SEMICLASSICAL ANALYSIS

JEFFREY GALKOWSKI

1. INTRODUCTION

These notes are being prepared for a course in Fall 2021 in the London Taught Course Center.
The goal of the course is to introduce the basic structure of semiclassical analysis and to give
several applications. Although we will spend some time covering the method of stationary phase,
we will avoid spending a great deal of time on the technical details for the calculus, instead taking a
more axiomatic approach and giving applications of the theory to solutions of partial differential
equations. We refer the reader to ‘Semiclassical Analysis’ by M. Zworski and Appendix E in
‘Mathematical Theory of Scattering Resonances’ by S. Dyatlov and M. Zworski for the details of
the calculus. We have also used some ideas from the notes by S. Dyatlov written for a course on
semiclassical analysis during the Summer Northwestern Analysis Program in 2019.

1.1. Some basic notation. Throughout these notes we use the following notation.
(1) Dy == —i0,

1
(2) (€)= (1+ %)=
(3) Let B be a Banach space and f : (0,1) — (0,00). We say that u = O.(f(h))g if there are
ho > 0 and C > 0 depending on the parameters e such that

|ullg < Cf(h),  0<h< hg.
(4) Let B be a Banach space and f: (0,1) — (0,00). We say that u = o(f(h))g if
lim sup lulls =
h—0+ f(h)

(5) We say that u = O.(h*°)g if there is hy > 0 depending on the parameters ¢ and for all
N > 0 there is Cy > 0 depending on N and € such that

|ullg < CnhY, 0 < h < ho.

(6) M(m x n) - the set of m x n matrices
(7) S(d x d) - the set of d x d symmetric matrices.

2. STATIONARY PHASE AND THE METHOD OF STEEPEST DESCENT

In both harmonic analysis and the study of partial differential equations, methods for un-
derstanding asymptotics for various integrals are indispensable. In this section, we study the
asymptotics of the integrals

(2.1) Ry (4, a) = /e_d’(“t)/ha(x)dx, In(¢p,a) = /ei¢(z)/ha($)dx,

1
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where 0 < h < 1 is an asymptotic parameter tending to 0, a € C°(R%), and ¢ € C®(R%R).
These integrals are ubiquitous in the analysis of partial differential equations, but can also be
found in simple asymptotic formulae such as Stirling’s formula for n! (see Exercise . Because
they are heuristically simpler, we will start by studying Ry,.

We will study asymptotics as A — 0 in the following sense. We write

By ~ Y bl
if for all N > 0, there is C'y such that for 0 < h < 1,

By, - Nf bibl| < b,
7=0

If there are b; and M € R such that B,h ™M ~ > bjhj, we say that By, has a full asymptotic
expansion in powers of h. Note that the sum on the right-hand side need not converge and, in
fact, for any sequence {b;}32, one can find By, such that By ~ 3=, bjh?. This result is known as
Borel’s lemma.

2.1. The method of steepest descent. We start by studying the asymptotics for Ry, as in .
We will assume throughout that there is z¢ € supp a such that ¢(xg) > ¢(z) for all z # xy with
x € suppa and 0%¢(xg) is non-degenerate. Under these assumptions, it is natural to think that,
as h — 0, the main contribution to Ry (¢) comes from a neighborhood of zp. Indeed, one can
easily check that for any € > 0, there is C¢ > 0 such that

(2.2) ’/d e_¢($)/ha(x)dx‘ < Coe M(Ch) 0<h<l.
R\ B(zo,€)

Because of this, we will be able to assume that a is supported in an arbitrarily small neighborhood
of xp when studying Rj(¢,a).  Since we may assume a is supported in an arbitrarily small
neighborhood of g, it is natural to guess that Ry (¢, a) can be (at least heuristically) understood
by replacing ¢ by its Taylor polynomial,
¢(x) ~ ¢(x0) + (¢ (x0), = — m0) + 5(0°d(w0) (& — x0), (x — 0)) + O(|x — mo|*).
We first notice that ¢/(zg) is 0 since ¢ is maximal at zy and hence
$(x) = ¢(x0) + 3(0°(z0)(x — z0), (x = 20)) + O] — w0 *).

Now, since §%¢ is non-degenerate and ¢ has a maximum at xq, we have 9?¢(zg) > 0 and hence

(2.3) ¢(x) > ¢(w0) + clz — wol?

Since are interested in asymptotics modulo powers of h, it is natural then to examine where
e~®/" > ¢ > 0. Based on , one can check that this is only true when |z — x| < Ch%, a region
with volume Ch%. Thus, it is natural to expect

(1) The main term in Ry(¢, a) is ~ e~ #(@0)/hp5

(2) The full asymptotic formula for main term involves only the behavior of a and ¢ in an h2
neighborhood of xg, and hence can be written in terms of the derivatives of these functions
at xg.
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2.2. Quadratic phase asymptotics. Although there are many proofs of the asymptotic formula
for Rp(¢,a), we choose one which adapts easily to the case of I(¢,a). The Fourier transform
will be a useful tool for this proof and we write

w(€) == /e_i<x’§>u(x)dm

for the Fourier transform of u. Recall also Parseval’s formula
1
(24) [ wtey@s = GoGa©ie)

the Fourier inversion formula

(2.5) u(z) = (271r)d / {76 4(£) de.

and the relationship between derivatives and the Fourier transform
(2.6) Dgu(§) = £ a(§), Dy = —i0y,
where, for o € N, we use the notation £ := [J €.

We begin by studying the Fourier transform of a Gaussian.

Lemma 2.1. Let Q € M(d x d) be a positive definite, symmetric matriz with real coefficients.
Then,

— d/2
e~ 2(Qua)(¢) = ﬂe—%@*é@.
(det @)'/2

Proof. We compute

(@) (¢) — / i(2.6)-(Qu.2) gy
_/e LQE-Q i) a-Q 16~ 1(Q71E8) g

We now deform the contour in z to the contour I'(y) = y — Q~1i&. Since @ is positive definite,
the contributions from oo in z vanish and we have

g@w\,x)(g) — o 3(Q7E8 /e_%@%mdy.
Now, since () is symmetric, we can make an orthogonal change of variables in y so that
Qy y) Z A7,

and hence
. d (27r)1/2 B (27T)d/2
N i=1 L i=1 )\%  (det@)1/2

n

Now that we have computed the Fourier transform of a quadratic exponential, we can compute
the asymptotics of Ry,(3(Qz, z),a).



4 JEFFREY GALKOWSKI

Lemma 2.2. Let Q € M(d x d) be a positive definite, symmetric matriz with real coefficients.
Then, for a € C*(RY),

(2rh)% 5 (—1)7hi

1 ~ -
Rh(2<Q$,SC>,CL) (detQ)% - 2j]'

(Q_ng;, Da?>ja($) |x:o

Proof. We start by applying Parseval’s formula (2.4) and using Lemma with @ replaced by
h'Q,

d

h2 hin—1
Ra(3(@r,0),0) = g [ 4O Dag)ac

Now, by Taylor’s formula

’ hQ-lee) _ NZ W<Q1£,€>’ < Ok,

= 2741
Therefore,
pE N= 1)7ni(Q~!
Ri@.0) - 2 S [ IO ey < on [

Next, notice that by the Fourier inversion formula (2.5])

JU@ .Y ale)ds = @m(Q ' Dr Da)Val@)],y,
and thus it remains to estimate

[1eMa©lde < [(©-4 1Y a@)lde < Cal @Y a©lx <Ca Y l05allu.

|a|<N+d+1
(We leave the proof of the last estimate to the exercises, see Exercise ) O
2.3. The method of steepest descent. We now return to the general case of Ry(¢,a). We

will actually be able to reduce this to the case of a quadratic phase using the following well known
lemma.

Lemma 2.3 (Morse Lemma). Suppose that ¢ € C®°(R%R) such that ¢(0) = 0,6(0) = 0 and
det 92¢(0) # 0. Then there are neighborhoods, U, V of 0 and f : U — V a diffeomorphism such
that

b0 f(2) = 5 (@9(0)z, ),
and f(0) =0, 0, f(0) =

Proof. Since ¢(0) = 0¢(0) = 0, Taylors formula shows that

b(z) = /0 (1~ 10 pltr)dt = 5(Qu, ),

with Q € C*(R%;S(d x d)) and
Q(0) = 9°9(0).
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Now, we want to find a map B € C®°(R% GL(d,R)) such that

(2.7) (Qz)z, ) = (Q(0)B(x)z, B(z)z).
Note that to obtain (2.7), it is sufficient to find B(xz) such that
(2.8) B'(2)Q(0)B(z) = Q(=).

We define the map F': M(d x d) — S(d x d) by
F(B) := B'Q(0)B

It is then necessary to find a right inverse, R for F' near (Q(0) such that R(Q(0)) = Id and then
to put f(z) := R(Q(z))x.

We now use the inverse function theorem to find a right inverse for F' near Q(0). Observe that

F(I) = Q(0),

and hence it is enough to show that F(I) : M(d x d) — S(d x d) has a right inverse R : S(d x d) —
M(d x d).

For this, we compute

(OF(I))E = E'Q(0) + Q(0)E

Now, putting F = %Q(O)*lD for some D € S(d x d), we have

(OF(1))E = 1 DQ(0)Q(0) + Q(0)5Q(0) "D = D.

Therefore, the map, R : D %Q(O)*lD is a right inverse for OF(I), and hence, by the inverse
function theorem, F' has a right inverse near F'(I) = Q(0) as claimed.

O

We can now find an asymptotic formula for Ry, (¢, a).

Theorem 2.1 (The method of steepest descent). Let a € C°(R?) and ¢ € C®(R% R) such that
there is xo € suppa satisfying ¢(x) < ¢(xo) for all x € suppa with x # x¢ and det 0*¢(xq) # 0.
Then for j = 0,1,... there are differential operators L; of order less than or equal to 2j such that

o omblao)h__(2mh)>
Rh(¢a a) € 0 (det 82¢ 1/2 Zh LQJ x xg’

Q.

and Lo(a) =

Proof. Let ¢(x) = ¢(x + 20) — ¢(x0). Then ¢(0) = dp(0) = 0. Therefore, by the Morse Lemma
(Lemma , there are neigbhorhoods U,V of 0 and a diffeomorphims f : U — V such that

dof= %(82¢(x0)x,$,).
Now, let x € C®(R%) with x = 1 near 0 and supp y C V. Then,

Ry (¢,a) = /e“b(x)/ha(x)d:p = e—¢($0)/h/e¢;($)a(x + zg)dx.
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By , there is C' > 0 such that for 0 < h < 1
‘ /e"g(x)(l —x(z))a(z + xo)d:r‘ < CeV/(Ch),
Therefore, changing variables, y = f~!(z),
Ry (¢, a) = e 00/ [ =080y (f(y))al (y) + wo)| det O (y)|dy + Oe o)1/

Since 9%¢(x) > 0, we may apply Lemma to see that
(2mh)4/? hJ

R ~ e~ 9(0)/h :
W)~ e et 82 o)) 2 2 2]

{[0%6(w0)] "' Dy, Dy)? (a(f (y) + x0)| det D (y)])],,_q-

Now, the theorem follows from the fact that f(0) = 0 and 9, f(0) = I. O

2.4. Stationary phase asymptotics. We now turn our attention to Iy(¢,a). It turns out that
the proof of an asymptotic formula for I (¢, a) is almost the same as that for Ry, (¢, a). However,
the the reason that critical points of ¢ play such an important role is somewhat less obvious. One
of the messages of this section is that rapid oscillation can produce decay of an integral, so one
should think that only the regions where the integrand is not rapidly oscillating contribute. Many

readers may have seen this, for instance, in the fact that sin(nx) 2([4 ) 0 as n — oo. Another
L2([0,27

place where this appears is in the Riemann Lebesgue lemma.
We now give a more quantitative version of this idea.

Lemma 2.4 (non-stationary phase). Suppose that a € C°(R?) and ¢ € C®°(R%R) such that
|0¢(x)| > 0 for all x € suppa. Then,

Ii(¢,a) = O(h™).

Proof. Observe that since |0¢(z)| > 0 on suppa, there is ¢ > 0 such that |0¢(z)| > ¢ on suppa.

. {92¢,hDy)
Let L := W Then,

L(er?) = en?,

Therefore, integration by parts shows that

I,(6,a :/eh‘ﬁ(x)LtNaa;dx, ot = (00, —h + p=E o .
o) (e oo@P "o T Josop
In particular, h='L! : CM — CM~1! is uniformly bounded in h has h — 0 and the lemma
follows. O

One may now wonder, ‘From what region do the main contributions to I5(¢,a) come from?’.
To understand this, we again imagine that xg is a non-degenerate critical point for ¢ so that

d(z) = ¢(x0) + 5(0d(z0)(z — x0), = — o) + O(|x — o|*).
It is now much less clear than when in the case of the method of steepest descent, but we will see
1
that, once again, the region for |x — z¢| < Ch?2 plays a crucial role.
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For simplicity we will assume from now on that ¢ has a single non-degenerate critical point
on suppa. The case of finitely many such critical points can be reduced to this situation by a
partition of unity. We proceed as in the proof of method of steepest descent. That is, we first
study the case of quadratic phases.

Lemma 2.5. Let Q € S(d x d) be a real, non—sz’ngular matriz. Then,
e 4 T sgn(Q )(27T)d/2
[ det Q[172

67%<Q_1£7§> .

e%(Qm)(

Proof. Observe that

e3(Qea)(¢) = lim [ e H@EH3(Qua)—clz—Q7I gy

e—0t

— lim 3@ 15@/ HRE-Q1),e-Q 1) ~cle—Q P g,

e—0t

— ¢ 3(Q768) Jim [ e3(Quu)—elylP gy

e—0t
So, it is enough to compute

li 5(Quy)—elyl® g, — li (XY} o,
) = H |t b
where {); };-l:l are the eigenvalues of Q.
We first consider the case A; > 0. In this case
Re(%)\j - e) < 0 for 0 < Arg(y;) < Z
and hence we may deform the contour to 'y (s) = €/™/*s to obtain
6i7T/4(27r)1/2

1/2
)‘j

lim [ ez 6)yJQdy =™/t lim [ e("3AimiOs? g = €m/4/67%)‘i82d8 =

e—0t e—0t

Next, when \; < 0, we deform the contour to T'_(s) = e~""/4s to obtain

lim /e(;‘xj—e)yjzdyj — o=/ Jim /e(—%mﬂ‘e)gds _ e_m/4/€_%|>\i‘82d5 _

e—0t e—0t

efin/4(27r)1/2
[Aj]1/2
The claim now follows from the definition of sgn(Q). O
We are now in a position to prove the main result of stationary phase.

Theorem 2.2. Let a € CX(RY) and ¢ € C®(R%R) such that there is xo € suppa such that
0¢(xo) = 0, det 9%¢(xg) # 0, and |0p(x)| > 0 on suppa \ zg. Then, Then for j = 0,1,... there

are differential operators L; of order less than or equal to 2j such that

£i(@0)/h 2 sgn(6% @y 27h)E
()~ | det 02¢(0) |1/2Zh L2 ()]s,

and Lo(a) = a.
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The theorem follows from our next lemma and Lemma [2.4] as in the proof of Theorem [21]

Lemma 2.6. Let Q € S(d x d) be a non-singular, symmetric matriz with real coefficients. Then,
for a € C(RY),
) (Qwh)%

I,(% ~
n(3(Qz, x),a) et QP

Z i <Q_1va Dx>ja($) |x:0

17927 41
s 274!
Proof. The proof follows as in Lemma [2.2 O

2.5. Exercises.

Ezercise 2.1. Show that for any smooth function f : R7R, f(h) ~ 32, %hj.

Erercise 2.2. Suppose that ¢ € C®(R%:R, a € C®(R?), and there is 29 € suppa such that
d(x) < ¢(xp) for all © # xg with z € supp a. Show that Ry (¢, a) satisfies ([2.2)

Exercise 2.3. Let M > 0. Show that there is C' > 0 such that if 9%a € L! for |o| < M, then there
is

KEMa)ll <C Y [105allL:-

la|<M

FEzercise 2.4 (Stirling’s formula). Recall that the gamma function I' : (0,00) — R is given by

['(s) = / t5 et at,
0

and satisfies T'(n) = (n — 1)!. Use the method of steepest descent to show that ™ has a full

nn
asymptotic expansion in powers of n and find the first two terms of Stirling’s formula.

Ezercise 2.5. Prove Theorem 2.2] and Lemma 2.6

Ezercise 2.6. Let dga—1 denote the arc length measure on the unit sphere in R%. Show that there
are aj+ € C, 7 =0,1,... such that

—_ . d—1 . . d—1 .
65a(€) ~ eEI™ 2 Y T ajp €l + 7T D ayfel
J J

Erercise 2.7. Let x € C°(R) and define x.(¢) = e 'x(e7!¢). Show that for all u € L®(R),

lIxe * Ul pe < Ce 2. Fix § > 0. Find u € L™ such that Ixe * @ Lo > ce 2T, (Hint: Take the
Fourier transform and consider functions oscillating very rapidly near 0.

3. DEFINITIONS AND AN AXIOMATIC APPROACH TO THE BASIC PSEUDODIFFERENTIAL
CALCULUS

In this section we introduce the basic notions of psuedodifferential operators that we will use
throughout these notes. We do not intend to give the details of various technical proofs and
instead treat many of the technical lemmas as axioms.
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3.1. Motivation for pseudodifferential operators. Before moving on, it is worth asking the
questions, ‘Why do we need something other than differential operators and the Fourier trans-
form?’ There are, as usual, many possible answers to this question which range from: ‘They are
a natural mathematical extension of differential operators.’” to ‘The layer potential operators turn
out to be pseudodifferential’” That is, from a purely abstract answer for the sake of mathematical
to completeness, to the fact that some specific operators which people care about turn out to be
pseudodifferential operators.

We will take an approach somewhere in the middle for our first motivation.

3.1.1. Motivation 1: inversion. Consider for the moment, the Laplace equation posed on L?(RY)
(A4 Du=f.

How can we understand solutions to this equation? One option is to apply the Fourier transform
to both side

(A + Du(é) = f(6).
Now, by , this is
ooy f (3
(€% + Dyae) = f(¢) U = i1

Therefore, we can go on our merry way, knowing that

_ 1 i{e—y,E) fy)
o) = g [ 7 g g 70

and that the inverse of —A + 1 is a Fourier multiplier.

Now, it is natural to consider a slightly more general problem. Let A(z) € C*®(R%;S(d x d;R))
such that (A(x)v,v) > c|v|? for some ¢ > 0 and all z € R?. Then, the following equation

(=VA@)V+1u=f

is a natural extension to non-trivial metrics of the Laplace equation. We may even assume that
A(z) = Id outside of a compact set. However, as soon as we try to solve this problem using the
Fourier transform, we realize there is a problem. Namely, we cannot write the Fourier transform
of (=VA(z)V + 1)u as a multiple of that of w. This is simply not true since the operator is
no longer translation invariant. Therefore, if we want to invert this equation, we are forced
into new territory. It will turn out that the new operators one develops for this purpose are
pseudodifferential operators.

Thus, if one wants a class of operators which include elliptic differential operators and is
closed under inversion, then one immediately arrives at something resembling pseudodifferential
operators.

3.1.2. Motivation 2: propagation. Consider the Schrédinger equation in 1-dimension
ihOwu — h202u =0,  w(0) =ug € L*(R).
Suppose that we put

up(z) = B e l2l?/(2h) p2ix/h + B e lzl?/(2h) g—iz/h
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It will be convenient now to introduce the semiclassical Fourier transform

F(u)(€) = a(&/h).
Then, it is easy to see that
Fu)(t,€) = "/ F (uo) (6).

In particular, with our choice of ug, we have by Lemma [2.5]

_(€+1)?
2h

1/2;1/47, — &2
Flug) = 2m)/*h/%[e”"2n  +e ],
and hence, completing the square and deforming the contour appropriately,

hi /(ei(x§+t|£|2)/h7|£72|2/(2h) i ei(x5+t|5|2)/h*|§+1|2/(2h))df

h71/4 —(:c+4t)2 .t(47:£2)+2m 7(7;72t)2 .t(lfa:Q)fm
— 7(62(1+4t2)h v (1+4t2)h +62(1+4t2)h v (1+4t2)h )

V1424t
Notice that wu(t,z) consists of a wave packet traveling to the left at speed 4 and one traveling to
the right at speed 2.

It is reasonable to ask, ‘Why does a single bump at 0 split into two packets traveling at different
speeds?’. The reader will of course notice the different phases chosen, one given by —z/h and the
other by 2z/h which you could guess are responsible for this behavior. However, there are two
problems with this analysis:

(1) We have no explanation for why different phases result in splitting.
(2) If we change the operator even slightly, e.g. replacing 92 by 92 + V, for some smooth
function V' we lose the ability to do this analysis using explicit formulae.

How can we understand this phenomenon in a more robust way? Semiclassical analysis will turn
out to be key to this.

3.2. Basic definitions: Symbol classes, Sobolev spaces, and pseudodifferential oper-
ators. In order to define pseudodifferential operators, we first need to define symbol classes.
Typically, we allow functions and operators to implicitly depend on the small parameter h. We
say that a € C°(T*R?) is a symbol of order m € R if for all a, 8 € N%, there is Cop > 0 such that

10202 a(x,€)| < Caple)™ 1.

In this case, we write a € S™(T*R?). Throughout these notes we actually work with a somewhat
for restrictive class of symbols. We say that a € S;"’]fg (T*R?) if a € S™ and there are aj € ™I
independent of h such that

N-1
(3.1) a— Y haj;ehNS"N(TRY).

j=0
When a € S§™ satisfies , we say that a ~ 3, hjaj.

We will often write simply a € Spmhg when the space is clear from context. We also define

S = UnSTh, S0 = N, ST, and we define STPMP to be the set of a € S5 °° which are

phg phg’ "~ phg phg’
supported in some h-independent compact set.
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It will also be be convenient to have a notion of semiclassical Sobolev spaces. The elements of
these spaces are the same as for the standard Sobolev spaces, but the norm is scaled in a way
depending on h. In particular,

Hj(RY) :={ue S'RY) : (&°F(u) € L}, |ulFy := 2xh) [(€)°F(u)| 72
For A:S — S, we say that A = O(h*°)g- if for all N, there is Cy > 0 such that
HAHH}:N*)H;LV < Cnh?.
We can now introduce the class of pseudodifferential operators on R?. For m € R, we say that
Ais a pseudodifferential operator of order m and write A € ¥™(R?) if there is a € S;ﬁg such that

(27T1h)d / e a(z, €)u(y)dyds.

Here, the integral in Opy(a)u, can be understood as an iterated integral when u € S and it is not
hard to check (see exercise that operators in U are bounded on § and §’.  As with symbols,
we sometimes omit the space R? from the notation and define > = |J,,, ¥™, ¥~ = ¥™,
and we define U°™P to be those A € ¥~ such that

A = Opy(a) + O(h™) -

A =Opp(a) + O(h>®)y-=,  [Opn(a)ul(z) :=

for some aq € S°°™MP,
phg

3.3. Basic properties of pseudodifferential operators. Before proceeding to recall the most
important properties of pseudodifferential operators, we define the symbol map o, : ¥™ — S™
using the following procedure. Let A € U™. Then, there is a € ST such that A = Opn(a) +

O(h*®)y-c. In particular,
a ~ Zajhj
J

with a; € S™ 7 independent of h. We then define 0,,(A) = ag. We will often abuse notation
slightly and write instead o(A) = ayg.

We now collect the most important properties of the pseudodifferential calculus in the following
theorem.

Theorem 3.1. (1) Suppose that A € ™ and 0,,(A) = 0. Then A € hU™ L,
(2) Suppose that A € ¥™. Then, A* € U™ and 0, (A*) = 0 (A).
(3) Let A€ U™ and B € ¥™2. Then AB € U™ "2 gnd
0(AB) = o(A)o(B).
Moreover, if A= Opy(a) and B = Opy(b), then AB = Opy(e), with e satisfying
(4) Let A€ U™ and B € $™2. Then [A, B] € ¥™+m2=1 gpnq
d
o([A, B]) = —ih{o(A),o(B)}, {a,b} = ¢;a0,,b — O, b0, a.
j=1

We will occasionally need the following slightly more precise estimate on the composition
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Theorem 3.2. For all o, f € N¢, there are Cop and Myg such that for all a € S:;; and b € S::.;’
Opn(a) Opn(b) = Opu(e),

for some e € S:;;JFWQ satisfying

sup (&)™ g e(w, )] < Cap D supl(€) OO a(, €]
|71‘+|V1|§Ma,8

S sup () tRl9002b(x, 0)).
[v2|+|v2|<Map

3.4. The compactified cotangent bundle and wavefront set. Before proceeding to proper-
ties of pseudodifferential operators such as ellipticity, we introduce the wavefront set of a pseu-
dodifferential operator. Before doing so, it will be convenient to introduce the fiber radially
compactified and radially compactifited cotangent bundle, T*R4. This is a manfold with interior
given by T*R% and

TR~ S RYUT*RE,, US'RE,_,.
We call S*RY, fiber infinity, and T*Rgd_l, physical infinity.

We now describe a neighborhood basis for each point (xg,&y) € T'R? can be described as
follows. If (x0,&) € T*R%, then, the neighborhoodsgf (x0,&0) are the usual neighborhoods in
T*R%. On the other hand, if (z9,&) € S*R? C OT RY, then a neighborhood basis is given as
follows,

U := {(x,ﬁ) eT'M : |z — x| <e, h% —&o| <e [¢] > 6—1}’

if (z9,&) €T ;d_le C OT"RY, then a neighborhood basis is given as follows,
— xr —
Uei={(@ ) €T'M : |7 — ol < e 6 = ol < Jal = 7' .
and if (z9, &) € Sgd_le C BT*@, then a neighborhood basis is given as follows,

U= {(@0) € T'M + | —anl < g = ol < el > L ol = ),

We can now define the essential support of a symbol and the wavefront set of a pseudodifferential

operator.

Definition 3.1. Let a € S™. For (x0,&) € T R4, we say that (9, &) ¢ esssupp(a) if there is a
neighborhood, U of (z¢, &) such that for all &, 3 € N?, and N € R, there is Capn > 0 such that
for0<h <1,

07 0¢a(x,6)| < Capyh™(©7N,  (2,6) eUNT'RY

Definition 3.2. Let A € U™, For (z9,&) € T RY, we say that (zo,&) ¢ WF(A) if there is
a € 8™ such that (z9,&y) ¢ esssupp(a) and
A =Opp(a) +O(h™)g-o.

Remark 1. Tt is easy to see from the definition that for any A € U™, WF(A) ¢ T 'R is closed.
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The crucial feature of the wavefront set is contained in the following lemma.
Lemma 3.1. Suppose that A € Y™ B e U™2, Then,
WF(AB) C WF(A) N WF(B).

As with Theorem we do not give the details for the proof of Lemma We will instead
treat it as one of the axioms of our operators.

3.5. Boundedness. With Theorem it becomes fairly easy to obtain boundedness on L? for
pseudodfiferential operators of order 0.
Lemma 3.2. Let m < —d and A € U™, Then, A : L*(RY) — L*(R?) is uniformly bounded in h.

Proof. Tt is enough to check that for a € S™, Opy(a) : L? — L? is bounded. Note that Opy(a)
has kernel

1 g
K(x,y) = oy [ €0 Fal, €.
t 17<D5’ﬁ>
Put L' = TR Ty SO that for any N > 0,
1 g
K(z,y) = (27rh)d/eh< y’@(Lt)Na(ﬂ?af)df-

Now, it is easy to check that for a € S™,
(LYY a(z,y, )] < On(h~Ha —y) (€)™ < (™ Ha —y)
In particular, taking N > d, since m < —d,
[1E@yldy < ot [ a—yhNay <C, [ 1K@ ylde <O [ a—y) Nz < .

we may apply the Schur test for L? boundedness (see Lemma [A.1)) to see that Opy(a) is bounded
on L2 O

Lemma 3.3. Suppose that A € W°. Then, A : L*(R?) — L?(RY) is uniformly bounded in h.
Moreover, for all § > 0 there is C' > 0 such that

(3.2) A 22 < (14 6)sup |o(A)| + Che.

Proof. We first claim that for all m < 0, any A € ¥™ is bounded on L? uniformly as h — 0.
Indeed, by Lemma if m < —d, then A is uniformly bounded on L?.

Now, let m; < 0 and suppose the claim hold for m < m;. Let m < m;/2 and A € ¥™. Then,
by Theorem A* € U™ and A*A € U2, In particular, since m < mq/2, 2m < my, A*A is
bounded on L? uniformly as h — 0 which implies that A : L? — L? is also bounded uniformly as
h — 0. By induction, we then have the claim.

We now need to show that if A € ¥° then A : L? — L? is uniformly bounded. Let M =
(14 0) supppa |oo(A)|, and put
1
b(z,€) = (M —|oo(A)*(2,€))%.
: 2 2 0 ~
One can check that since M* — |og(A)[* = ¢>0,b€ 5] . (See, exercise )
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Now, since
o0(Opn(b)* Opy (D) — (M? — A*A))) =0,
by the first part of Theorem [3.1} we have
Opy(b)* Opp(b) = M? — A*A+ hE
for some E € U1, Therefore, since Opy(b)* Opy(b) > 0,
| AullZa < M[lulZ2 + h{Eu, u).
But, since E € !, E: L? — L? is uniformly bounded in h, and hence
|Aul32 < (M2 + Ch) Jul 2,

which completes the proof of the lemma after recalling that va + b < \/a + Vb O

3.6. Ellipticity and inverses. We now define the notion of ellipticity for pseudodifferential
operators.

Definition 3.3. Let A € ™. For (x,&p) € T R4, we say that A is elliptic at (z9,&o), and write
(z0,&) € ell(A), if there is a neighborhood, U € T R of (x¢,£&) and ¢ > 0 such that

o(A) (@, )] > e(€)™,  (x,§) e UNT*RY
Remark 2. Tt is easy to see from the definition that for any A € U™ ell(4) C T'R is open.

__ Ellipticity gives an appropriate conditions which guarantee that A is invertible on a subset of
T'R? in the following sense.

Lemma 3.4 (Elliptic parametrix). Suppose that A € ¥ and B € V™2 with WF(B) C ell(A).
Then there are Ep,, Er € W™M27"™ gych that
B=FELA+O(h®)y-, B =AER+ O(h™)g-o.

As with many constructions in semiclassical analysis, this lemma is proved by an iterative
construction. The nonlinear part of the construction is done by solving a top order equation,
and then each successive iteration involves only the solution of a linear equation. In the case of
the elliptic parametrix construction, this is particularly simple since the equations involved are
algebraic.

Proof. Let e = o(B)/o(A). Then, since WF(B) C ell(A), |0(A)] > ¢ > 0 on suppo(B), and
hence, by Exercise e € ST27M . Putting By := Opn(e), we have
O'mQ(ELpA — B) = 0,
and therefore,
EL70A = B+ hRy,

with Ry € Umi—1,

Suppose we have found ¢;, i =0,1,...,N —1, ¢; € Spﬁz*ml*i such that suppe C WF(B), and,
with B ny—1 := Zé\:}l hi Opn(ej), we have

(3.3) Ern_1A =B+ hYRy,
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for some Ry € ™2~V Now, since suppe; C WF(B), WF(E[ y_1) C WF(B) and hence,
WF(Ry) = WE(h™Y(B — B y_1A)) C WF(B).
Therefore WF(Ry) C ell(A) and hence ey := —o(Ry)/o(A) € S;’ZE*N*”“ and
(Epn—1+h"Y Opy(en))A — B = ™ (Ry + Opn(eny)A) € BN w2~

and
O’(RN + Oph(eN)A) = 0.
Therefore,
(Br,n—1+hY Opy(en))A — B =" Ry,
for some Ry;1 € ¥™2~N=1 In particular, putting Ef y = Zj-v:o h? Opn(e;), we have with
N — 1 replaced by N. In particular, there are e; € Ym2—m2=J for j = 0,1,... such that
holds for any N. Setting Ef, ~ > ; h/ Opn(ej), completes the proof of the first equality.

The proof of the second equality is nearly identical and we leave the details to the reader. [

We now record a few corollaries. of Lemmas B.3] and 3.4l

Corollary 3.1. Let m € R and A € V™. Then, for all s € R, A: Hy — H;~™ is uniformly
bounded as h — 0.

Proof. Recall that
lulldrs = 27h)~[(€)*FullZ2 = || Opu((€)*)ull72-

We start by showing that for any m, any A € ¥™ is uniformly bounded L? — H " and from
H" — L?. For this, we observe that

[Aull gz = [ Opu((€) ™) Au] L2
Therefore, since (£)™™ € Sty Opn({¢€)™™)A € ¥° and hence, there is C' > 0 such that
HAUHH;’" < Ollul|ge-
In particular A : L? — H, ™ is uniformly bounded. Now, since A* € U™, A* : L? — H, ™ is

uniformly bounded, and hence A : H;* — L? is uniformly bounded as claimed.
Now, let s € R. Then, by Lemma there is E € U~ such that

EsOpn((§)°) =1+ R,
with R = O(h™)y-«. Therefore,
[ Au] fys=m = [| Opn((§)*™) AE; Opn((€)*)ullz2 + | Opn ((6)* ™) ARul| 2
Now, since Es € U5, Opy((£)*"™)AE, € ¥°, and hence
[10pn((6)"™)AE; Opn((§)*)ull 2 < Cl| Opn((€)*)ull 2 = Cllullmy -

Next, observe that Opp((£)*™™)A € ¥, and hence, is uniformly bounded Hj — L?. Therefore,
for any N <'s

10pa((€)* ™) ARull 2 < || Rull sy < Oxh™ully—x < Cnh™[fulla;.-
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All together, we have that there is C' > 0 such that
[ Aul go=m < Cllullmy,
and hence the corollary is proved. ([l

Corollary 3.2. Suppose that A € ¥ and ell(A) = TRY. Then, there is hg > 0 such that for
0<h<ho, A: Hi — H;™™ is invertible and A~ € U=,

Proof. Since ell(4) = T"R%, by Lemma there is E;, € U™ such that
ELA =1+ R,
with R = O(h®)g-c.

Let s € R. Then, since ||R||z2_,z2 < Ch, there is hg such that for 0 < h < hq, |R||2_2 < 3.
In particular, I + R : L? — L? is invertible for 0 < h < hg. Now,

(I+R™'=I-R+(I+R)'R%.

Therefore, since R = O(h™®)g-w, and (I + R) 'R=R(I+R)™, (I+ R)™' =TI +0(h®)g-. In
particular, (I + R)~! € U% and (I + R) is invertible on H;} for every s.

Put E;, = (I + R)"'Er. Then, E € ¥~™ and

EA=1.

A similar argument shows that there is Fr € W~ such that AEr = I and hence that A is

invertible and Ep = E, = A~ L
O

3.7. Garding inequalities. We now record the easy Garding inequality.

Lemma 3.5 (Easy Garding inequality). Let v € R and suppose that A € U™ and Reo(A)(z,&) >
Y™ for all (z,&). Then, for all e > 0, there is hy > 0 such that for 0 < h < hy,

Re{du, u) > (v = )lull g2

Proof. Let s € R and observe that
(3.4) 2 Re(Au,u) = (C Opn((€)™*)u, Opn((§)™/?)u),
where

C=E (A+ A)E,,
and E,, = Opn((§)™/?)~1 € U—™/2_ In particular, C € ¥° self adjoint and ¢(C) > 2vy. In
particular, by Corollary for every s < 27, there is hy such that C' — s is invertible for
0 < h < hg. Moreover, one can check that this hy can be taken uniform in s < 2y — € (see

Exercise . Therefore, for any € > 0, there is hy > 0 such that for 0 < h < hg, the spectrum
of C' is contained in [27 — ¢, 00) and hence,

(Cv,v) 2 > 2(y = &)l|v]| 7,
and using (3.4)), the proof is complete. O
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3.8. Pseudodifferential operators on manifolds. Everything we have written above has a
generalization to a compact manifold M, with T*R¢ replaced by T*M, and T R% replaced by T~ M.
The crucial fact used to define these operators is that the class of pseudodifferential operators is
invariant under coordinate changes. We will not spend time on the technical difficulties inherent
in defining pseudodifferential operators on manifolds, and instead use the previous sections as
though they were written for pseudodifferential operators on manifolds.

3.9. Exercises.

Ezercise 3.1. Show that for all m € R and A € U™, we have A : S(R?) — S(R?), and A :
S'(RY) — S’(RY). (Hint: For the second part, use duality.)

FEzercise 3.2. Suppose that a,b € COO(T*Rd) Show that Opy(a) Opn(b) = Opn(c), and

cNZ Dy, D,Ya(a, )b (m)lv=z.

FEzercise 3.3. This exercise proves what is known as Borel’s Theorem: Suppose that a; € Sm=i

for j = 0,1,.... Then there exists a symbol a € S™ such that
[e.e]
a~ Z hjaj.
(1) Let x € C2°(R) with x =1 on [-1,1]. Show that if {A;}32, C R with A\; — oo, the sum

= Z W x(Ajh{€) a;
=0

converges.
(2) Show that there is \; increasing with \; — co such that for any multiindeces o, 3 € N¢
with |a| 4+ |5] < j, we have

1050 x (A (€) " h)ag| < 27 7RI 1 (g)maIAITL,
(3) With the choice of A; from part (2), show that for any «, 8 € N with |a| + || < N,

20¢ (a— %aj)\ < Copnh™ (€)™ 1717,
j=0

and conclude that

a~ Zhjaj.
J

Ezercise 3.4. Show that if b € Sghg is real valued, and b > ¢ > 0, then Vb € Sghg. Show that if
be ST and a € S7? with [a] > ¢(§)™? on suppb, then, b/a € ST
Exercise 3.5. Show that if P € U™ and u € L? is tempered and satisfies
Pu=0.
Then, for any E € Y with WF(E) C ell(P),
[ Bullmy = O(h™).
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Ezercise 3.6. Suppose that A € ¥ and o(A4) > ¢ > 0. Follow the construction in Lemma
using Theorem to see that for any v < ¢, there is F, € U such that

By A =1+ 0(h®)g-o,

and that for any € > 0 {E,},<.—, is uniformly bounded in W°.

4. DAMPED WAVE EQUATION

In this section, we study decay for the damped wave equation
(4.1) (0} — Ay +a(2)0)u=0,  ulimo=1uo € H', Oul—o =us € L*(M),

where A, is the (negative definite) Laplace operator on a compact, Riemannian manifold (M, g),
and a € C*°(M;[0,00)). We define the energy of a solution, u to (4.1)) by

1
(4.2) B(t) =5 /M Opul? + |V gu2dz.

We then have the following elementary energy estimate.

Lemma 4.1. The map t — E(t) is non-increasing. In particular,

(4.3) E'(t) = —Re/ alOyu|?dzx
M

Proof. Observe that
E'(t) = Re/ (Opud2u + (V40pu, V ju) gdx
M
= Re/ (Oyu(dPu — Agu)dx
M
= Re/ —a|dul*dz < 0.
M

O

Because of (4.3)), it is natural to try to understand when solutions the the damped wave equation
can be observed by a. In particular, when

T
/ /a|8tu\2d$ > cE(0).
0

If this were the case, it is not hard to check that there is exponential decay of the energy.

We will use semiclassical tools to find conditions on a which guarantee exponential decay of
u. In order to do this, we first introduce a tool that has found many applications in microlocal
analysis.
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4.1. Defect measures. The concept of a defect measure gives a precise notion of where a se-
quence of functions {up}o<n<n, lives in the limit h — 0. More precisely, we consider a family
sequence of functions {uy,, }72; with h, — 0 such that

(4.4) sup ||up, |2 < C < 0.
n

Let p be a radon measure on T*M. We say that the sequence {uy,, } satisfying (4.4]) has defect
measure ( if

n—oo

ln (Aun,un,) 2 = [ o(A)dn
for all A € weomp,

Theorem 4.1 (Existence of defect measures). Suppose that {up, }°>; satisfies (4.4)), then there
is a subsequence {hn, }32, and a radon measure p such that {up,, }32, has defect measure .

Proof. Let {a;,}2°_, C C°(T*M) be dense in C2(T*M). Then, observe that by (3.2),
sup [(Opn(am)un,,, un,)| < Cn
n
In particular, there is a subsequence, ny 1 such that

Jim (Opn(am)un,,, »un

Then, for each m > 2, we find a ny,, a subsequence of ny, ,,,—1 such that

lim (Opn (am)un,, > un, )= L{am).
k—o0 ,m k,m

Taking ny := ng k, we then have that

lim (Opn(am)un,, , un, ) = Llam)
k—o00 k
for all m. Moreover, by (3.2]), the map

L :span{an}r_y — C

is a bounded functional on subspace of C(T*M). In particular, by the Hahn-Banach theorem,
since {a,, }5°_; it has an extension to a bounded linear functional on C?(T*M) and, in particular,
is given by

L(a) = /adu
for some finite radon measure u.
Now, suppose that a,b € C°(T*M), and sup |a — b| < e. Then, using (3.2]) again,

lim sup [(Opn(a — b)un,, ; un,, )| < 2e.
k—o0 k k

In particular, together with density of {an, }55_; in C2°, this implies that p is the defect measure
for uy, . ]
g

Lemma 4.2. Suppose that {up, }5°; satisfies (4.4) and has defect measure . Then p is positive.
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Proof. Let a € C(T*M) with a > 0. We claim that

/adu > 0,

and hence that p > 0. To see this, let € > 0. Let § > 0. Then, by the easy Garding inequailty

(Lemma [3.5),

lim
n— 00 -
Since the left hand side is independent of §, and § > 0 is arbitrary, the claim follows. O

Lemma 4.3. Suppose that {up, }°2, satisfies (4.4) and has defect measure . Then p is finite
and
w(T*M) < lim sup HuhnHQLQ
n—oo

Proof. Now, let K C T*M compact and ax € C°(T*M;[0,1]) with @ = 1 on K. Then, since y
is positive, for any § > 0,
w(K) < /adu = lim (Opn(ar)un,,un,) < (1+8) sup |ax|limsup |Jup, ||? < (146) lim sup ||Jug, |2,
n—oo n—oo n—oo
and, since § > 0 is arbitrary, we have
p(K) < limsup [lup, |72
n— o0

Letting K 1 T*M completes the proof of the lemma. O

Note that while Theorem [£.I] guarantees the existence of defect measures, it says nothing

about uniqueness. Indeed, it is certainly possible to find sequences with subsequences having
many different defect measures.

Remark 3. We will often abuse notation and omit the sequence from a family of functions
{un}o<h<ny, saying only that u; has defect measure p.
4.2. Defect measures and partial differential equations. We now study how the defect
measures of solutions to partial differential equations behave.
Lemma 4.4. Let P € U™. Suppose that up has defect measure pu, and satisfies

Pu = 0(1)L2.
Then, supp p C {o(P) = 0}.
Proof. Suppose that a € C2°(T*M), and suppa C {o(P) # 0}. Then, suppa C ell(P), and hence,
by Lemma [3.4] there is E € U™P such that

Opn(a) = EP + O(h*™°)g-oo.

In particular,
(Opn(a)up,up) = (EPup,up) + O(h™) = o(1),
since Puj, = o(1)2, and E : L? — L? is uniformly bounded. In particular,

/adu = lim (Opn(a)up, up) = 0.
h—0



SEMICLASSICAL ANALYSIS 21

One should think of Lemma [4.4] as saying that a solution to Pu = 0 lives microlocally on the
set where o(P) = 0. This should be familiar from the case of Fourier multipliers, where one can
literally say that if m(D)u = 0, then suppa C {m(§) = 0}.

Our next lemma shows that solutions to partial differential equations are invariant under the
flow associated to the partial differential operator.

Lemma 4.5. Let P € U™ self adjoint with symbol p = o(P). Suppose that uy, has defect measure
u, and satisfies

Pu=o(h)re.
Then, Hyp =0, where H), is the Hamiltonian flow for p.

Proof. Observe that

o
| Hyady = im +(P. Opu(a)Ju v

= lim %[((P Opy (@) — Opy(a) P)u, u)

= lim %[(Oph(a)u, Pu) — (Opy(a)Pu,u) = 0.
[l

If we return to our motivating example of propagation (Section , we can now explain why
the solution to the Schrédinger equation splits into two packets. We know that defect measure
for u are invariant under —0; — 2£0,.. Therefore, since the initial data consists of two packets
localized at (0,—1) and (0,2), we obtain propagation tot he right at speed 2 and propagation to
the left at speed 4.

4.3. Observation for the Helmholtz equation. We will actually derive estimates on the
solution to (4.1)) from estimates on Helmholtz equation:
(=h2A, — 1)u = 0.
We introduce the following geometric control condition.

Definition 4.1. Let U C S*M. Then U satisfies the geometric control condition if for all
(z,§) € S*M, the geodesic through (z,&) enters U in finite time.

Theorem 4.2. Suppose U satisfies the geometric control condition. Then for alla € S°(T*M; [0, 1])
with |a| > 0 on U, there are hg > 0, C > 0 such that for all0 < h < hg, u € L? with —h?Au € L?,

(4.5) lull 2 < C|| Opn(a)ull 2 + CA™H|(=A*A — L)u]| 2.

Proof. As with many defect measure arguments, we argue by contradiction. Suppose that there
is no C > 0 such that (4.5 holds. Then, there are h,, — 0 uy, € L?, with ||up,, ||z2 = 1 such that

_ 1
| O, (@)unllzz + b | (=hA = Dun|lz2 < .
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By Theorem [4.I] we may assume uy,, has defect measure p. We now drop the index n, observing
simply that

Opn(a)u = o(1) 2, (=h*A — 1)u = o(h) 2.
We first observe that, since supppu C S*M by Lemma for x € C(T*M) with x = 1 on
S*M, we have

(46)
Jlaldu= [ Jaldu= [ |xPlaPdn = [ xPlalds = lim )| Opy(0) Opu(ayulF: 0.
S*M S*M h—0

Next, by Lemma ﬁ M(ngb) =0 for all b € C°(T*M). We claim that this implies p = 0.
To see this, we find b € C2° such that Hig2b + la]?b > 0 on S*M.

Let po € S*M. Then, by the geometric control assumption exp(Tp,H2)(po) € U for some
T,, < oo. Since U is open, this implies that there is a neighborhood V,, of pg such that
exp(TpOng)(Vpo) C U. Now,

s*Mc |J V.
peS*M
Therefore, since S*M is compact, there are V,,, i = 1,... N such that

N
S*M c |J V.
i=1
In particular, there is T > 0 such that for all p € S*M, there is 0 < ¢t < T such that
exp(tH|£|§)(p) eU.

Now, put
1 T
clp) = 3 || (T = Ola(exp(tgy) ().

Then,
1 T
Higgelp) = 7 | (7= 0aillaf exp(tg) ()t

1 T
= [ laP(exp(tH|gz)(p))dt — a(p) =: (lal*)r(p) — |al*(p)
T Jo 9
Now, let x € C°(R) with x = 1 near 0 and put

b=ex(El; — 1)
Then,
Higizb = e“x([€]5 — 1)({al*)r — [af?),
and in particular,

Higgb+ b= ex(i€2 — aP)r >0 on §M,

where the fact that (|a|?)7 > 0 on S*M follows from our choice of T and that |a| > 0 on U.

Now, observe that, since S*M is compact, using Lemma that supppu C S*M, and (4.6)),
we have

0= /H|§|gbd,u = Jors Hyg2bdp = /S*M(ngbJr la*b)dp > cu(S*M).
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In particular, u = 0.

Finally, we need to show that the L? normalization of u,, implies u(7*M) = 1, a contradiction.
For this, we let x € C°(T*M) with x =1 on S*M. Then, by Lemma there is E € =2 such
that

Opu(1 = x) = EP + O(h™) .

In particular,
1 = |Ju|* = lim (Opn(x)u, u) + lim (EPu,u) = /Xd,u = p(S*M).
h—0 h—0
([l

4.4. The resolvent for the damped wave equation and exponential decay of energy.
We now return to the damped wave equation . Recall that the energy, E(t) defined in
is non-increasing. We will use an approach based on spectral theory to prove exponential decay
for the damped wave equation.

Our first step is to observe that, while we cannot effectively use the Fourier transform in all
variables, we can take the adjoint Fourier transform in time to obtain the operator

(4.7) P(7):= —A, —ita(x) — 7

Note that, the solution to may not be tempered backward in time. Therefore, we will not
be able to take the Fourier transform over all time for a solution to . Instead, we take the
Fourier transform only of 1jg o) (¢)u(t). To follow the conventions of scattering theory, we actually
take the adjoint Fourier transform and denote, v(7) := F-, (10 00) (t)u(t)).

In particular,
P(r)v(T) = —iuot + u1 + aup.

If we knew that P(7) was invertible, we could then write
v(1) = P(1) 7 [~iuoT + uy + aug.],

and for ¢ > 0,

ult) = 5

Finally, if P(7)~! has an analytic continuation to Im 7 > —3 — ¢ with reasonable estimates, then,

uft) = o

We now make this argument rigorous.

/ e~ P(7) "V —iuoT + w1 + aug)dr,

/e*it(T*w)P(T —iB) iuo(1 — iB) + w1 + augldr = O(e "),

We start by showing that the P(7)~! is meromorphic in 7.
Lemma 4.6. Let a € C*°(M) with a > 0, and a not identically 0. The operator
P(r)~': L*(M) — H*(M)

18 a meromorphic family of operators with finite rank poles. It has no poles for T € R\{O}, a
stmple pole at 7 = 0, and is holomorphic for ImT > 0. Moreover, there is ¢ € C and an family of
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operators B(t) : L?> — H? analytic in a neighborhood of 0 such that

P(r) tu = () + B(\).

T

Proof. We start by showing that P(7)~! is meromorphic.

Observe that, since o(—h?Ag +1) = [£[2+1 > ¢(€)?, (=h*Ag+ 1)1 : L*(M) — H?(M) exists
for 0 < h < hg. In particular, for 79 = is, and |s| large enough,

(=Ag —73)" 1 L*(M) — H*(M).
We now use (—A, — 78)~! to approximate the inverse of P(7). In particular,
P(r) = (~Ag = 7)1 + (=Ag — 75) (15 — 7° — iTa(2))),
and therefore, P(7) is invertible if and only if
I+ K(r): L* — L?
is invertible with
K(1) = (=Ay —15) 7 (18 — 7% —ita(2)).

Now, K(7) : L? — H? and therefore, K(7) is compact and therefore, I + K (7) is a holomorphic
family of Fredholm operators. Finally, since

(=8¢ = 75) " 22 < Clrol 72,
and
K () = —i(—=Ag — 75) ' moa(2),
we have
1K (10) || 12— mr2 < Clmol < 1,

provided |7p| > 1. In particular, I + K(79) is invertible, and hence, by the analytic Fredholm
theorem, 7 + (I + K(7))~! is meromorphic. This implies the meromorphy of P(7)~!.

Next, we study the location of the poles of P(7)~!. We start by showing that there are no
poles in Im 7 > 0. Indeed, since a > 0,
(4.8)

[P (T)ull 2 |[ull 2 > max(|Tm(P(T)u, w)|, | Re(P(T)u, u)|)

> max(|((— ReTa — 2Im 7 Re7T)u, u)|, H\Vgu||2 + [(Im7)? = (Re7)?]||u?|)
> max((2Im 7| Re 7[|u/?, [(Tm 7)? — (Re 7)) |ul|?)

> ¢ (7).

In particular, P(7) is injective and hence invertible for Im 7 > 0.
Now, for 7 € R\ {0}, suppose that P(7)u = 0. Then we have

0 =Im(P(1)u,u) = —it{au,u) 2.

In particular, u = 0 on supp a and hence (—A — 72)u = 0. But, this is a contradiction by unique
continuation for the Laplacian. Thus, there are no poles in R\ {0}.
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Finally, we study the pole at 0. By (4.8), P(7)~! has a pole of at most order two at 0. Therefore,
there are A_q1, A_o operators of finite rank such that

where B(7) is analytic near 7 = 0. Therefore, for 7 # 0,
72 = P(1)A_o + TP(1)A_1 + 7*P(7)B(7).
But, since B(7 and A_; are bounded, this implies P(0)A_5 = 0. In particular, —AjA_5 =0, so
the range of A_5 is contained n the constants i.e. there is 1 € L? such A_su = (u, ).
Similarly,
2 = A_oP(1)+TA_P(7) + m2B(7)P(7),
so A_oP(0) = 0, and hence (—Awu,¢) = 0 for all u € H?. In particular, —Agt) = 0, and hence
1 = c_o for some c_o € C.
With this in had, we can check that

0= P,(O)A,Q + P(O)Afl, 0= A,QP/(O) + A,1P(0)
Using the first equality, we have that
—AgA_1u = —ia(x)(u, c_2).

But, since a > 0, and a is not identically 0, this implies ¢_o = 0 and hence A_5 = 0. Now that
we have A_y = 0, we can argue as above to see that —A;A_1 =0, —A_1A, =0, and hence that
there is ¢_1 € C such that A_ju = (u,c_1). This completes the proof. O

We now introduce the assumption on a necessary to guarantee exponential decay of energy.
We say that a € C°°(M;R) satisfies the geometric control condition if for all (x,§) € S*M, there
is T' > 0 such that

a(mar(exp(THg2)(2,€))) > 0.

In particular, T} »M satisfies the geometric control condition.

(suppa)
Next, we use the observation estimate (4.5 to give estimates on P(7)~! in a strip near the real
axis.

Lemma 4.7. Suppose that a satisfies the geometric control condition. Then there are C > 0 and
B > 0 such that for

‘RGT’ZI, ’Im7—|2_/87

we have

(4.9) I1P(T) M g2y < ClrP7Y, 5 =0,1,2

Proof. Since P(7)~! has no poles in

{7 : Im7>0,7 # 0},



26 JEFFREY GALKOWSKI
may assume that |Re7r| > 79 and |Im 7| < 8. We will consider ReT > 79, the other case being
similar. Let h = %, then, by Theorem there is C' > 0 such that for 7y large enough,
lull 2 < Cllaul| 2 + A~ H[(=h2Ag = )u| 2
< Ollaul| + Ch7 YW (=2, — iaT — 7%)ul| 2 + ChllaTu|| ;2 + Ch|[(Re ) — 7%]ul| 12
< Cllaul| + Ch||P(r)ul| g2 + Cllaul| g2 + C(B + 52)||ul| L2
Choosing 8 > 0 small enough, we have
(4.10) [ullrz < Cllaul| gz + ChI|P(7)ul L2

Now, observe that, since a > 0,
lau|7> < sup |al(au,u) 2,

and therefore, Now,

IP(T)ull2llull 2 > | Tm{P(r)u, u)|| = ReT{au, u) — CRe7Bul72 > Re7(c|aul]* — CBllul72).
In particular, using this in (4.10)), and shrinking g if necessary, we have

[ull2 < Ch[|P(T)ul 12,

which implies the required L? estimate by the Fredholm alternative.

To obtain the estimate for j = 2, we write

| = Agullzz < lliraul g2 + |77l 2 < Ol P72 ||P(7)ul] L2

The estimate for j = 1 follows by interpolation. O

We now study the long time behavior of solutions to the damped wave equation.

Lemma 4.8. Suppose that a satisfies the geometric control condition. Then there are C' > 0 and
B > 0 such that for all u solving (4.1]),

E(T)<CePT, T >0.
Proof. Let u solve (4.1), x € C*°(R;[0,1]) with x = 1 on [1,00) and supp x C (0,00). Rather
than taking the sharp cutoff 1jg .y(t), we put v(t) = x(t)u(t), and
B(r) = / G (8)dt,
where the integral is understood as the Fourier transform acting on &’. Then,
P(r)i(r) = f(r),
where

F@) = x"(u(t) +2x () 0u(t) — a(t)x'(t)u(t).
Note that by the energy estimate, Lemma

IF Ol 22 @2y < Cllluollr + [luall2)-

It is easy to see that ¥(7) is analytic in Im 7 > 0. This has two consequences. First,

1 .
v(t) /I L e~ TY(1)dr.

T2
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Second, since T — P(7) is analytic, and f is compactly supported in ¢, f (7) is analytic in T,
P(r)i(r) = f(r),  Imr >0,
and
1 (T +iB) 2, r2amy < Callfllzzmerzany < Cluoll g + llutllz2).)

-1

Now, since P(7)~" is meromorphic and has no poles in Im 7 > 0, we have

o(t) = P(r)" f(7), Im T > 0,
and

1
o

o(t) /1 ()

Our goal is to deform the contour from Im7 = 1 to Im7 = —f for some 8 > 0. Note that,
since P(7)~! has no poles on in Im7 > 0\ {0}, and the estimate (4.9) holds. When can choose
B > 0 such that the only pole in Im7 > § is at 0.

We will justify deforming the contour below, but, once we can, we will obtain

(4.11) 1
v(t) = o

—Dyo(t) = % / e B —iB)P(1 —ic) " f (1 — iB)dT + iDy Resr—o e T P(1) "L f (1),

/efitT’ﬁtP(T —iB) " f(r —iB)dT + i Res,—o e T P(T) " f(7),

Using the first equality, we have by the Plancherel formula that
le”(v(t) — i Resr—o e ™" P(r) " F(1) | Loyt
(4.12) = C|P(r —iB) " f(r — iB)llr2r, .1 (ar))
<Ol f(r = iB)lr2w < Cllfll2@ezzry < Cluoll gy + [l 2)

Next, recall that P(7)~! has a simple pole at 0, and the residue at zero is given in Lemma
Therefore,

Res;—o e_itTP(T)_lf(T) = <f(0)’ C>L2(M)
for some ¢ € C. In particular, using (4.12), we have
1”40 (0| L2(mys2(an) < Clluoll e + lJua 2)-

Using again that the residue at 0 is simple,
(4.13) DiRes,—ge " P(r) "1 f(r) =0,
Therefore, combining (4.13]), (4.11)), and Plancherel’s formula again, we have

17 Dy (0 () 22 (Rs:12)

= C|(r —iB)P(r —iB) " (T —iB)ll 2(r.:12(0))

< C|If(r = iB) 2.2y < Cllflze@ezzon < Clluoll g + llullz2).
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Now, since E(t) is decreasing, we have for T' > 2,

1 T

E(T) < = E(t)dt
2 Jr_1
1

= 5(”ngH%Q([Tfl,T};LQ(M)) + 101221 77.22 ()
< Ce T ((|7V g 2 @iz ) + 1700 l| 2 @zzary < Ce™PTD (ol + [lunllz2)
< Ce PTE(0).

Increasing C' if necessary, and using that E(t) is decreasing, we can assume that

E(T) < Ce PTE(0), 0<T<oo.
It remains only to justify the contour deformation. For this, recall that on Im7 = 1,
IP(r) " F ()l 2any < ClrlHIF () 22y
Therefore, by Cauchy-Schwarz

lim H /ImT:l Rer iR e_itTP(T)_lf(T)dT‘

R—o00

L*(M)

< C lim IP(r+ )" f(r + )l p2(anydr
R—00 J|s|>R

1
< C lim (/ C(1+ |5|)—2d8/ ||f(s+z')||%2(M)ds>2 —0.
|sI>R =

R—o0 |s]

Next, let v4 g :={*R+is : =3 < s < 1}. Then,

R—o

) v c b
lim sup H/ e*”TP(T)*lf(T)dT’ L2 < lig:sup R / ; | f(£R +is)|| L2(aryds = 0,
Y+,R o0 —

since the analyticity of f implies f € L (1; L2(M)).

loc

This completes the proof since now the formulas (4.11)) are justified. O

4.5. Exercises.

Ezercise 4.1. Compute the defect measures for the following families of functions:

_d

(1) up, = (2wh) " Gelo—mol?/@h)gile—mo ko) /h 4 ¢ € R,
(2) up = X(x)ei‘p(m)/h, x € C, ¢ € C°(R%R).
(3) Up = X(x)eicp(ac)/ho‘7 X € Cgov w e Coo(Rd?R)7 Q€ R\ {1}

Exercise 4.2. Show that the assumption on U in theorem [£.2] cannot be removed. That is, if there
is (x,&) € S*M such that the geodesic through (z, ) does not enter U, then the estimate (4.5)) is
false.

Ezercise 4.3. Show that if a does not satisfy the geometric control condition, then the conclusions
of Lemma [4.§] are false.
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5. WEYL LAW

Our next application of the theory of pseudodifferential operators is to prove what is known
as the Weyl law. Let (M,g) be a compact, Riemannian manifold, with Laplacian —A,, and
V € C*(M;R). Standard estimates (one version of which we will review below) show that

P:=-A,+V:L*M)— L*(M)

is self-adjoint and has spectrum consisting of only eigenvalues {,uj} °1 C R with p; — oco. We
will be interested in the following question: Can we estimate

Np(p) :==#{j : 1j < p}.

There are many approaches to this question including Dirichlet—Neumann bracketing, the wave
method, the heat method, and the method of complex powers. The wave method generally
produces the sharpest results, but requires many more tools than we currently have. We will not
pursue any of the above methods, instead using a functional calculus approach.

5.1. Basic properties of P. Recall that in local coordinates,

= axz g a:c
g fzgzl \[ J

where ¢g* is the inverse of the metric, and g = |det g;;|. Recall also that
o(P) = [¢lg + V().

Lemma 5.1 (Elliptic Regularity). Let K € C. Then, for k € R, there is C > 0 such that for all
N € R, there is Cy > 0 such that for all z € K, and u € L*(M) satisfying

(P—2)u=f
in the sense of distributions,

el +2 < CUf gy + Ol

Proof. Let x € C°(R) with x =1 for [¢| < T'. Then, there is T(K) such that for z € K,
€l5 + V@) = 2l 2 clelg,  lely > T(K).
In particular, by Lemma there is Q(z) € ¥~2, uniformly bounded for z € K, such that
Q(2)(P — z) = Opn(1 — x([lg)) + O(h™) g2
In particular, using Corollary [3.1],
Jull g2 < 11 Opm (L~ x(€lg))ul g2 + 1| OB (€l ul o
< [QEP — 2Jull ges + Cxllull g + OBl
< CI(P = 2)ull gy + Onllufl -,

and the lemma is proved. ]
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Lemma 5.2. The operator P is symmetric and for each z € C\ R,
P —z: H}(M) — L*(M)
1s invertible and for k > 0,
1P =2 g gve = O+ | Tm | ).

Proof. We check symmetry in local coordinates. Indeed, let U be a local coordinate patch and
u,v € C°(U) with coordinates y. Then,

d
/M Aguids = / G2 S 0, (95120, u(y))o(y)g " 2dy

ij=1

d
=- / > 975" 20, u(y)d,vdy

ij=1

d
= [uw)a 2 3 9, (95" 20,0)5 dy

ij=1

= / umdx
M

Next, we show that for z € C\ R, P — z is injective. Indeed, suppose that u € H}QL(M), and
(P — z)u = 0. Then, by Lemma u € C*(M), and hence,
(5.1) 0 =Im((P — 2)u,u) = —TIm z|ju|3..
In particular, since z € C\ R, ||ul/z2 = 0, and hence u = 0.

To prove surjectivity, suppose v € L?(M) is orthogonal to (P — 2)C°(M). Then, for all
u € C,
(P —z)u,v)r2 =0.
In particular, (P — z)v = 0 in the sense of distributions. But then, by Lemma v e C®, and
hence, since (P — Zz) is injective, v = 0.
We have now shown that P — z : H?(M) — L?*(M) is invertible, and, by the integration by
parts used in ,

lell L2ary < [T 2[[[(P = 2)ul| L2y
Therefore, by Lemma [5.1]

lull s any < CIP = 2ull gy + lullzzan < OO Tl )P = 2Jullge
and the proof is complete. O
We can now describe the spectrum of P.

Lemma 5.3. The operator P with domain C*(M) is essentially self-adjoint and the domain
of the closure is H*(M). Furthermore, there is an orthonormal basis {u;(h) 521 C C(M) of

L3(M) consisting of eigenfunctions of P, i.e. satisfying
P(h)uj = Ej(h)u;(h),
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where E; — 00 as j — 00.

Proof. Essential self-adjiontness
Let P be the closure of P with domain C>°(M). (Existence of this closure follows from the
fact that P is densely defined and symmetric.) Now, suppose that u € D(P), i.e. Pu € L3(M).
Let u, € C*°(M) with u, — u € L*(M) and Pu,, — Pu. Then,
fHiu=(P+iju= T}Lngo(P + 7).
In particular,
lunllg2ary < CIN(P + d)unllp2ary = If +iull 2y < oo

In particular, u,, is bounded in H?(M) and hence, there is a subsequence and v € H2(M) such
that u, ; v. On the other hand, u, — v in L?, and hence v = v € H?(M). Thus, we have

shown that D(P) C H?(M).

On the other hand, if u € H?(M), then there is u, € C*° with u, — u in I—_I2 then it is easy
to check that Puy, converges in L?, and hence that Pu € L2, so that u € D(P). In particular,
D(P) = H}.

Now, to determine the adjoint of P, recall that v € D(P*) if and only if for all u € HZ(M),

[(Pu,v) 2| < Cyllull 2.
Let v, € C* with v, — v. Then, fix u € C*°, Then,
(u, Pv,) = (Pu,v,) — (Pu,vy).
In particular, for all u € C*°(M),

lim_[(u, Pvn) 2| = [(Pu, v) 2] < Collull 2.

n—oo

Now, as a distribution, Pv, — Pv € H~2, and hence,
[(u, Pv)z < Cyllul| 2
This implies that Pv € L? and hence v € HX(M). The fact that D(P*) = H?(M) now follows
easily, and symmetry implies that P* = P.
Eigenfunctions

To understand the spectrum of P, consider the operator (P + M) : L? — L2, then for u €
C (M),
(P + Myu,u) = [|Vgul7 + Mlful| 2 + (Vu, u).
Therefore, for M > 2sup |V|,
[ull2 < Cl[(P + M)ul| 2.
Since (P + M) is self-adjoint, the same is true for P*.
Now, Lemma [5.1] implies that

lull g2 < CII(P + Mullpz,  we CF(M)
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and hence, together with self-adjointness, this shows that P + M : H ;2L — L?, invertible. Thus,
(P+ M)~ : L? - L? is compact and the spectral theorem for compact, self-adjoint operators
completes the proof.

O

5.2. The functional calculus. We now recall that, for a self adjoint operator, P, we can define
f(P) for f:R — C using the spectral theorem. In particular, for P = —h?A, + V, we have

6.2 FPY = 3 FES ) 05) 00y

where {u; };";1 are the eigenfunctions of P. In this section, we will shows that if f is sufficiently
nice, then f(P) is a pseuodifferential operator.

Before we proceed, we introduce the notion of an almost analytic extension of a function
f € S(R). We say that f € C°°(C) is an almost analytic extension of f if

fla=f  6.7()=O(m=*)suppf C {|mz| <1} 8= L (D, +id),)

You will show in exercise 5.1}, that every Shwartz function has an almost analytic extension.

The first crucial tool is the Helffer-Sjostrand formula

Lemma 5.4. Let f € S. Then for any almost analytic extension of f, f,
1 _
= = [BF )P = =) dme,
i Jc

where mc denotes the Lebesgue measure on C.

Proof. Let B(t,¢€) be the disk in C of radius € around ¢. Then,

/ 0 f (t—2) 1dm@ = 1 lim ézf(z)(t - Z)ildmC
T e—0% JC\B(t,e)
1 _ ~
T o C\B(t,e) (f(2)(t = 2)" )dmc
N F 1
=5 lg% 8B(t76)f(z)(t 2) "z
1

= lim (f(2) +O()(t — z)"tdz = f(t).
T €0 JoB(t,€)

In the third line we have used Green’s formula:
7

_ 1 _
—77{ f(t—x—iy)fl(d:z-i-idy):/ —(0y +1i0,) f(t — x — iy) 'dxdy.
2 JaB(t,e) C\B(t,e) 2
The lemma now follows from putting ¢t = E; and using (5.2)). ([l

We now show that for f € S, f(P) € .
Lemma 5.5. Suppose that f € S(R). Then, f(P) € V= and o(f(P)) = f(o(P)).
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Proof. First, let
go(2) = (|€[; +V(z) —2)~".
Then, by Lemma Theorem [3.2]
(P —2) Opn(qo(2)) = I + hOp(r1(z)),
where rq € S~ satisfying
"93;18?7”1(2)! < Cup| Tm 2| Kras (g)=1-181,

Suppose we have Qn(z) = Z]'V:o ¢;(z) with
0507 4j(2)| < CoplTm z| Ko (g) 7171,
and
(P —2) Opn(Qn(2)) = I + h" Opu(rn(2)),
where ry € S~V satisfies
020¢7j(2)] < Cag| Im 2| K52 () =371,
Then, putting gn11(2) = ([€2 + V(z) — 2)"'ry(2), we can increase N by 1.
In particular, with Ey(2) = Opn(Qa(2)), Rar1(2) = A1 Opn(rar1(2)), we have
(P—2)"'=Eum(z) = (P —2)"'Ry(2),
and, one can check that for any s, there are Cy, K41 such that

HRM+1||H}314)H2+1M+1 S CShM+1’ImZ|7K]\/I+1,s'

Therefore, by Lemma [5.4]
f(P) =

I
e

(2)(P — 2)"ldmc

|
A=A A=

e~

(2) = (P = 2) "' Rar41(2))dme

I
e
—~
N
~—
&
=

(Opn(0:f(2)Qum(2)) + 0. f(2) (P — 2) "' R4 (2))dme

S—

C
M

= Opu(F(€P + V) + 3 1py) + — [ BF)(P = 2)7 Baga (2) e,
j=1

with p; € S™7. Now, observe that
1 = = _
~ [0 FEIP =)™ Rarsa(2)l gy gy esodme
§C’N/ | Im 2|V (Re z) "NV AMH Im 2|~ KM dme < CRMHL
| Im z|<1
for N chosen large enough. Therefor, putting

F o~ Opu(f(EP+ V) + Y hp;),
j=1

33
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we have

f(P) = F = O(h™)g—e.
So far, we have shown that f(P) € ¥~. To see that f(P) € U~°° observe that
k() = (t+)"f(t) €,
and therefore, gx(P) € !, Now, since (P 4 4)* € ¥?F is elliptic, and hence (P 4 4)~% € W2k,
and
F(P)y=(P+1i) g (P) e 2
Since k is arbitrary, the proof is complete. O

To prove the Weyl law, we will need the trace class properties of pseudodifferential operators
found in Exercise [5.2

Theorem 5.1 (Weyl law). Let M be smooth, compact Riemannian manifold with dimension d,
P as above and a < b. Then,

N(a,b,h) := #{B(h) : a < E(h) b} = g

Volr=pr{a < [€]2+ V(z) < b} + o(h™?).

Proof. Fix € > 0 and let x+ € C°(R;[0,1]) with x4+ = 1 on [a,b] and supp x4+ C (a —€,b+¢€),
and x— =1 on [a+€,b— €], and supp x— C (a,b). Then, observe that

trx+(P) = ZXi(Ej)-

Therefore, since 0 < x—(t) < 1jq5(t) < x+(t) < 1, we have
(5.3) trx—(P) < N(a,b,h) < trx4+(P).
Now, we estimate tr x4+ (P) using Lemma and Exercise Indeed, x+(P) € ¥~*° with
o(x+(P)) = Xi(\f@ + V(z)). Therefore,
1 2 —d+1
t = —— dzxd (R,
X = gy | X2 (€l + V)dade + OLn)
Using this in (5.2]), we have
1 1
eyt [ XU+ V)dwde +0u0) < WNa,b.) < o [ (165 + V)dade +0),
Thus, using the right hand inequality, we have

1
tinsup AN (a,b,h) < 75 [ X (€3 + V)dads,
h—0 (2m)

and since the left hand side is independent of ¢, we may send ¢ — 0 and use the dominated
convergence theorem to obtain

1 1
li heN(a,b,h) < lpear{a < |€)? < b}.
llilj})lp (a,b,h) < @) (2m) Volr«p{a < [€[; + V(x) < b}
Similarly,

1 2 P d
— * < < <
on)i Volr«p{a < [¢[; + V(z) < b} < hin_gglfh N(a,b,h),
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which completes the proof. ]

5.3. Exercises.

Ezercise 5.1. Show that every f € S(R) has an almost analytic extension. By considering the
function

flaotiy) = 5 [ €= HOX N
where y € C2°((—1,1)) with x =1 on [-1,1].

Ezercise 5.2. Show that if M is a compact manifold with dimension d, then for any m > d and
P e ¥~™(M), P is trace class and

1

r(P) = v / o(P)(z, €)dxdé + O(h).

APPENDIX A. ELEMENTARY OPERATOR ESTIMATES
Lemma A.1 (Schur test for boundedness). Suppose that A is an operator wither kernel K, and
swp [ IK(@y)ldy < 1, sup [ |K(w,p)lda < Co,
T Yy

then
[Al1Z2-, 2 < C1Co.

Proof. Observe that
) < ([ 1K@ puldy)” < [ 1Kl Pdy |15 @l < ¢ [ 1K pllut) Py,

Therefore,
[ 4ulis < G [ 1K (@ yllu(y)Pdyde < CiCalulls
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