁV) — o(x,v) /qﬁd?—l"l_ﬂzm as r — 0.

The above also implies (choosing ¢ to be a smooth, radially symmetric non-negative
bump function in R?"*2 such that its value on the unit ball is 1, it is decreasing in the
radial variable, and its support is the ball of radius 1+ §, with § > 0 arbitrarily small)
that liminf, 0 =V (B(116)) = 0(2,v)wn, and limsup, o ==V (By) < o(z,v)(1+0)"wy,

hence
V(B (z,v))

o — o(x,v)wy. (7)

We next check that for V-a.e. (z,v) the following holds (note that V-a.e. o > 0):

‘/ a(ifv) WiqdV — Wig(xz,v)| = 0 asr — 0, (8)

where y is an any smooth, radially symmetric bump function in R?"*2 such that
its integral on any n-plane through the origin is equal to 1 and we use the notation
xrl() = gox ().

Recall that W;, € LIIOC(V), therefore V-a.e. point is of Lebesgue continuity for Wj,,
that is, for V-a.e. (z,v)

1

V(B,((z,v)) /Br((:c ) Wi — Wig(z,v)]dV — 0. 9)

Then

/ Xt WdV — Wia(z,v) _/ Xr Wde—Wm(x,v)/ YAH™ =
o(x,v) o(z,v) Moo

:/(XT(Wm—Ww(:c,v))dV—i-Wm(x,v) / s dv—/ Xd%n ’
o z,o

z,v) o(x,v)

—0 as r—0
where the last term tends to 0 by the characterisation of tangent measure above, used
with x in place of ¢ (and using the definition of push-forward measure). Denoting by
C > 0 the radius of a ball that contains the support of x we also find

n
‘/ - (Wia—Wia(fE,U))dV < HX”LOOC/ |Wia—WZ‘a([B,’U)’dV
o(z,v) (CT)" JBe, ((x))

o(x,v)



V(Br((xv
A [, (@ Wia=Wiale: 0)|dV = SN0 ot fo ) Wia=Wia @, 0)ldV

rn

tends to 0. By and @D, we conclude .
Next, we point out that, for every given j, for V-a.e. (z,v) € Mj it holds:

(X7, V) (Br (,v)) _ (o H"LM;)(By(z,v)) = o(z,0)w, asr—0.  (10)

Indeed x v is V-measurable and in L] _(V), so by the Lebesgue continuity property,
for V-a.e. (z,v) it holds m fBT((LB,’U)) XdeV — X, (z,v) asr — 0. As observed

in @ v BT V(B ((wv)) _, wpo(z,v) for V-a.e. (z,v), so follows.
Similarly, for every given j, and for every (i,a), for V-a.e. (z,v) € Mj it holds:

1
_ Wia Xx7. — Wia(z,v)|dV — 0 — 0. 11
o(x, v)w,r™ /Br(w v) Wia i, ia(@,0)] asr (11)
We are now ready to prove the main result of this section, from which Proposition
[2-1] follows immediately.

Proposition 3.1. Let V be an oriented integral varifold with curvature in L}, (V') (as in
Deﬁmtwnl) and let {M;}32,, (M }521 be as above. For any j, for V-a.e. (l‘ v) € M;
the curvature coefficients W;, appearing in @ are given (i,a € {1,...,n+ 1}) by

Wia((z,0v)) = &;(VMJ.)Q forv=wy; () and Wig((z,v)) = —6; (v ) for v =~V (x).

Remark 3.2. As shown earlier, V-a.e. point is in at least one of the Mj’s, so the
conclusion covers indeed V-a.e. point. It also follows from the proof that the conclusion
is V-a.e. well-posed (even though a point may belong to more than one of the M;’s).

Proof. We are going to prove the statement at an arbitrary (xo,v9) € Mj such that
Ty R exists, Ty, M; = T, R, Lvy is orthogonal to T, M; at xg, and such that , ,
@, and hold with zg, vo in place respectively of x, v. These conditions are
all verified at V-a.e. point in M}, as checked above.

Since we have either vg = vz, (7o) or vo = —vp; (o), we begin with the first of these
two instances. Let f be a C? function defined in a neighbourhood O C U of xg, chosen
such that M; NO = {f =0}, Vf #0in O and % = vy, Define ¢, : O x R"*t 5 R

by D.f
i

Let ¢ : R*1 — [0,1] be a smooth function (of v) that is identically 1 in an open
neighbourhood of the set {v : v = vp;(p), p € M; N O} and identically 0 in an open
neighbourhood of the set {v : v = —vas, (p), p € M;NO}. The fact that these two sets

are a positive distance apart can be ensured by taking O sufficently small. We define
P(x,v) =¥ (v) on O x R**1. We then check that

¢a($,v) = Vg —

=y
— [YpaldV — 0 asr — 0. (12)
"B, (wo00))

Indeed, ¢, vanishes on M by construction (¢, vanishes on M N{y # 0}). Moreover
(by Cl-regularity of 1a,), there exists C' > 0 such that |¢,| < Cr on B, ((zo,v0)) for
all sufficently small r. Therefore . follows from the fact that hmrﬁo V(B ((xo,v0))\

16



M ;) = 0, which is given by the assumed validity of and 1) at (zo,vp). Similarly,

we have
1

s / |Dj| |paldV — 0 as r — 0 for every /. (13)
r((x0,v0))

Testing (5)) with ©¥B¢, (in place of ), for an arbitrary 8 € C1(O x R™"*1), we find

0 (—-D,
/(5z's — vvs) BY oz, ( |Vfif

+ / Wl“baDZ(ﬁw) av — /ﬁ'@bgba(WMUi + Wm'Ur)dV =0.

> dv+/(5is_vivs) (Dsﬁ)w(badv"i‘/wia/@wdv

We let 8= ¢ ) in the above identity, where x and Y, are as described for , and

o(zo,v0
analyse the five terms. Since |Df| < 7'"% (for a constant K depending on (zg,vp)), by
and ~the second term tends to 0 as » — 0. The fourth term, as the integrand
vanishes on Mj, can be replaced by [ Wis¢eDj;(8v¢)(1 — XZ\?[j) dV, which is bounded

in modulus by TQ” fBr((a:o ) |Wie| (1 — XM]-) dV, which tends to 0 as » — 0 by , @),

1’ The fifth term is bounded in modulus by % [ Wypvi + Wyiv,|d V, which also
tends to 0 as » — 0 by , @D Since ¥ = 1 on the support of § for all sufficiently
small r, we obtain that the third term tends to Wj,(xg,v0) by . The first term tends

to (0;s — (vo)i(vo)s)a%s <%) (o) (because (zg,vp) is a point of continuity and thus

of Lebesgue continuity of (9;5 — vivs)a%s (%) (z)). In conclusion

0 [ D,
Win(z10) = (B = (0)(10)2) o () (20) (19
The second instance, that is the case in which (zg,vo) satisfies vg = —wvp; (o), is

addressed in the same way, noting that —f can be used in place of f, and it leads to

0 ([ D.f
Wi = —(d;s — ; . 15
o n) = =0 = (o)) - (k) (ao) (15)
In other words the value of Wj, agrees with the curvature coefficient of M; computed
with respect to VM, ifv= VM, and with respect to —VM; if v= —VUM;- O

Remark 3.3. Given functions W;, € LIIOC(V) for which (b)) holds, W;, have a well-defined
Lebesgue value V-a.e., and this is the value Wj, (g, vo) for which we have the validity of
in the proof just given, regardless of the chosen j. Therefore the relations and
are valid with the same left-hand-side regardless of j. In particular this guarantees
that, except possibly for a set of vanishing V-measure, if (z,v) € Mj N M;, then the
curvature coefficients of M; and M}, are the same at x. This confirms Remark and
is not surprising: V is a rectifiable measure and so V-a.e. the approximate tangent
I, exists and agrees with the approximate tangent to T%U)Mj independently of j:

the tangent T(xo,uo)M ; determines the right-hand-sides of |D and .

proof of Pmposition (c). For each C? hypersurface M oriented by a unit normal
v, we have by direct computation &;(vys - €4) = —(Vorel )N = —B(el',el), where
the tangential and normal components of a vector are denoted respectively using upper
indices T' and N, and B is the classical second fundamental form, whose symmetry

gives 0;(var - €q) = 0a(Var - €;). Then the conclusion follows from Proposition O
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4 Proof of Theorems [1] and 2

For each ¢ we have the validity of , with V¢ = (0*Ey, v4,1,0) in place of V and
W'fl in place of Wj, (as assumed in Theorem :

/ ((513 — vv5) Dy + W, Dy — p(WE v; + Wfivr)) dv*=0. (16)

Remark 4.1. Note that Theorem [I] is indeed a special case of Theorem [2 This fol-
lows from the argument in Section which shows that V¢ = (9*Ey, vy, 1,0) is an
oriented integral varifold with curvature, with curvature coefficients szl = 6i(VE,)a-
By direct computation, §;(vg, - €,) = —(Vorel )N, where T and N stand respectively
for tangential and normal components of a vector with respect to OE,. Therefore
ff%i’j |VVZ-Ej|quZ < faEg | BY|9dH™, where B’ is the (classical) second fundamental form
O E@.

Our first observation is that the class of oriented n-varifolds in @ C R™*! with
curvature in L? is compact (in the oriented varifold topology) under locally uniform
bounds on the masses and on the L?-norms of the curvature coefficients, for ¢ > 1.
This can be deduced as immediate consequence of the (more general) convergence of
measure-function pairs in [7] (using [7, Proposition 4.2.4 and Proposition 4.4.2 (ii)]).
We prove it here directly, in terms of convergence of (vector-valued) measures, using for
the lower semi-continuity a well-known argument found in [5]. (Here we work on the
sequence V¢ under consideration; the general statement of this compactness property
will be given in Proposition [5.2})

Consider the sequence of vector-valued measures jiy = Wt V¢ where W is the vector
with (n+1)2 entries {W } for (a,i) € {1,...,n+1}x{1,...,n+1} (for a fixed order on
this set of indices). By assumption, [;;. pni1 (WE|9dV*t < K for all £ and for all 4, a, for
the given ¢ > 1. Then the measures jiy have locally uniformly bounded total variations,
|fie| (U x R*MY) = [ poia (W dVt < KY/1CY4 | where C is the upper bound for the
perimeters of E; in U (provided by ) and ¢’ is the conjugate of q. By standard weak*
compactness for Radon measures we can extract a (subsequential) limit . (We will use
below the fact that the total variation is lower semi-continuous.) Extracting possibly
a further subsequence, we also have the existence of an oriented integral varifold V'
to which V¢ converge, thanks to the compactness theorem of Hutchinson, recalled in
Section Let A C U x R™"! be open and bounded; for ¢ > 0 let A; be the set of
points in A at distance > ¢ from 9A4; let u € CO(A) with u = 1 on A; and u > 0. Then:

|77 (Ay) < liminf 77| (Ay) :liminf/ (WHdvt < liminf/ u|Whdv*t <
{—00 {—o0 Ay UxRn+1

£— o0

. 1/q , 1/q , 1/¢
lim inf ( / |W‘f|qdvf> ( / u? dvf> < KY9lim inf < / u? dV€>
{—00 UxRn+1 f—o0
1/q
— Kl/a (/ uq/dV> < KV V(A)l/q/.

Then (since these are Radon measures) we get |fi|(A) < K7V (A)/ for any Borel
set A. In particular, f is absolutely continuous with respect to V' and is thus of the
type WV, with W € LIIOC(V). We will denote by W;, the components of W.
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The convergence WV —~ WV (weak* as vector-valued Radon measures) is equiv-

alent to convergence as measure-function pairs of (W7, V*) to (W;4, V), in the sense of

[T, Proposition 4.2.4]. Both notions amount to the fact that for every (i, a)
/ Wi edvt — / WiaddV for every ¢ € CO(U x R*1).
Thus, for every ¢ € C}(U x R"*1), passing to the limit, we obtain

/((52-5 —vvs) D5 + Wig Dip — p(Wipv; + Wiivy)) dV = 0. (17)

The oriented integral varifold V' thus has curvature in the sense of Definition (I with
curvature coefficients Wi, € LL (V). In fact, we have W;, € Li]OC(V). (For the rest
of our arguments in this section, we will only require that W;, € LL (V)).) Being

convex, y € R("+1) — |y|? is a supremum of countably many affine functions, ly|? =
SUP, e (@m + by - ) for a suitable choice of a,, € R, by, € ROD?. Then we have, for
each m, and for any ¢ € CO(U x R"*1),

/(am + by - W dV = Jim f (am + b - WO AV < lim inf/ [WEapdVe.
—00 —00

One can verify (this holds whenever a function is defined as a supremum) that [, |W|2dV =
sup {ZmGN [ (am + by, - W)gbm dV}, where the supremum is taken over all possible

choices of {¢m }men with ¢, € C2(A), 0 < ¢y, < 1, with spt(¢,,) pairwise disjoint and
A having compact closure. It then follows that [, |[W[?dV < liminfy o [, [W*|9dV".

proof of Theorem[3. From Proposition( ), —(Whv+Who,) in is the lift (V-
a.e.) of H. e;, where HY is the generalised mean curvature of |0* Ey|, which is gsvy by
assumption. Hence Vf-a.e. (z,v) we have —(W/v; + Whv,)(z,v) = gi(x)v;, the i-th
component of 7 (z,v). (Recall that V¢ = (9*Ey,vg,, 1, 0) so the measurable choice of
orientation is vg,.) Then can be equivalently written as

[ (6= vin Do+ WL, i+ bguus) av =o.

Passing to the limit, since gyv; — gv; in C%(U x R™*1) (and the total masses of V* are
locally uniformly bounded), we obtain

/ (815 — vivs) Do + Wia D2+ bgus) dV = 0. (18)

Comparing and , the arbitrariness of ¢ € CH(U x R"*!) implies that
V-a.e. it holds —(W,,v; + Wyv,) = gu;, the i-th component of g(z,v). Again by
Proposition (a), —(Wypv; + Wyivy) is the lift of H- e;, where H is the generalised
mean curvature of ||V||. Hence 7(z,v) = g(x)7 = H(z) (that is, 7 descends to H and,
in particular, the prescribed mean curvature feature holds for V).

Since c(V*¢) = 9[E,] and O[E,] — O[E] (as currents), we conclude that c(V) =
J[E] and therefore V = (0*E,vg,1,0) + (R,n,0,0), for an n-rectifiable set R and
0:R — N\ {0} in LL (H"LR), and n a measurable choice of unit normal on R.
Defining R = 0*E U R we then write V = (R,§,0,02), where £ is the measurable
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choice of orientation on R taken to agree with vgy on 0*E and with n on R \ 0*E
and (01,602) = (0+1,0) on I*ENR, (61,62) = (1,0) on O*E \ R, (61,62) = (6,0) on
R\O'FE
By Lemma (which can be applied since we can test in with ¢ indepen-
dent of v) we find H(z) = 91(x)g(nggilzgEgg(x)g(x), so that necessarily we must have
(01(x),02(z)) = (1,0) for [|V]-a.e. z € {g(x) # 0} . In particular, possibly redefining
R by removing a set of H"-measure 0, R C {g = 0}. Theorems (1| and [2| are proved.
O

proof of Corollary [l We note that we can use {g = 0} as one of the M;’s that give
the C2-rectifiability property for the rectifiable set R such that V = (R, &, 601, 602) (see
Section . More precisely, given the cover {M;}72, as in Section 3| we can redefine
Cy ={g =0}, Cj = Mj_1\ {g =0} for j > 2 to yield a new countable C?-cover
{C;}52,. We can then work with the new cover to obtain (fixing j = 1) that V-
a.e. (x,v) € C) the curvature coefficients Wi, (x,v) of V agree with the “geometric”
curvature coefficients of €7 and, in particular, the generalised mean curvature of q;V’
agrees with hg almost everywhere on S = {g = 0}. On the other hand, by Theorem
almost everywhere on R we have that the generalised mean curvature of q;V' vanishes
and that R C S. Therefore hg = 0 almost everywhere on R. If H"(R) > 0, there is
a H"-measurable set Z C S with H"(Z) > 0 and such that hg = 0 on Z. Then there
would be a point (of Lebesgue density 1 for Z) where hg vanishes at infinite order,
contradiction. So H"(R) = 0, that is, V = (0" E,vg, 1,0). O

5 Riemannian setting and more general hypersurfaces

Assume that €2 is an oriented Riemannian manifold of dimension n + 1 (as we
are addressing a local problem, orientability can always be assumed without loss of
generality). We will embed €2 isometrically in and open set U C RY, for N sufficiently
large, and denote by S(z) the matrix of orthogonal projection from RY onto 7,2 ¢ RY.
Following [7], V' is an oriented integral n-varifold in € if it is an oriented integral n-
varifold in U and spt ||V|| € Q. This means that V = (R, N, 6, 0y) for an n-rectifiable
set R C U, a measurable choice of orientation N(z), with N (z) a unit simple (N — n)-
vector whose span is orthogonal to T, R in R"V, and two locally summable integer-valued
functions 61, f2; moreover we have imposed R C €. Recall that, in particular, V is a
measure in U x G°(n, N), where the second factor is the Grassmannian of oriented
n-planes in RY, which naturally embeds in A"(RY) = R,

To exploit the codimension-1 property of V in €2, we note that N determines
uniquely a measurable function £ : R — S0, where S is the unit sphere bundle
of Q, by the relation & A Nq = N, where Ng is the smooth determination of unit simple
(N — (n+1))-vector that orients the normal bundle of Q in RY. Note that SQ C TQ is
realised as a smooth subbundle of Q x R, with fiber at 2 € Q given by S¥ "1 NT,Q (an
n-sphere). This allows us to treat V as a Radon measure in U x RY, whose defining
action on ¢ € CO(U x RY) is

Vig) = /R (61 (2) 0, £(2)) + O(x) o, —E())) dH" ().

In fact, V is supported in SQ2. We write V = (R, &, 01, 62).
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Definition 2. We say that the oriented integral n-varifold V- = (R, §,01,02) in  has
curvature in LY . if there exist functions Wiq € L] (V), fori,a € {1,...,N} such that

loc

the following identity holds for all ¢ € CH(U x RN):

/ ((6sk — v50k) Skt (Dsp) + (D) Waa + (6ir — vive) Sr Airp o+

=S (Wjrvp + Wigv,)Sije) dV =0,

where Zijk = Sir D, Sji, are the curvature coefficients of € in RN (these are smooth
functions of x) and Dj;, D} denote the partial derivatives respectively with respect to

the variable x; (in U C RY) and v, (in RY).

Define, for 4,5 € {1,..., N}, the function P;j(x,v) = (d;x —v;vx)Sk; (which appears
in the above identity). Note that when v € T, is unit, the matrix P(x,v) represents
the matrix of orthogonal projection from RY onto the n-dimensional subspace orthog-
onal to v in T,Q. When v is a unit normal to a hypersurface M C 2, then P is the
orthogonal projection from RY onto T, M C RV,

We point out the following relations, that involve the (smooth) curvature coefficients

of Q. Recall that (see [7]) Aip = Aipy = E?r + B}, where Efj = (ﬁeiTe]T, elY) stands
for the second fundamental form coefficients of  in RY for i,4,k € {1,..., N}, with
V denoting differentiation in RV and T and N denoting respectively tangential and
normal components with respect to 2. We have:

S; By, = Sjr<VedTeiF,ej‘> = S;(B(e},el),e;) = S (Ble}.el)) e, =0-e, =0;
- —=b - —=b
Py Aiwy = Py By + Py By = Py B;

)

SabSyrZirb = SabSyrE?r = SyrSabEi‘)r = 0, hence also Pkadedkj =0.

using P, = -Pinyr;

The defining identity for W, in Definition [2]is then equivalently written as
—=b
/ (Pu(Dsp) + (D) Wha + P Biyip = S(Wigvy + Wyor)Sgip) AV = 0. (19)

Claim. Let M be a C? hypersurface in €, oriented by a choice of unit normal v.
The associated oriented integral varifold Vy; = (M, v, 1,0) satisfies the conditions in
Definition 2L

proof of the claim. Consider the vector field ¢ey, for b € {1,..., N} and ¢ € C}(Q).
Then the component tangential to {2 is given by ¢S;pe,, and the component tangential
to M is given by (¢Spper)! = ¢P,jSppej, so that diva(¢pSrper)' = PsjDs(¢PrjSrp)-
Then the divergence theorem gives

/Perrb(Ds¢) + Psr(DsSrb)¢ + stSrb(DsPrj)¢ = 0.

Since P o S = P (and with the usual notation §; = P;sDs) we rewrite the identity as

[ PalDa6) + (5:5)6 + 505,100 = 0.
Substituting P.; = (§,x — v,vg)Sk; and setting Wiy, = 6;(v - ex) = P Ds(v - ey),

5jPrj = (67‘k - vrvk)éjSkj - (6jvr)vk5’kj - (5jvk)vrSkj = (67’19 - Urvk)-deSerrSkj
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—(5jvr)vk5kj — (5jvk)vTSkj = (5rk — Uﬂ)k)dedej — erkakj - ijUrSkj-

Moreover, 6;Sp, = PraDaSrp = PirSiaDaSry = P;.(0:Sr) = Py Ayp. (We use the
notation 0; = S;gDg.) The identity becomes then

/Psb(Ds¢) + Py Airp® + Srv(0rk — vrvi) PjaAarid — Seo(Wirv, + Wikvy) Sk = 0,
S—_—— —
Pyy,

and the third term vanishes (by the relations given above). Taking ¢(z) = ¢(z,v(x))
for p(z,v) with 2 € RN and v € RY, we obtain:

/Psb(DsﬂP) + (D) P Ds(v(z) - €0) +Pir Aippp — Sro(Wirvg + Wigvy)Skje = 0,

Wha

with ¢ evaluated at (z,v(x)), which concludes the proof that (M, v, 1,0) is an oriented
integral varifold with curvature as in Definition O

Next, we note that, testing with ¢(z,v) = ¢(z) in (19), for ¢ € C1(Q), we obtain
/ (Psb(Ds‘P) + P By — Sy (Wjpvp + ijvr)skj‘;o) dv = 0.

All functions in the integrand, except Wi, and v;, are even in v (some only depend on
). Set Wy(z) to be the weighted average (as in Lemma [2.1) of Sy (W;,vg + Wikvy)Sk;
at £(x) and —¢&(x), which is Llloc(qﬁV). We then obtain

/ (Psb(Ds¢) + Pir Aippp — Wb¢> d(qV) = 0.

The first term in the integrand is divquv(géeb). Therefore the identity just obtained

amounts to the first variation formula evaluated on the vector field e and implies
. . . .. . —RN

that g,V has first variation in Ly, (q;V). Explicitly, [ dive,v(pep) + pey - H(]iv =0,

with H (]il\{/ = (Py- Ay — Wi)eyp (the generalised mean curvature of q;V in RY). On the

other hand, testing with the vector field ¢(x)S.(z)e, = (pep)! gives

/ Psa(Ds(QSSab)) + PirSabZira (yb - SabWa ¢ d(qﬂv) = 07
T/ ~——
= Wb

where we used respectively the relations given earlier and the definition of Wy for the
two braced terms. This identity is [ divqﬁv(cpeb)T + (pep)? - H, (?uV = 0, where the

generalised mean curvature H t% v of @V in § is given by —Wpep. Note that H (% v is

the projection onto €2 of FI&R’:\(/.

We have established in particular the following: if V' is as in Definition [2] the first
variation of q;V in Q is represented by a function in L{ (q;V'). It follows, thanks to
[L1], that for V' as in Definition 2} with ¢ > 1, we have the existence of {M;}22, such
that [|[V[|(U\ (U2, M;)) = 0 and each M; is a C2%-hypersurface in . By redefining the
M;’s we can assume that each of them admits an orientation, with unit normal vyy;.
Then we can prove the following analogue of Propositions and
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Proposition 5.1. Let V and W;, (for i,a € {1,...,N}) be as in Definition [4, with
g > 1, and {Mj};‘;l as above. Then for each j, for V-a.e. (x,v) € M; we have
Wia(z,v) = 8i(vp; - €a) when v = vy (), and Wig(x,v) = —6;(vm, - €a) when v =
—vpp; (). This is well-defined V-a.e. In particular, Wi, is a.e. uniquely defined, and
odd in v.

The proof of Proposition proceeds as in Section [3] using test functions
Daf

- (.CI?),
IV /]

where f : U — R is chosen so that {f =0} NQ = M;, Vf = vy, on Mj. Such f can
be defined on €2 and then extended to U (since 2 is a smooth submanifold and we can
use tubular neighbourhood coordinates, possibly making U smaller).

Ga(T,v) = v,

We moreover have, arguing either directly as in Section , or by invoking [7, Propo-
sition 4.2.4 and 4.4.2(ii)|, that the class of oriented n-varifolds in Q with curvature in
Lf’o . has the following compactness property.

Proposition 5.2. Let {V'}ien be a family of oriented integral n-varifolds in Q that
satisfy the assumptions of Hutchinson’s compactness theorem (see [If, or Section @
and that moreover have curvature coefficients Wf, € L (V) for i,a € {1,...,N}
(in the sense of Definition @) such that, for every compact K, sup, [, [Wh|1dV* <
oo for ¢ > 1. Then any oriented integral varifold V in  that is a limit point of
{V& has curvature W, € LY (V) and we have (subsequentially) Wyt — WV
(as vector-valued measures — here W denotes the vector with entries Wiq for a fized
ordering of {(i, a)}i7a€{17.,,’N}, and W* is analogously defined; the same convergence can

be expressed in terms of measure-function pairs (WY, V%) and (Wi, V) as in [7]).

a’

Since Wy, are odd in v (Proposition , Srp(Wirvi, + Wiivp ) Skj is the even lift of
W,, which, as we saw, is H ‘?u v €. When the mean curvature of V% in Q is prescribed
by ¢¢ € C°(Q), we have Srb(WfTvk + Wfkvr)Skj = —glvy. This is a continuous ambient
function (in U x RV, extending to a tubular neighbourhood of Q). Repeating the
arguments of Section [4] we establish the following general compactness result:

Theorem 3. Let V¢ = (Rg,ﬁg,@{,@é) be a sequence of integral oriented n-varifolds in
an (n + 1)-dimensional oriented Riemannian manifold 0, with supyey || g V*||(U) < o0
and supyey My (90e(VY)) < oo for every U CC Q. Assume that there is ¢ > 1 such that
V¢ have curvatures in L?Oc (in the sense of Definition @, and that the curvature coeffi-
cients are locally uniformly bounded in the LI(V*)-norm. By the curvature assumption,
5(qﬁV£) is represented by integration on ||qﬁV£H of H € LY (|[VY]). We assume that

loc
there exists a measurable choice of orientation vy on Ry such that H' = gevy a.e.
Then every varifold limit is of the type gV for an oriented integral varifold V =
(R,&,01,02) that has curvature in L}Ioc; moreover, there exists a measurable choice of

orientation v on R such that H = gv a.e. (By Allard’s theorem, §(gq;V') is represented
by integration on || g, V|| of He LY (|VI), the generalised mean curvature.)

loc

Indeed, an analysis of the proof of Theorem [2] shows that the condition that the
varifolds in question arise as boundaries of Caccioppoli sets is only used in the following
steps. It permits to give an orientation to said varifolds, so that we can treat them as
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oriented integral varifolds. It permits the use of Hutchinson’s compactness theorem, as
it implies that the boundary in the sense of currents is 0, in particular the boundary
masses of the associated currents are locally uniformly bounded. Finally, once the
prescribed mean curvature condition is established for the limit (in the paragraph
following (18)), it permits the multiplicity-1 conclusion on {g # 0}. In Theorem [3 the
first two facts are already in the hypotheses and we do not aim to conclude the third,
we only need to establish the preservation of the prescribed mean curvature condition:
this follows from the arguments of Section [4| up to the paragraph that follows .

If, on the other hand, we add the hypothesis that V¢ are associated to boundaries
of Caccioppoli sets, we follow the arguments of Section [4] to the end and establish:

Theorem 4. Theorems[1] and[d, and Corollary[d, hold with Q2 replaced by a Riemannian
manifold (of dimension n+1).

Remark 5.1. For completeness, we point out that if V' is as in Definition [2| then:

(1) (as in Proposition we have that Wj;v; = 0 and W;; = Wj;, and in particular
that Srb(erUk + ijvr)Skj = ijSkjvb.

(2) (as in Section q;V is a varifold with curvature in the sense of [7], where we
view q;V" as measure in U x RNQ, and RV has coordinates Pij,i,j€{l,...,N}.

To see this, we take ¢ € CHU x RM?*) and use the chain rule in with
(x,v) = p(x, P(x,v)) with Pjj(z,v) = (dix — vivr)Skj(x):

Ds¢ = DSSO + D:d‘PDsPcd - DSSO + (D:dgp)((sck - 'Ucvk)(DsSkd);
D3¢ = —(D2g)Ska((Dyve) vi + (Davr) ve) = —(Dga0) Skavk — (Drg) SadVe,
6, )
ac ak

so substituting we obtain

) Pbs
/Pszsso + (D7) (O — vevr) PjpSjs(DsSka) —
—_——
PijpAjka
—(D}4¢) Skavk Wea — (D}2g0)SaaveWea + (Pir Aivy — Srp(Wipvg + Wivr)Skj) ¢ = 0.

vg
Define Apea = (8ek — vevr) PipAjkd — SkavkWee — SaaveWpa. Then we only need
Aava = ok — vovi) PjaAjra — SkavsWap — SaaveWaa
to coincide with the expression in parenthesis, that is,

Py Airty — SroWarviSka — Srovr Wik Sk
——

Ub

When W;, are associated to a C? hypersurface oriented by v we have S, Wy, =
Srbéd(y . er) = STdeaDa(V . er) = PdaDa(V . Srber) = (5d(V . (Seb)) = (5d(V : eb) =
Wap. By Proposition 5.1 we then have S,,Wg, = Wy, holds V-a.e. Finally, notice
that Sy = Py + vpvy, V-ace., therefore (8pr — vo0x) PjaAjka = PiaAjva + (Pok —
Sie)PjaAjkda = PjaAjsa. The proof of the claim is complete.
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A concrete instance of Theorem [3] for hypersurfaces that do not arise as boundaries
is the following;:

Theorem 5. Let gs,g9 (¢ € N) be continuous functions in an (n + 1)-dimensional
Riemannian manifold @ such that g — g in C§ (Q). Let My = 14(3) be two-sided
properly C%-immersed closed hypersurfaces in Q such that, for every open set U CC
Q, supyey H" (M, NU) < oco. (We denote by ¥y abstract n-manifolds and by vp the
immersion.) Denote by vy a determination of unit normal for M, and assume that the
mean curvature vector of My is given by gevy for all ¢ € N. (This is well-defined on
Y.) Denote by B* the second fundamental form of the immersion My and assume that
for every open set U CC ) we have

sup/ |BY|9 dH" < oo for some q > 1.
LeN Jx,n, H(U)

Then every varifold limit of |M,| is gV for an oriented integral varifold V' and the
first variation of g,V (as a functional on Cl-vector fields in Q) is represented by inte-
gration (with respect to qﬁV) of gv, where v is a measurable unit normal field on g,V
(a.e. defined and orthogonal to g,V ).

For example, let gp = g = 2 and Q = B}'(0) x (—1,1), and consider S = {(z,y) :
z € BY0),y = —/1— [z]2} and M; = (S + $e,41) U (S — $€n41), where the choice of
orientation vy is given by the unit vector whose scalar product with e, is positive.
Then the varifold limit is 2|.S| and v is the upwards unit normal to S. Note that, with
the given orientation, M, are not boundaries.

Proof. The two-sidedness assumption permits to consider the sequence of oriented in-
tegral varifolds V¢ = (My,vp,1,0). As the hypersurfaces M, are closed in €, the
associated currents are cycles in §2, hence Hutchinson’s compactness theorem applies
to yield a (subsequential) limit V' in the sense of oriented integral varifolds. Then the
proof of Theorem [2| can be repeated up to the point where we establish that V satisfies
, from which the prescribed mean curvature condition is seen to hold for the limit
and the conclusion of the theorem follows. O

Remark 5.2. In view of the hypotheses in Hutchinson’s compactness theorem in [7]
(recalled in Section [2)) one could adapt the notion of curvature varifolds with boundary,
following Mantegazza’s work [10], to the oriented case and obtain a compactness result
for M, immersed hypersurfaces-with-boundary with masses of the boundaries locally
uniformly bounded in £.

Acknowledgment. [ wish to thank Ulrich Menne for pointing out several useful
references.
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